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Where We Left Off

• Last time: we studied solutions to the
Cannonball Problem, a classic problem of
Diophantus, and Fermat’s Last Theorem.

• Each example was connected to elliptic
curves, which we defined as algebraic
curves in R2 with a group law.

Today’s question

What changes when we view elliptic curves over
C, finite fields, and Q?

• Each of these topics could get a dedicated
talk of their own!
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What Is an Elliptic Curve, Again?

• Our primary definition for an elliptic curve is a curve, written as E or E/R,
defined by an equation of the form

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6,

where a1, a2, a3, a4, a6 ∈ R satisfy a nonsingularity condition.

• A shorter form of this is
E : y2 = x3 + Ax + B

where A,B ∈ R and 4A3 + 27B2 ̸= 0.

• These two forms are called Weierstrass forms.

• Elliptic curves E/R have a group operation on their elements, called the Chord
and Tangent Method.
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The Chord Method

Figure: The addition law on E for adding two distinct points P and Q to get P + Q (Chord
Method + reflection).
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The Tangent Method

Figure: The addition law on E for adding P to itself to get 2P (Tangent Method + reflection).



Elliptic Curves Revisited Over C Over Fp Cryptography Over Q Conclusion

The Chord and Tangent Method

+: E (R)× E (R) → E (R), (P,Q) ↦→ P + Q

1. Associative:
∀P,Q,R ∈ E (R), (P + Q) + R = P + (Q + R).

2. Has an identity:

∃O ∈ E (R), ∀P ∈ E (R) O + P = P + O = P.

3. Closed under inverses:

∀P ∈ E (R), ∃Q ∈ E (R) P + Q = Q + P = O. (We write − P := Q.)

4. Commutative:
∀P,Q ∈ E (R), P + Q = Q + P.

• Therefore, E (R) is an abelian group.
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Addition Formulas for Weierstrass Form

• Given an elliptic curve

E : y 2 + a1xy + a3y = x3 + a2x
2 + a4x + a6

with a1, a2, a3, a4, a6 ∈ R, for two points P = (x1, y1),Q = (x2, y2) ∈ E(R) which are not on the
same vertical line, if m denotes the slope of the line between P and Q, one has

P + Q = (x3,− a1x3 − a3 − y3)

where
(x3, y3) = P ∗ Q =

(︂
m2 + a1m − a2 − x1 − x2, m(x3 − x1) + y1

)︂
.

• For short Weierstrass form
y 2 = x3 + Ax + B,

one has the formula

P + Q = (x3, y3) = (m2 − x1 − x2,−m(x3 − x1)− y1).

• When two distinct points are on the same vertical line, their sum is

P + Q = O,

no formula necessary.
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• There are a few lingering questions about elliptic curves you might have...

• What is the identity of the elliptic curve group?

• In the definition of an elliptic curve, we said the equation is nonsingular. What
does that mean?

• We will address these in the next few slides.
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The Projective Plane

• The identity O of E (R) satisfies

∀P ∈ E (R), P + O = O + P = P.

• However, O cannot be seen in R2, but only in the projective plane...

• The projective plane, written P2R, is defined as

P2R := (R3 ∖ {(0, 0, 0)})/ ∼, (a, b, c) ∼ (λa, λb, λc) ∀λ ̸= 0 ∈ R.

• Equivalence classes in P2R are written as [a : b : c] instead of (a, b, c), and are
called projective points.

• For example, [1 : 2 : 3] ∈ P2R, and [1 : 2 : 3] = [2 : 4 : 6] = [π : 2π : 3π] = . . ..

• The identity O is called the point at infinity, and has coordinates

O = [0 : 1 : 0].
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Properties of P2R

• Visualizing P2R is very tricky.

• Defining property of P2: any two curves in
projective space intersect at the right
amount of points. This is Bézout’s Theorem.

• Over C, Bézout’s Theorem generalizes the
Fundamental Theorem of Algebra: analyze
intersection of y = f (x) with y = 0.

• A key consequence of working in P2R: “Parallel
lines in R2 intersect at a point in P2R.”

Parallel railroad tracks appear to
converge at the horizon.
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Elliptic Curves in P2R

• Every elliptic curve E/R in Weierstrass form

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6

contains the point at infinity O = [0 : 1 : 0] in
P2R.

• We can check this by homogenizing the equation:

EH : Y 2Z+a1XYZ+a3YZ
2 = X 3+a2X

2Z+a4XZ
2+a6Z

3.

• For a fun visualization, see Bill Shillito’s YouTube
video Putting Algebraic Curves in Perspective.

An elliptic curve in RP2, with its
point at infinity O.

https://www.youtube.com/watch?v=XXzhqStLG-4
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Nonsingular Curves

• An elliptic curve, by definition, must be nonsingular. What does this mean?
• A singular point on a curve is one with “extra multiplicity” at all lines through
it. A curve with a singular point is called a singular curve.

• Singular points can be computed using partial derivatives of the curve equation.
• At a singular point, the usual Chord/Tangent Method fails. This prevents the
Chord and Tangent group law from working for singular cubic curves.

Figure: The singular curves C : y2 = x3 − 3x + 2 (nodal) and D : y2 = x3 (cuspidal).
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Summarizing Elliptic Curves

General Definition

An elliptic curve (over R) is a nonsingular cubic plane curve with a fixed real point.

• Cubic is necessary, since otherwise our Chord/Tangent Method can fail to produce
a third point over R.

• We thus have more elliptic curves at our disposal:

Cannonball Curve
6y2 = 2x3 + 3x2 + x

Diophantus Curve
y3 = (x2 − 1)(8x + 1)

Fermat Curve
x3 + y3 = 1
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Changing the Field

• We can work beyond R:

More General Definition

An elliptic curve over a field F is a nonsingular cubic plane curve with a fixed point
over F .

• Roughly speaking, a field is an algebraic structure where you can add and
multiply elements, and take fractions of nonzero elements.

• Fields include: R, Q, C, and Z/pZ for prime numbers p.

• Fields do not include: Z, Q[x ], and Z/nZ for composite n. (Can you find nonzero
elements with no fractions in each of these rings?)



Elliptic Curves Revisited Over C Over Fp Cryptography Over Q Conclusion

• We will study elliptic curves over the following fields.

Field What its points look like Question for today

C a continuous complex surface Why a torus?

Fp finitely many coordinate pairs How many points? DLP?

Q rational coordinate pairs What is the group structure?

The Chord and Tangent Method still defines a group law in each setting!



Elliptic Curves over C
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Lattices in the Complex Plane

• Choose ω1, ω2 ∈ C that are linearly independent over R. Their lattice is

Λ := Zω1 + Zω2 = {aω1 + bω2 : a, b ∈ Z}.

Square lattice

If ω1 = 1 and ω2 = i , then

Λ = Z+ iZ = Z[i ].

This is the Gaussian integers.

• A lattice Λ is always an additive
subgroup of C. The quotient group
C/Λ has a special structure...

Figure: An example of a lattice in C.
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• In the quotient group C/Λ, addition is

(z + Λ) + (w + Λ) = (z + w) + Λ.

• So e.g.
z +Λ = (z + ω1) + Λ = (z + ω2) + Λ.

• Topologically, the opposite sides of
the fundamental parallelogram of
C/Λ are identified with each other.

• You can attach these sides together
to form a (complex) torus.

Figure: A torus, visualized in equivalent ways. Right picture from Washington.
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The Weierstrass ℘-Function

Every lattice Λ has an associated Weierstrass ℘-function

℘(z) := ℘Λ(z) :=
1

z2
+

∑︂
ω∈Λ\{0}

(︃
1

(z − ω)2
− 1

ω2

)︃
.

• ℘(z + ω) = ℘(z) for ω ∈ Λ.

• Its derivative satisfies an algebraic equation:

℘′(z)2 = 4℘(z)3 − g2(Λ)℘(z)− g3(Λ).

The function and derivative are meromorphic on C and have poles at lattice points.
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From a Torus to a Cubic

• Put x = ℘(z) and y = ℘′(z)/2. Then the equation becomes

EΛ : y2 = x3 − g2(Λ)

4
x − g3(Λ)

4
.

• This is an elliptic curve!

The map from C/Λ to EΛ:

z + Λ ↦−→ (x , y) =

(︃
℘(z),

℘′(z)

2

)︃
, 0 + Λ ↦−→ O.

• The analytic addition [z ] + [w ] = [z + w ] in C/Λ matches the Chord and Tangent
group law in EΛ(C), so this map is a group homomorphism.
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The Uniformization Theorem

For every elliptic curve E/C, there is a lattice ΛE ⊂ C such that

E (C) ∼= C/ΛE

as complex Lie groups. Conversely, every lattice Λ in C gives a complex elliptic
curve EΛ/C, with EΛ(C) ∼= C/Λ.

• Therefore, complex elliptic curves are tori.



Elliptic Curves over Fp
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Points over Fp

• If an elliptic curve over C is a torus, what is an elliptic curve over a finite field?
• For this talk, a finite field has the form

Fp := Z/pZ

where p ≥ 5 is a prime number.
• in Fp, dividing by a nonzero denominator means multiplying by its inverse modulo
p.

• To simplify matters, for this talk an elliptic curve over Fp, written E/Fp, has
the form

E : y2 ≡ x3 + Ax + B (mod p)

where 4A3 + 27B2 ̸≡ 0 (mod p).
• The points in E (Fp) include O := [0 : 1 : 0], and (x , y) ∈ F2

p where

y2 ≡ x3 + Ax + B (mod p).
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The Points on E/Fp

• The Chord and Tangent Method still
works for E/Fp algebraically.

• However, the picture of E (Fp) is quite
different than over R and C!

• E (Fp) is then a finite abelian group.

• Finding points on E/Fp amounts to
solving the congruence condition

E : y2 ≡ x3 + Ax + B (mod p).

Figure: The elliptic curve y2 = x3 + x over the
finite field of size 103.
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An Example

• Take the elliptic curve E/F11, given by

E : y2 ≡ x3 + x mod 11.

• The values of x that give points are:

x 0 5 7 8 9 10

y 0 ±3 ±3 ±5 ±1 ±3

• Finding these points amounts to checking whether x3 + x is a square modulo 11.

• Therefore, there is one point (x , y) above x = 0, ten more which come in pairs,
and O:

∴ |E (F11)| = 1 + 10 + 1 = 12.

For example, (8, 5) lies on E/F11 because 52 ≡ 83 + 8 ≡ 3 (mod 11).
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Hasse’s Bound

• If E (Fp) is always a finite abelian group,
what do we know about |E (Fp)|?

• Always have |E (Fp)| ≤ p2 + 1.

Hasse’s Theorem

For any elliptic curve E/Fp,⃓⃓⃓
|E (Fp)| − (p + 1)

⃓⃓⃓
≤ 2

√
p.

• For our example curve E : y2 ≡ x3 + x
(mod 11), we found |E (F11)| = 12:

|12− (11 + 1)| = 0 ≤ 2
√
11. ✓ Helmut Hasse
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Changing the Prime

• Let’s count |E (Fp)| for our elliptic curve E : y2 ≡ x3 + x (mod p) over varying p.

p 5 7 11 13 17 19

|E (Fp)| 4 8 12 20 16 20

p + 1 6 8 12 14 18 20

A pattern to investigate

The entries for p = 7, 11, 19 equal p + 1. What do these primes have in common?



Elliptic Curves in Cryptography
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The Discrete Logarithm Problem

• In a cyclic group G = ⟨g⟩, repeated multiplication is easy:

a ↦−→ ga.

• The discrete logarithm problem runs this backwards:

DLP

Given generator g of G and an element h ∈ G , find the unique 0 ≤ a < |G | for
which

g a = h.

• Some groups let us solve this quickly. Cryptography chooses groups where the
inverse problem appears hard at appropriate sizes.
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The Elliptic Curve Discrete Logarithm Problem

Neal Koblitz

• Fix a prime p and an elliptic curve E/Fp.

• Fix a point P ∈ E (Fp) of order large order n.

aP = P + · · ·+ P⏞ ⏟⏟ ⏞
a copies

=: Q.

ECDLP

Given P and Q ∈ ⟨P⟩, find 0 ≤ a < n such that

Q = aP.

• Computing aP is efficient; reversing for a is
believed to be hard for classical computers.

Victor Miller

Miller and Koblitz independently proposed elliptic-curve cryptography in the 1980s.
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Applying the ECDLP

• This is one way to implement the ECDLP towards sharing secrets on a public
channel; specifically, it is Elliptic Curve Diffie–Hellman.

• Public information: E/Fp, a large prime-order point P ∈ E (Fp), and its order.

Alice

Chooses secret a.

Publishes aP.

Computes a(bP) = abP (privately).

Bob

Chooses secret b.

Publishes bP.

Computes b(aP) = abP (privately).

Both obtain the same group element abP and derive a shared secret key from it
using the same algorithm.
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Why Use Elliptic Curves?

• For suitable elliptic curve choices, there are no known subexponential
index-calculus attacks, unlike the DLP on F×

p (these attacks exploit factorization
of the elements).

• The choice of E and generator P are important: special curves and weak
parameters can defeat the intended security. (See: anomalous curves.)

To summarize:

Computing aP is efficient. Determining a from P and aP remains hard in the classical
setting.



Elliptic Curves Revisited Over C Over Fp Cryptography Over Q Conclusion

Quantum Attacks

• A decade after the discovery of the ECDLP,
Shor’s algorithm was created: a quantum
algorithm that, on a sufficiently accurate
quantum computer, can solve DLP’s in
polynomial time.

• Thus, ECDLP is quantum-vulnerable.

• NIST, the National Institute of Standards and
Technology, plans to move away from
quantum-vulnerable cryptosystems by 2035.

• However, elliptic curves are still seeing use in
post-quantum research...

A quantum computer. The

actual computer is a small chip

inside this refrigerator; the cords

control/read the chip. From

Google Quantum AI.
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Supersingular Isogeny Graphs

• A vertex represents a
supersingular elliptic curve,
up to isomorphism.

• An edge represents an
isogeny, a
structure-preserving map
between curves.

• Some proposed
cryptosystems use hard
questions about paths and
endomorphisms.

Example with p = 2521: Denis Charles, via Microsoft Research, Where

cryptography and quantum computing intersect (2017).



Elliptic Curves over Q
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The Mordell–Weil Theorem

Louis Mordell

• For an elliptic curve E/Q, the rational
points form a finitely generated
abelian group.

E (Q) ∼= Zr ⊕ E (Q)[tors]

• The integer r is the rank. It counts
the maximal number of linearly
independent points of infinite order.

• E (Q)[tors] is the torsion subgroup.
It is the subgroup of E (Q) of points
with finite order.

André Weil
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A Rational-Point Example

• Consider E : y2 = x3 + 5x .

• We can check that P := (20, 90)
and T := (0, 0) are on E .

• 2T = O, since T = −T .

• It turns out that P has infinite
order.

• Thus,

Z× Z/2Z ∼= ⟨P,T ⟩ ≤ E (Q).

• As it turns out, this is an equality:

E (Q) ∼= Z× Z/2Z.
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What Can E (Q)[tors] Be?

E (Q) ∼= Zr ⊕ E (Q)[tors]

Mazur’s Torsion Theorem, 1977

For an elliptic curve E/Q,

E (Q)[tors] ∼=

⎧⎨⎩Z/NZ, N = 1, 2, . . . , 10, 12,

Z/2Z⊕ Z/2NZ, N = 1, 2, 3, 4.

A different problem over number fields

If we replace Q by a number field F , which torsion groups can occur in E (F )? This is
one theme in my research.
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How Large Can the Rank Be?

E (Q) ∼= Zr ⊕ E (Q)[tors]

• In contrast to the torsion subgroup, it is unknown whether ranks of elliptic
curves over Q are bounded.

Year Rank bound Record credited to

1938 r ≥ 3 Billing
...

2006 r ≥ 28 Elkies
2024 r ≥ 29 Elkies and Klagsbrun
2026 r ≥ 30 Alpöge and Howell
2026 r ≥ 31 Alpöge and Howell

Table source: A. Dujella, History of elliptic curves rank records (accessed September 2026).
https://dujella.github.io/tors/rankhist.html

• A linear dependence is a
relation

n1P1 + . . .+ nkPk = O

where not all ni ∈ Z are zero.

• A bound r ≥ k comes from k
points with no such relation.

https://dujella.github.io/tors/rankhist.html
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The 2026 Rank Record

A curve found in 2026 has 31 proven independent rational points. Consequently,
the curve’s rank is ≥ 31.

• This is a lower bound; it does not prove that the exact rank is 31.

• This result is from Levent Alpöge and Ava Howell, with the help of AI (Claude).
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The Example for r ≥ 31

• We do not know
whether ranks over
Q are unbounded!
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Elliptic Curves in Three Different Worlds

Field Structure of the points Main questions

C E (C) ∼= C/Λ, a complex torus How is a torus an elliptic curve?

Fp E (Fp), a finite abelian group How many points are there?
How are they used in cryptogra-
phy?

Q E (Q) ∼= Zr ⊕ E (Q)[tors] Which ranks and torsion sub-
groups occur?

The Chord and Tangent Method links geometry, complex analysis, finite arithmetic,
cryptography, and Diophantine questions.
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For More on Elliptic Curves

• The “gold standard” textbooks for learning elliptic curves:
• at the undergraduate level: Rational Points on Elliptic Curves, by Silverman and

Tate.
• at the introductory graduate level: The Arithmetic of Elliptic Curves, by Silverman.

• Another great book for undergraduates is Elliptic Curves: Number Theory and
Cryptography, by Washington.

• On my site, I also have several additional resources:
• A set of notes that I wrote on elementary number theory in 2026, with the last

chapter on Diophantine equations and elliptic curves. The only technical prerequisite
is experience with introductory proofs.

• I gave a talk at the University of Connecticut in 2026 on elliptic curve Galois
representations, aimed at senior undergraduates and introductory graduate
students. It has since been recorded and uploaded to YouTube.
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A Summary

• The point at infinity O serves as the group identity on elliptic curves.

• Over C, every elliptic curve is a quotient C/Λ.
• Over Fp, Hasse’s Theorem controls the point count, and elliptic curves can be

applied through cryptography via the discrete logarithm problem and supersingular
isogeny graphs.

• Over Q, the Mordell–Weil Theorem gives a rank and a finite torsion subgroup.
Mazur classified these torsion groups over Q; the possible ranks remain
mysterious.



Thank you!
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