Research Statement Tyler Genao

My research program is in understanding uniformity in torsion groups of elliptic curves, extending
celebrated results of Mazur and Serre on torsion and Galois representations, respectively. I do this
through direct computations with elliptic curve Galois representations, as well as through studying
the geometry of modular curves. A big part of my work focuses on understanding torsion and
representations under base change and “under isogeny.”

Brief summary of work. A central part of my research is on understanding the size
and behavior of torsion groups of elliptic curves over number fields whose degrees can be
arbitrarily large. For example, I have proven polynomial bounds exist on torsion from
any fized geometric isogeny class of elliptic curves [Gen24b|, as well as uniform polynomial
bounds over all rational geometric isogeny classes [BG]. T've also proven the existence of
typical bounds on torsion from the family of elliptic curves geometrically isogenous to
an elliptic curve with rational j-invariant [Gen22) [(Gen23]. To understand torsion growth
upon base change, I have established uniformity results for the degrees of fields of definition
of torsion points [Gen24a), as well as fields of definition of isogenies |Gen], also proving results
which establish possible evidence for Serre’s Uniformity Question over number fields larger
than Q. I have also worked on torsion groups and Galois representations in other contexts
[CGPS22, AG| [GMR), FGMR].

1. INTRODUCTION

Given a field k, an elliptic curve E over k, written E/k, is a smooth,
projective algebraic curve of genus one with a k-rational point. El-
liptic curves are often given by an equation y? = 23 + Az + B, where
A, B € k. The most important property of an elliptic curve E/k is
that the set E(k) of its k-rational points is an abelian group, with a

(]
method” for adding any two points in E(k) (pictured on the right). /’E//
While inherently interesting, elliptic curves also enjoy a broad scope -
of applications, from providing a useful group structure for modern
information encryption, to helping solve centuries-old problems on
rational solutions to Diophantine equations.
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When k is a number field (i.e., a finite extension of Q), the Mordell-Weil theorem says that the
group E(k) is a finitely generated abelian group. In particular, the torsion subgroup E(k)[tors],
which is the subgroup of k-rational points with finite order, is a finite abelian group.

Here is a natural question that much of my work focuses on:

Question 1. What do we know about the size of E(k)[tors]|, as E/k varies?

In a landmark paper, Mazur [Maz77a] showed that for any elliptic curve E/Q, its torsion subgroup
E(Q)Jtors]| is one of 15 finite abelian groups up to isomorphism; this is often referred to as Mazur’s
Theorem. As a consequence of this theorem, any elliptic curve E/Q satisfies #E(Q)[tors] < 16.
Following this, work of Kamienny, Kenku and Momose [KM88, [Kam92al, [Kam92b] showed that for
any elliptic curve E/k defined over a quadratic number field k, the torsion subgroup E(k)[tors]
is isomorphic to one of 26 finite abelian groups, and #E(k)[tors] < 24. Almost 30 years later,
Derickx et. al. [DEvH™21] gave a classification of torsion subgroups over cubic fields: there are 26
possibilities for E(k)[tors] when [k : Q] = 3, and one has #FE(k)[tors] < 28.
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The classification of torsion subgroups over number fields of fixed degree d > 4 is incomplete; it is an
active area of research which involves deep results on the geometry of modular curves, which serve
as a type of moduli space for elliptic curves with level structure. Nevertheless, Merel [Mer96] proved
a remarkable result in the 1990’s showing that torsion bounds always exist in fixed degree d; this is
referred to as Merel’s Theorem. More precisely, for each integer d > 0, there exists a constant
B := B(d) which depends only on d, such that for all elliptic curves E/k where [k : Q] = d, one has
#E(k)[tors] < B(d). Merel’s work provided explicit bounds on primes p | #E(k)[tors] in terms of d,
which Parent [Par99)] later improved by showing that if p | #E(k)[tors] then p™ < 129(5%—1)(3d)S.

By Merel’s Theorem, one can define an arithmetic function B: Zt — Z* where each B(d) is a
choice of torsion bound over degree d number fields. By Parent’s work [Par99], one can construct
an explicit function B whose growth is more than exponential in d. The growth of torsion groups of
elliptic curves can then be understood through studying the asymptotic behavior of an appropriate
choice of B. With this in mind, there is a natural question closely related to Question

Question 2. Which choice of bound function B: Z+ — Z™ is close to the truth of torsion growth?

Finally, in contrast to Questions [I] and [2, one can ask whether there are uniform conditions one
can impose on number field extensions ¢/k to guarantee that elliptic curves have no torsion growth
upon base change from k to ¢ (i.e., where we view E/k as defined over ¢ instead of k).

Question 3. Given a number field extension £/k, are there conditions on [ : k] that guarantee the
base change of any elliptic curve E/k to E/l satisfies E({)[tors] = E(k)[tors]?

Each of the following three sections will introduce my work towards addressing Questions and

. Polynomial bounds on torsion;
e 3] typical boundedness of torsion;
e {4 torsion upon base change.

Much of my results apply to torsion subgroups from families of elliptic curves over number fields that
are related to rational elliptic curves, via isogeny or base change. In this way, they can be considered
generalizations of Mazur’s theorem, where now the base field degree is allowed to vary. The upshot
to studying these families is that one can leverage what is known about Galois representations of Q-
rational elliptic curves, to say something about torsion groups from these families. Similar families
have also been recently studied by several others: see [BN, BRW| [CMP18|, [CP18| [CN21l, [GJN20],
to name a few papers.

2. POLYNOMIAL BOUNDS ON TORSION FROM GEOMETRIC ISOGENY CLASSES [Gen24bl BG].

This section concerns my work on Question |2| for familiesﬂ of elliptic curves closed under geometric
isogeny, following Merel’s Theorem [Mer96]. One already has a sharp answer to Question [2| for the
family of elliptic curves with complex multiplication (CM): by work of Clark and Pollack [CP15],
there exists an absolute, effectively computable constant ¢ := ccy € Z* such that for all number
fields k with degree d > 3 and for all CM elliptic curves E/k, one has

#E(k)[tors] < ¢-dIn(In(d)).

1A family of elliptic curves is any collection F of pairs (k, E) where k is a number field and E is an elliptic curve
defined over k.
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In contrast to the above, the non-CM case (i.e., “without complex multiplication”) is more myste-
rious. There are a number of conjectures and questions that appear in the literature which concern
the truth of B for all elliptic curves, one of which involves bounds which are polynomial in the
degree.

Conjecture. There exist absolute constants b,c > 0 such that for any number field k of degree d
and for any elliptic curve E/k, one has #FE(k)[tors] < ¢ - d°.

That such a bound might exist was first suggested in a question of Flexor and Oesterlé [FO90] for
elliptic curves with everywhere good reduction, and the result was later established in this case
by Hindry and Silverman [HS99]. More recent work of Clark and Pollack [CP18] implies there
exist polynomial bounds on torsion from the family Fg of elliptic curves with Q-rational rational
j-invariants (i.e., elliptic curves with at least one Q-rational model). Their results imply that for
any € > 0 there exists a constant ¢, > 0, which depends only on €, such that for all degree d number
fields k and for all elliptic curves E/k € Fg one has #FE(k)[tors] < ¢ - d°/?T¢.

Inspired by the work of Flexor and Oesterlé, as well as Clark and Pollack, I have proven polynomial
bounds on torsion from two families of elliptic curves, one of which generalizes Fg. Recall that for
two elliptic curves E; and Fo defined over an algebraic extension k/Q, a k-rational isogeny from
FE to Es, written as ¢: Fq — FEs, is a surjective k-rational morphism of curves that is also a group
homomorphism Ej(k) — Ea2(k). For two elliptic curves Ej/k; and Es/ks, a geometric isogeny

from E) to Es is a Q-rational isogeny ¢: Ey /Q — F5/Q (where Q denotes an algebraic closure of

Q). The collection of elliptic curves geometrically isogenous to E is called the geometric isogeny
class of F.

My first theorem showed that polynomial bounds exist on torsion from any fixed geometric isogeny
class of elliptic curves.

Theorem 1. [Gen24b] Fixz a number field ko and an elliptic curve Ey/ky. Then for each € > 0 there
exists a constant ce := c.(Fo, ko) > 0 such that for any elliptic curve E/k geometrically isogenous
to Ey/ko, one has

#E(k)[tors] < ¢ - d' T
where d := [k : Q).

It is worth noting that the exponent 1 + € in Theorem [1|is optimal when one considers the family
of all elliptic curves over all number fields: that is, the 1 cannot be replaced with a smaller number.
A crucial step in Theorem [I] involves relating the adelic Galois representations of isogenous non-
CM elliptic curves. Recall that for an elliptic curve E/k, its adelic Galois representation is the
homomorphism

PE: Gk — GLQ(Z)

associated with the action of the absolute Galois group Gy, := Gal(Q/k) on the full torsion subgroup
Eltors] := E(Q)[tors]; note that Eltors] is a free rank two Z-module, where Z is the ring of profinite
integers. When E is a non-CM elliptic curve, celebrated work of Serre [Ser72] showed that the image
pE(Gy) is an open subgroup of GLg(i), which is equivalent to having finite index in GLQ(Z); this
result is often called “Serres’ open image theorem.” I have proven the following result, which relates
the adelic Galois representations of two isogenous elliptic curves; it serves as a crucial step in the

proof of Theorem [I| This generalizes work of Greenberg [Grel2].

Theorem 2. [Gen24b| Let E/k and E'/k be k-rationally isogenous non-CM elliptic curves. Then
one has

[GL2(Z) : pp(Gr)] = [GL2(Z) : prr (G)].
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Following this paper, in collaboration with Bourdon I have also proven a uniform version of poly-
nomial bounds on torsion from a superfamily of Fg. For a fixed number field kg, let us define the
family

Ty, = {elliptic curves E/k : 3E' /kq for which E is geometrically isogenous to E'}.

The family Zj, is essentially the union over all ko-rational geometric isogeny classes, i.e., geometric
isogeny classes which contain least one elliptic curve defined over k. It is clear that Fj, C Zy,. In
fact, this is a strict containment since 7, contains elliptic curves whose j-invariants have arbitrarily
large degree over Q. The following theorem is a generalization of Clark and Pollack’s result [CP1§]
for polynomial bounds on torsion from Fg. This also generalizes my previous Theoremto a larger
family in the case of Q-rational geometric isogeny classes.

Theorem 3. [BG| Torsion from Lg is polynomially bounded. More precisely, for each € > 0 there
exists a constant c. > 0 such that for any elliptic curve E/k € Zg, one has

#E(K)[tors] < ¢ - d>T€
where d := [k : Q.

The proof of this result involves a close analysis of fields of definition of prime-power order torsion
points on Q-rational elliptic curves. For primes p > 37, we know that the mod-p image of Galois
is either surjective or equal to the normalizer of the non-split Cartan subgroup of GLo(Z/pZ), by
[EL]. In the latter case, we can provide novel lower bounds on the degree of the field of definition
via an analysis of ramification indices, and from this we obtain a nearly optimal power bound.

Following my work above, there is a more general problem I am working on. Recall that an abelian
variety over k, denoted by A/k, is a smooth connected projective algebraic group variety defined
over k. Abelian varieties are higher-dimensional analogs of elliptic curves; when k is a number field,
their torsion groups A(k)[tors| are also finite abelian groups by the Mordell-Weil theorem.

Problem 1. For a fized abelian variety Ag/ko, show there exist polynomial bounds on torsion
groups of abelian varieties Ak which are geometrically isogenous to Ag/ko.

When E/k is an elliptic curve, its endomorphism algebra End’(E) := Endg(E) ® Q is either Q or
an imaginary quadratic field. In the latter case, £ has CM, and polynomial bounds are already
known [CP15]; and when E is non-CM, my Theorem (1| solves this problem. However, when one
replaces F/k by an abelian variety A/k, “non-CM” and “CM” are two ends of a spectrum of
possible structures for the Q-algebra End’(A) := End(A) ® Q, which complicates an analysis of the
torsion group A(k)[tors].

I am tackling Problem [I| by proving an appropriate generalization of Theorem [2| on adelic indices.
It is crucial to the proof of Theorem [2| that when E is a non-CM elliptic curve, the adelic Galois
representation pg: G — GLa (Z) has open image in its codomain GLq (2) However, for an abelian
variety A/k of dimension g > 1, the adelic representation p4: Gy — Gng(i) will never have open

~

image — equivalently, the index [GLoy(Z) : pa(Gy)] is infinite. Despite this, the image pa(Gy) will
be open in a particular reductive lie group which depends only on End®(A).

To this end, I will prove an appropriate generalization of Theorem [2] for abelian varieties with fixed
endomorphism algebra X where suitable “open image theorems” are known for p4(Gy) relative to
X, and then generalize the proof of Theorem [I| appropriately. The varieties studied will include,
for example, simple abelian varieties for which End®(A) = Q (“trivial endomorphism ring”; here,
the adelic image pa(Gyg) is open in the general symplectic group GSpQQ(z) when e.g. ¢ is 2,6 or
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odd, due to Serre [Stil7]), and for which End’(A) is a totally real field of degree g (“real GLo-
type”; here, an open image theorem was proven by Ribet [Rib76]). I will prove various analogs of
Theorem [2| relative to the endomorphism algebras considered, which can then be applied to produce
polynomial bounds on torsion from geometric isogeny classes by mimicking the central ideas of the
proof of Theorem

3. TYPICALLY BOUNDING TORSION FROM GEOMETRIC ISOGENY CLASSES |Gen22 [Gen23]

This section concerns my work on Question (1| for the families Fj, and Zj,, for all number fields ko;
in particular, I have shown these families are typically bounded in torsion. Let us recall that any
subset S C ZT has a well-defined upper density

= SNl

4(S) := limsup M

T—00 T

Then given a family F of elliptic curves defined over number fields, we say that F is typically
bounded in torsion if for all € > 0 there exists a constant B, > 0 such that the set of “bad
degrees”

{deZ" :3E/k € F so that [k : Q] = d and #FE(k)[tors] > B.}

has upper density at most e. Informally stated, F is typically bounded in torsion if torsion groups
of elliptic curves from F are absolutely bounded after excluding the curves E/k € F whose
number field degrees [k : Q] lie in an arbitrarily small subset of Z*. Unlike polynomial bounds,
“typical bounds” on torsion groups do not grow, even as the degrees [k : Q] get arbitrarily large.
In this sense, typical bounds, when they exist, are a generalization of the bounds from Merel’s
Theorem.

Typical boundedness in torsion was first observed in the family of CM elliptic curves, by Bourdon,
Clark and Pollack [BCP17]. Soon after this, Clark, Milosevic and Pollack showed [CMPI8§] that
for a number field kg, the family Fj, of elliptic curves with kp-rational j-invariant is typically
bounded in torsion if one assumes the LV-hypotheses for ky. Here is what we mean by the LV-
hypotheses for ky:

1. assume that the Generalized Riemann Hypothesis (GRH) is true;
2. assume that kg has no rationally defined CM, i.e., that kg contains no Hilbert class fields of
imaginary quadratic fields.

Under these hypotheses, Larson and Vaintrob [LV14] have shown that for sufficiently large primes
p € Z™ there do not exist elliptic curves with a ko-rational p-isogeny (kernel has size p).

When kg satisfies the LV-hypotheses, Clark, Milosevic and Pollack |[CMP18] have shown that
Fi, is typically bounded in torsion. My first result on typical boundedness made this theorem
unconditional of the LV-hypotheses.

Theorem 4. [Gen22| For each number field ko, the family Fy, is typically bounded in torsion.

A key idea in proving Theorem H| is to analyze the isogeny character of an elliptic curve defined
over kg, and relate it to that of a CM elliptic curve. This builds on work of Larson and Vaintrob
[LV14], and utilizes the fact that more precise results are known about torsion groups and Galois
representations of CM elliptic curves relative to the non-CM case. An isogeny character of an
elliptic curve E/k is a group representation arising from the action of the absolute Galois group
G, on a finite cyclic subgroup of Eltors]; this can be thought of as a one-dimensional analog of the
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usual mod-n Galois representation pg,: Gy — GL2(Z/nZ), which describes the action of G}, on
the group E[n] of points with order dividing n.

In a sequel paper, I generalized Theorem [ to all ko-rational geometric isogeny classes. Recall
from §2| that Zj, is the family of elliptic curves which are geometrically isogenous to at least one
ko-rational elliptic curve.

Theorem 5. [Gen23| For each number field ko, the family Iy, is typically bounded in torsion.

Following my work on typical boundedness for F;, and Zj,, there is a natural extension to a larger
family of curves, namely that of kg-curves. Given an automorphism o € Gy, , for each elliptic curve
E/k one has a “conjugated” elliptic curve E /o (k) by applying o to the coefficients of E. Let us
define the family of kg-curves as

Qy, = {elliptic curves E/k : Vo € Gi,, E is geometrically isogenous to E“}.

We have the strict inclusions
-Fkro C Iko - Qko-

=

When kg = Q, the family Qg is the family of Q-curves. These curves have extensive use in solving
Fermat-type equations via the “modular method” [EIl04, BENT0, [AS16].

Given that Fgp and Zg are typically bounded in torsion, there is a natural problem following
Theorems [ and Bl

Problem 2. Show that the family Qg is typically bounded in torsion.

A positive answer to this problem may be suggested in part by the fact that Galois representations
of Q-curves enjoy several uniformity results. For example, there is a strong uniform bound on
degrees of cyclic isogenies of Q-curves over odd degree number fields, due to Cremona and Najman
[CN21]. Additionally, Le Fourn [LF16] has shown that over any fixed imaginary quadratic field K,
one has for any non-CM Q-curve E/k € Qg \ Zg and for all sufficiently large primes p € Z* that
FE has surjective mod-p Galois representation. Given these facts, one might also expect qualitative
uniformity results on degrees of p-primary torsion points on non-CM Q-curves, from which one may
be able to apply the techniques of [Gen22l [Gen23] to show that Qg is typically bounded in torsion.

4. TORSION UPON BASE CHANGE [Gen24al [Gen]

Given an elliptic curve E/k, it is interesting to ask what is known about the field extensions of
k over which E obtains new torsion points. For example, by current progress towards Serre’s
Uniformity Question [FL], one knows that for any non-CM elliptic curve E/Q and for any prime
p > 37, the image of the mod-p Galois representation pg ,: Gg — GL2(Z/pZ) either surjects onto
GL2(Z/pZ), or equals the normalizer of a non-split Cartan subgroup of GLy(Z/pZ). Consequently,
the action of Gg on Elp| is transitive, and so nontrivial torsion points P € E[p] have maximal
degree: [Q(P) : Q] = p? — 1. In particular, over any odd degree number field k/Q, there exist no
elliptic curves E/Q with points of order p defined over k.

One can generalize this observation to account for all possible torsion growth in the following way.
With our current computational and theoretical understanding of mod-p Galois representations of
elliptic curves, we can show that for any elliptic curve E/Q and for any torsion point P € E[tors],
if P ¢ E(Q) then [Q(P) : Q] is a multiple of 2,3,5 or 7. Consequently:
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Theorem. [GIN20] Let k be a number field whose degree [k : Q| is coprime to 2-3-5-7 = 210.
Then for any elliptic curve E/Q, one has no torsion growth upon base change to k, i.e.,

E(k)[tors] = E(Q)[tors].

An analogous result where we replace Q with a larger number field k would require a better
understanding of the behavior of elliptic curve Galois representations over k, and in general, much
less is known about uniformity beyond Q. However, I have proven such a generalization for all
number fields k£ which satisfy the LV-hypotheses defined in More precisely:

Theorem 6. [Gen24a] Let k be a number field with no rationally defined CM. Then assuming
GRH, there exists an effectively computable integer B := B(k) € Z* such that for any number field
¢/k whose degree [{ : k] is coprime to B, one has for all elliptic curves E/k that

E(0)[tors] = E(k)][tors].

Towards proving Theorem [6] I have given new evidence towards Serre’s Uniformity Question over
number fields. In particular, I have shown that for sufficiently large primes p € Z with respect
to k, if the mod-p Galois representation pg,: Gy, — GL2(Z/pZ) is not surjective, then the image
pEp(Gk) lands in the normalizer of a Cartan group in GL2(Z/pZ) and is “relatively uniformly
large.” More precisely:

Theorem 7. [Gen24a] Let k be a number field with no rationally defined CM. Then assuming
GRH, there exists a constant ¢ := c(k) € Z* such that for all primes p > ¢, one has the following:
for an elliptic curve E/k, if the mod-p image G := pg ,(Gy) does not equal GLo(Z/pZ), then it is
contained in the normalizer of a Cartan group in GLo(Z/pZ) up to conjugacy.

Let Cy(p) and Cys(p) denote split and nonsplit Cartan groups in GLo(Z/pZ), respectively, and
Ns(p) and Nys(p) their normalizers. Then one of the following holds:

1. If G C N4(p) then Cy(p)¢ C G for some e € {1,2,3,4,6}, and G contains the subgroup of
scalar matrices. Furthermore, the index of G in Ns(p) satisfies

[Ns(p) : G] | ged(p — 1, e).
2. If G C Nps(p) then either G = Nys(p) or G is an explicit index 3 subgroup of Nps(p). If
p=1 (mod 3) then G = Ny,s(p).

In parallel to understanding torsion points, it is of interest to understand rationality of isogenies
of elliptic curves. For a non-CM elliptic curve E/k, there is essentially a correspondence between
k-rational isogenies from E, and cyclic subgroups C' C E[tors| which are stable under the action of
G. With existing computational and theoretical results on Galois representations over Q, one can
prove the following.

Theorem. For any number field k/Q whose degree [k : Q] is coprime to2-3-5-7-11-13-17-37 =
18888870 and for any non-CM elliptic curve E/Q, if E has a k-rational cyclic isogeny ¢, then ¢
must be Q-rational.

Leveraging work on Galois representations over number fields (such as Theorem @, I have also
generalized this result from Q to those k which satisfy the LV-hypotheses. This also generalizes
Theorem [G

Theorem 8. [Gen| Let k be a number field with no rationally defined CM. Then assuming GRH,
there exists an effectively computable integer C := C(k) € Z* such that for any number field £/k
whose degree [€ : k| is coprime to C' and for any non-CM elliptic curve E/k, if E has a {-rational
cyclic isogeny ¢, then ¢ must be k-rational.
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Theorems [0 [7]and [§] can be viewed as progress towards Mazur’s Program B, alongside work of Merel
[Mer96] and Larson and Vaintrob [LVI4]. This program, established in 1977 by Mazur [Maz77h],
aims to classify the image of adelic Galois representations of elliptic curves over number fields.

Both Theorems [6] and [§ impose the LV-hypotheses on the fixed number field & in order to utilize
Theorem m and show that pg ,(Gy) is relatively uniformly large when p is sufficiently large. The
upshot is that in the analysis of pg ,(G)), one can exclude the case where pg,(Gy) is Borel, i.e.,
is contained in the subgroup By(p) of upper triangular matrices in GL2(Z/pZ) (up to conjugacy);
this is precisely the case where E has a k-rational p-isogeny.

There is a natural follow-up problem to make these results unconditional of the LV-hypotheses
in the case of non-CM elliptic curves. This requires us to better understand fields of definition of
torsion points and isogenies in the case where a non-CM elliptic curve E/k has a k-rational p-
isogeny.

Problem 3. Let k be any number field, and assume that E/k is a non-CM elliptic curve with a
k-rational p-isogeny, where p is large. What can be said about the index [Bo(p) : prp(Gr)| (and
more generally, pgp(Gg))?

I gave one answer to Problem [3]in [Gen]: I showed that under GRH, for any number field k and for
all sufficiently large primes p, if E/k has a k-rational p-isogeny then (up to conjugacy) the index

[Bo(p) : pEp(Gr)] | 864 - [k : Q).
However, unlike the index bounds in Theorem [7} this one is too large to prove Theorem [6] un-
conditionally. I would like to sharpen these bounds to generalize Theorem [6] and include them
in a version of Theorem [7] that would serve as unconditional progress towards Serre’s Uniformity
Question/Mazur’s Program B over a general number field k. I can reduce this analysis to study-
ing the characters of the semisimplification of pg,(Gy) over the algebraic closure of Z/pZ, and
then possibly refine the techniques I used in |[Gen22] & la Larson and Vaintrob [LV14] to impose
uniform bounds on the indices of these characters, which would provide a bound on the size of

[Bo(p) : pEp(GE)]-
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