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PREFACE

This is a draft of my notes for a graduate topics course that I taught in Spring
2025 at the Ohio State University, on the arithmetic of elliptic curves. For the most
part, these notes closely follow Silverman’s book of the same name [Sil09]; however, I
have included several new exercises and theorems, additional comments and details for
several remarks and proofs from [Sil09], and an introductory “chapter zero” on elliptic
curves from a planar perspective that should be accessible to a broad range of students.

There were a large number of earlier-year graduate students interested in attending
this class, so the only prerequisite was a basic course on algebraic number theory. I did
not assume prior knowledge of algebraic geometry; however, experience with that can
help motivate the material in Chapters 1 and 2.

Any errors in these notes are my own, and if you spot any, then please let me know.
My hope is that these notes can help beginning students in number theory learn about
elliptic curves from the “canonical” elliptic curves textbook [Sil09] without too many
prerequisites. If you find these notes helpful, or have comments or suggestions, feel free
to reach out to me at [genao.5@Qosu.edu — I would love to hear it!


mailto:genao.5@osu.edu
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INTRODUCTION

For more than a millennium, a centerpiece of number theory has been the study of
Diophantine equations: simply put, these are polynomial equations over Q. It has
been, and still is, of great interest to determine whether specially chosen Diophantine
equations f(z1,xs,...,2,) € Q[z1,x9,...,x,] have integral or rational solutions: i.e.,
tuples (aq,as,...,a,) in Z™ or Q" such that

f(al,ag, Ce ,an) =0.

An example of this is the congruent number problem: is there a worthwhile description
of all congruent numbers, i.e., rational numbers which are the area of some right triangle
with all rational sides (including the hypotenuse)? As it turns out, a number « € Q is
a congruent number if and only if the equation

g2 = 2% — o2
has a rational solution (z,y) € Q* with y # 0.

Analyzing a Diophantine equation with “complete” geometry (i.e., over C or another
algebraically closed field) can make it easier to find solutions, but integral and rational
solutions are delicate, and can break unless special care is taken. This makes studying
integral /rational solutions more difficult — and thus more interesting!

Certain types of Diophantine equations have well-known ways to parametrize their
integral or rational solutions. Here are examples of this, in increasing difficulty:

1. An integral (planar) line has the form
ar +by =c

where a, b, c € Z.

a. Rational solutions: take any = € Q, and then solve for y! (If b = 0 and
a # 0, then instead let x = ¢/a and y € Q. If a = b = ¢ = 0, then anything
works.)

b. Integral solutions: there exists an integral solution (z,y) € Z? if and only
if ged(a,b) | ¢; in such a case, this equation has infinitely many solutions,
all of which are in fact parametrizable.

2. A rational conic is a plane curve with an equation of the form

ar? +bxy + ey +dr+ey+ f=0

where a, b, c,d, e, f € Q. This includes circles, ellipses, parabolas and hyperbo-
las.

a. For determining rational solutions, we have the Hasse-Minkowski theorem:
this quadratic equation has a rational solution if and only if it has a real
solution, along with, for each prime p € ZT, a solution over Q,, the field of
p-adic numbers. (This is an example of a local-global principle for quadratic
equations. )

3. For n > 3, consider the equation

n

"4yt = 2"
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Such an equation has no integer solutions (a, b, ¢) € (Z()?; this is a consequence
of Fermat’s last theorem. A proof of this theorem came out in 1994, 357
years after it was originally stated in 1637. This was proven by contradiction:
if there exists such a solution (a, b, ¢), then one can construct an elliptic curve
E,p.c from this solution which has self-contradicting properties. QED.

After studying curves of degrees 1 and 2 (lines and conics), it’s natural to study the
special class of cubic curves called elliptic curves. These curves are usually given as
an equation

E:y’=2>+Az+B

where A, B lie in a fixed field k (such as k = Q,R,F,, Q, or C). Unlike other curves,
elliptic curves have the unique property that there is a group law on them which, when
pictured as a planar curve, can be given by a chord and tangent method. The additional
group structure lends itself to a rich theory of rational points on elliptic curves.

In these notes, we will cover the following topics:

1.
2.

Elliptic curves and their group law, from an introductory planar perspective.
A review of basic modern algebraic geometry (varieties, curves and their mor-
phisms, divisors and differentials, the Riemann-Roch theorem).

. The foundational theory of elliptic curves, this time from the perspective of

modern algebraic geometry.
Elliptic curves over finite fields, particularly the Hasse-Weil bound.

. Elliptic curves over local fields, culminating in the Néron-Ogg-Shafarevich cri-

terion.

. The Mordell-Weil theorem, which includes Galois cohomology and the theory

of heights of points.
Computing the weak Mordell-Weil group of an elliptic curve via descent.
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0. ErLipTic CURVES: A PLANAR APPROACH

0.1. Introduction. In this section, we will define and describe elliptic curves without
couching them too much in the language of modern algebraic geometry. This allows
us to get intuition about elliptic curves before working with them on a more abstract
level. This approach is “coordinate-based,” and we will always have equations for
elliptic curves in mind.

Here is our first definition of an elliptic curve:

Definition 0.1.1. Given a field k, an elliptic curve over k, denoted E/, is a non-
singular projective cubic plane curve with a fixed k-rational point.

Remark 0.1.1. For intuition, we can take k = R; this lets us draw elliptic curves in
the real plane. For example, here are some graphs of elliptic curves:

-10 & 10

-10

FIGURE 0.1.1. A variety of elliptic curves in R2.

For the rest of this chapter, we will review the geometric terms necessary for our first
definition of an elliptic curve. We will revisit them in the following chapter, in a more
general context.

0.2. The affine plane. For the rest of this chapter, £ will denote a perfect ﬁeldﬂ
Once and for all, fix an algebraic closure k of k (sometimes, this will also denote an
algebraically closed field containing k).

Recall that the affine plane over k is A%(k) := k2. For example, the real affine plane
is R2. We will write A2 := A2(F).

Here we have our first definition of a curve.

IRecall that a perfect field k a field for which every algebraic extension of k is separable.
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Definition 0.2.1. Given a polynomial f(z,y) € k[x,y], the algebraic set defined by
f, written as C/, is the set of solutions in A? to f. Equivalently,

Cr={(z,y) € A%: f(z,y) = 0}.
We will sometimes write
C:flz,y)=0

where C' := ;. When the ideal (f) C k[z,y] is prime, we say that C' is an algebraic
curve. In both cases, since f is defined over k, we say that C' is defined over k, and
write Cp.

We will talk more about the primality assumption in Chapter 1, in the context of
varieties; it is connected to irreducibility of the algebraic set with regards to the Zariski
topology. For now, we content ourselves with the following notes exercise, showing that
algebraic sets which aren’t curves are the union of two smaller curves.

(In these notes, we have so-called “notes exercises” which are meant to be small
exercises you attempt on your own when reviewing these notes. These are different
from the standard exercises, which are more like homework exercises and can vary in

difficulty.)
Notes Exercise 0.2.1. Let C := Cy C A? be an affine curve defined by
fla,y) =0
where f € k[z,y]. Show that if f = ¢g-h in k[x, %], then we have
C=C,UCh.

Definition 0.2.2. Given an algebraic set C'/;, and an extension £/k, we say that a point
P = (x,y) € C is f-rational if its coordinates z,y € {.

0.3. The projective plane. While we often think of curves as living in A2, the pro-
jective plane lets us spot “invisible points” on curves — which is important for under-
standing the group law on an elliptic curve.

Definition 0.3.1. Let us define the projective plane over k as the quotient space
P2(k) == (k° ~ {(0,0,0)})/ ~,
where we say points (a, b, ¢), (d,e, f) € k3 are equivalent if there exists A € k* with
(d,e, ) = (Aa, Ab, Xc).
We write [a : b : ¢] € P?(k) for the equivalence class of (a,b,c). We will write P? :=
P?(k).
Notes Exercise 0.3.1. Show that two nonzero points P, Q € k?® are equivalent in P?(k)

iff P and @ lie on the same line through the origin. Thus P?(k) can be interpreted as
“lines in k® through the origin.”

Definition 0.3.2. we can embed A?(k) into P?(k) via
(a,b) — [a:b:1].

Projective points in P?(k) \ A?(k) are called points at infinity. Necessarily, such
points have the form [a : b : 0].
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For example, the curve y = 2% has the point at infinity [0 : 1 : 0] (see the following
figure).

yz=x
= 1 R
W 4 AN
/ N\

FIGURE 0.3.1. The parabola y = z? in P*(R). Picture from here.

The usual intuition for the projective plane is to imagine that in P?(k), “all parallel
lines in A2(k) converge at a point.” Thus, two plane curves in A?(k) which go off in
different directions can intersect at previously unknown points at infinity.

Remark 0.3.1. In case you'd like to build intuition on the projective plane (which
is where you “see” the canonical identity element for an elliptic curve, namely the
point at infinity), here’s a really nice video on it, titled “Putting Algebraic Curves in
Perspective”: https://www.youtube.com/watch?v=XXzhqStLG-4

The definition of a projective curve requires slightly more care than that of an affine
curve. This brings us to homogeneity.

Definition 0.3.3. A polynomial G(X,Y, 7Z) € k[X,Y, Z] is called homogeneous if
every monomial in G has the same degree: i.e., there exists d € Z>( such that we can
write

GX,Y,Z)= > Qgpe XVZ,
a+b+c=d

i.e., all terms in G(X,Y, Z) have equal total degree. Then the projective algebraic
set (over k) defined by G, denoted C' := Cg, is the set of solutions in P? to G(X,Y, Z).
We will write this as

C:G(X,Y,Z)=0.
When the ideal (G) C k[X,Y, Z] is prime, we say that C' is a projective curve (over
Example 0.3.1. As a quick example, the polynomial F(X,Y,7) :=Y?Z-X3-X7? €
Q[X,Y, Z] defines a projective curve
Cio:YZ=X"+X2"
However, the polynomial G(X,Y,7) := X3+ Y%+ Z € Q[X,Y, Z| does not, since it is
not homogeneous.

The definition of a rational point in the projective plane is slightly subtle:


https://www.youtube.com/watch?v=XXzhqStLG-4
https://www.youtube.com/watch?v=XXzhqStLG-4
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Definition 0.3.4. Say that a point [a : b : ¢] € P? is k-rational if we can write
[a:b:cd =[d:e: f] with d e, f € k, equivalently, if there exists A € k  with
Aa, Ab, A¢ € k. Then given a projective curve Cy, C P2, we let C(k) denote its set of
k-rational points.

Example 0.3.2. We observe that [1:0: 0] € P2(Q) is Q-rational (A := 1). However,
the point [ : 27 : 37] € P?(Q) is also Q-rational, since

[r:2m:3m]=[1:2:3].
Just remember that you can (nonzero) scale points in P?!

Here is an important notes exercise on the construction of the zero set of a projective
curve being well-defined:

Notes Exercise 0.3.2. Check that for a homogeneous polynomial G € K[X,Y, Z], for
any point [a : b: ¢] € P?(k) one has

G(a,b,c) =0

iff for all A € &7,
G(Aa, Ab, \c) = 0.

Thus, the solution set C(k) in P? makes sense.

We previously noted that A%(k) C P?(k). As it turns out, we can also realize affine
curves C' C A? as living in P2.

Definition 0.3.5. Given a degree d polynomial f(z,y) € k[x,y], the homogenization
of f, denoted by F(X,Y, Z) € k[X,Y, Z], is defined as

XY
FX,Y.Z)=f|>,=5 ) 2%
xv2)=1(37)
Practically speaking: you can homogenize f(z,y) by multiplying each monomial in f
by the new variable Z until the monomial’s degree is equal to d.
Conversely, given a homogeneous polynomial G(X,Y,Z) € k[X,Y, Z], you can de-
homogenize G into a polynomial g(x,y) € k[z,y| by setting g(z,y) := G(z,y,1).

Example 0.3.3. The polynomial f(z,y) := 2> +y*—1 € R[z, y] has as its curve C the
unit circle at the origin; one has that its homogenization is F(X,Y, Z) = X2 +Y?— Z2.
On the other hand, for G(X,Y, Z) := Y?Z — X3 +3XZ? — 7 € Q[X,Y, Z], we have
that its dehomogenization is g(z,y) = y*> — 2* + 3z — 1 (an elliptic curve equation over

Q).

The upshot to homogenization /dehomogenization is that we can pass curves between
A? and P2
Definition 0.3.6. Given an affine curve C' C A? defined by f(x,y) € k[x,y], we have
that its projective closure Cy is the projective curve defined by

Cy:F(X,Y,Z)=0
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where F(X,Y, Z) € k[X,Y, Z] is the homogenization of f. Similarly, given a projective
curve C' C P? defined by G(X,Y, Z) € k[X,Y, Z], we can affinize C' by dehomogenizing
G, to get an affine curve

Ch:g (l’ ) y) =0
where g(z,y) == G(z,y,1).
Remark 0.3.2. Something we have taken for granted above is that the projective
closure of a curve is still a curve, i.e., irreducibility is preserved. This is proven in

Exercise [L2.1]
Notes Exercise 0.3.3. Verify that for an affine curve C' C A%, one has (Cg), = C.

Notes Exercise 0.3.4. Double-check that for an affine curve C' C A2, one has an
embedding

Example 0.3.4. It will often be the case that elliptic curves £/, are given in a “short
Weierstrass form”

v =23+ Az + B
where A, B € k. We can homogenize F to produce
Ey:Y?Z =X+ AXZ*+ BZ°.

There exists exactly one point in Fy (k) \ E(k): necessarily, it is a point at infinity, so
it has the form [a : b : 0] by Definition [0.3.2] One can plug Z = 0 into the equation for
Fpy and find that [a: b:0] = [0:1: 0], and this is the only point at infinity on Ey. It
is a k-rational point, and is the usual choice for the identity element of the group law
on E(k).

0.4. Singular points.
Definition 0.4.1. Given an affine curve C;, C A* defined by
C: f(z,y) =0,

a point P € C'is a singular point on C' if the two partials of f evaluated at P are
Zero:

of
ox

_of
P Py P
Similarly, for a projective curve C, C P? defined by

C:F(X,Y,Z) =0,

= 0.

a point P € C'is a singular point on C if

OF|  OF
oxX| oYy

P

_OF
YA

P

= 0.
P

In either case, when C' has a singular point, we say that C' is singular; otherwise, we
say it is nonsingular (or smooth).
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Example 0.4.1. The curve C)r C P?(C) defined by
F(X,Y,Z):=X*+X*Z+ X?Y - 7°

has a singular point: we check that

OF
—— =3X?4+2X7Z+2XY.
ax + + :
OF
— =X?
oY

and

oF
— =X?-37%
07 s

Setting these equal to zero and solving for X, Y and Z shows that C' has the singular

point [0 : 1 : 0] € C'(R), and it is the only singular point. (The singular singular point?)
Other examples of singular points include the node and cusp seen below (correspond-

ing to y? = 2° + 2% and y? = 23, respectively).

Notes Exercise 0.4.1. Given an affine curve C, C A%, show that a point (a,b) € C(k)

is singular iff [a : b : 1] € Cy(k) is singular. Thus, checking for affine singular points

can be done separately from checking for singular points at infinity.

As it turns out, associated to a cubic curve of the form
E/k:y2 =2+ Az + B

is an invariant called the discriminant of E, defined as Ap := —16(4A43 + 27B%). One
has that E is an elliptic curve iff E is nonsingular, iff Agp # 0. Exercises and

explore this invariant.

Notes Exercise 0.4.2. Show that if the characteristid] of k is char(k) = 2, then the
cubic curve

C:y*=2+Ax+B
is always singular.
Exercise 0.4.1. This exercise determines when certain plane curves are nonsingular.
Let F' be a field of characteristic zero.

a) Show that for a polynomial f(z) € F[z] and for an integer n € Z*, the curve
C/F Ly = f(x)
in A? has a singular point if and only if f(z) has a repeated root in F, i.e., there

exists 1o € F with f(z9) = 0 and f'(zo) =

2Recall that for a field k, there exists a homomorphism Z — k via 1 — 1. Since the kernel is a
prime ideal of Z, it is either generated by zero or a prime number. The characterstic of k is the
non-negative generator of the kernel; it is denoted by char(k).
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b) Given a curve
Ciy’ =(zr—a)l@-pB)(z—9)
where «, 3,y € F, the discriminant of C is

Ac = [(a = B)(a=7)(B -]
Prove that As = 0 if and only if C' is singular.

In particular, when a cubic polynomial f(z) € F[z] has no repeated roots, the cubic
curve defined by y? = f(x) is nonsingular, and in fact is an elliptic curve over F.

Exercise 0.4.2. Prerequisite: algebraic number theory.

This exercise extends Exercise [0.4.1] by giving a formula for the discriminant of the
polynomial 23+ Az + B associated to the cubic curve y? = x®+ Az + B. For a reference,
see pp. 37-38 [MilANT].

Let F' be a field of characteristic zero, and K/F an extension of degree n. Then by
the primitive element theorem, we can write K = F(a) for some o € F. Let my(z)
be its minimal polynomial; suppose its roots are a; := o, s, ..., a,. Then we have a
formula for the discriminant of K/F":

AK/F = A(Ckl, Ce ,Ckn)

= JI (i—ay
1<i<j<n

n(n—1)

= (1) = - Nmg/r(m,(a)).

In general, for a polynomial f € F[z] of degree n > 1 whose roots in F are a :=
i, ..., Qp, the discriminant of f is

A = J] (@i—a)?= ()" Nmgr(fi(a)).

1<i<j<n

a. Show that for n > 1, the discriminant of
f(z) :==a"+ Az + B € F[x]
is
A() = (=15 0B 4 (—1)" (n - 1) A,
b. Use part a. and Exercise to show that a cubic curve

(1) Ep:y*=2"+Az+ B

has for its associated polynomial 2® + Az + B the discriminant
A = —(4A4° +27B?).

Remark: This discriminant differs from the usual short Weierstrass form discriminant
Ap := —16(4A3 + 27B?%). The factor of 16 in the latter formula is a useful way to
emphasize that over a field of characteristic 2, the curve defined by does not define
an elliptic curve.
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To reiterate, in this chapter we are interested in studying k-rational points on non-
singular projective cubic plane curves over k. When such a curve has a k-rational point,
we say it is an elliptic curve over k.

Remark 0.4.1. This is an important remark: while we have emphasized elliptic curves
as being projective curves, we will often write them down as affine curves E; in A?,
defined by equations f(z,y) € k[x,y]. This is simply a matter of convention — by Notes
Exercise[0.3.4] we know that E embeds into its projective closure Ey. It is the case that
Ey has only one more point than F, so the difference between Ey and E is virtually
negligible.

0.5. The definition of an elliptic curve. Let us recall what an elliptic curve is. For
most of these notes, we will focus on projective curves since they are more “complete”
than affine curves (in a literal sense).

Definition 0.5.1. Given a field k, an elliptic curve over k, denoted E/, is a non-
singular projective plane cubic curve with a fixed k-rational point. Its affinization is
given by a cubic equation

E: f(x,y)=0
where f € klz,y].

In the following exercise, we will see why irreducible is not mentioned in the definition
of a projective elliptic curve.

Exercise 0.5.1. Prerequisite: algebraic geometry.

One has in the usual definition of an affine elliptic curve that it must be irreducible,
i.e., it cannot be the union of two nontrivial plane curves. However, this is superfluous
for projective nonsingular curves: show that for a nonsingular projective plane curve
Ok, one has that C is irreducible over k. (Compare this to Exercise )

It is often the case that an elliptic curve E/, will be given in a Weierstrass form:

e Short Weierstrass form is
E:y* =2+ Az + B,

where A, B € k. This equation can only be nonsingular when char(k) # 2.
e General Weierstrass form is

E y2 + a1y + asy = m3+a2x2+a4x+a6,

with ay, as, as, aq, ag € k. This equation can be nonsingular in any characteristic.
Short Weierstrass form is very common, but often times, working with a general Weier-

strass form allows us to work with smaller coefficients.

Notes Exercise 0.5.1. Check that an elliptic curve in general Weierstrass form has a
single point at infinity, which is O :=1[0:1:0].
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0.6. An illustrative example. In this subsection, we will use the “chord and tangent
method” on a specific elliptic curve E/g to give an example of the general group law.
First, we will use the chord method on two rational points Py, P, € E(Q) to produce a
third rational point on F, denoted R := P, * P,. We will also use the tangent method
on P; to produce another rational point on E from it, denoted S := P, * P;. The group
law for a general planar elliptic curve is this chord and tangent method applied twice,
the second time taking the chord/tangent between R or S and the point at infinity
O:=1[0:1:0].

Example 0.6.1. We will consider the cubic curve E/q : y* = 2* — Tz + 10. By Exercise
0.4.2] its discriminant is Agp = —21248 # 0. In particular, the curve E is nonsingular,
and is thus an elliptic curve.

FIGURE 0.6.1. The elliptic curve E : y? = 23 — Tz + 10.

Adding two points. We can check that both P, := (1,2) and P, := (3,4) are
points in E(Q). Their sum, written P, @ P,, is determined by a “chord and tangent
method” applied twice.

1. Step 1: let Ly := Lp, p, be the line through P, and P. Then its slope is
m = % = 1, and thus it has the equation
Ly =y =m(x — 1),
ie.,
Ly:y=x+1
Let’s analyze the intersection L; N E. To do this, we'll plug y = x + 1 into our
equation for E:

Y =2 —Tr+10= (z+ 1) =2° — T2 + 10
=2° -2 - 92 +9=0
=2%(r—1)-9(x—-1)=0
= (=9 (r—1)=0
= (x+3)(x—3)(x—1)=0.
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Thus, there are 3 points in Ly N E, each with z-coordinates x = 1,3 and —3,
respectively. We know x = 1 and x = 3 have to be roots of this polynomial,
since P, P, € Ly N E. Thus, let us set 3 := —3. Plugging x3 into the line L,
and solving for y, we get y3 := x3+ 1 = —2. We conclude via the chord method
that R := P, x P, = (—3,—2) is on F and is collinear to P, and P,.

. Step 2: for a second application of the chord method, let us consider the line

through R and the point at infinity O :=[0:1:0]. Write it as
Ly :=Lpo:=azr+by=c
Homogenizing it gives
Log:aX +b0Y =cZ,

a projective line in P?. Since O € Ly, we have a-0+4b-1 = c- 0, so that b = 0.
Thus Ls has the form

Lo:ax=c

which is a vertical line. Since R € L, we have a - —3 = ¢. Thus,

Let us analyze Lo N E. Plug x = —3 into E and get an equation for y:
v = (=3 =7 (=3)+10=4.

Thus, two points on Ly N E are (—3,42). (Only two affine points appear in
Ly N E since the third point is the point at infinity — this is also why we had
to solve a quadratic equation in y.) Thus, we have constructed a new rational
point on F, namely (—3,2). In fact, this is our “sum” of P, and P», and we will
write it as Py & Py 1= (—3,2).

iy

(3,4)
(1,2)

/ &

10

/—\
|
=
3]
=

~

|

w O\,

FIGURE 0.6.2. The elliptic curve E : y?> = 23 — 7z + 10. The initial
chord L; is green, and the vertical line L, is black.
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Adding a point to itself. Let’s find out how to add P, := (1,2) to itself; this sum is
written as P, & Pp, or simply 2P;. We will use the tangent method in the first step.

1. Step 1: let Ls be the tangent line through P;:
Ly:y=mo(x—1)+2

where my is the tangent slope of F at P;. We can compute it with implicit

differentiation:
d dy 322 -7
=z’ -7 10 —= =
dx Ll =2 —Tr+10 = dx T
and so
dy —4 ]
mo = — = — = —.
07 dx 4
(1,2)
Thus,
Ly:y=3—=x.

To analyze Ly N E, plug y = 3 — z into y? = 2% — 7z + 10 and solve for x:

=2 -Tr+10= 3 —2) =2 - 70 + 10
2 -2 —2+1=0
S —1)— (- 1) =

= (2 —1)(x—1) =

0
= (r —1)*(x +1) = 0.

As expected, the value z = 1 is a root twice since (1,2) has multiplicity two
on the tangent line L3 to £ at (1,2). Thus, we can take z3 := —1 and y3 :=
3 — x3 = 4, and deduce that

R = P1>|<P1 = (—1,4) EE(@)

2. Step 2: take the line Ly := Ly po through R and O. As observed before, it
should be the vertical line through R. We can check that

Ly:x=-—1.

Thus, the third point of LyNE is immediately (—1, —4): to see this, simply note
that y = 4 must be a root of the quadratic equation y* = (—1) — 7(—1) + 10,
and so the other root must be the negation of y = 4. We conclude that the
sum of Py with itself is (=1, —4), i.e., 2P; = (—1, —4); by our construction, this
point lies on FE.
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\%.2)

[=]

N

FIGURE 0.6.3. The elliptic curve E : y?> = 2% — 7z + 10. The initial
tangent L3 is purple, and the vertical line L4 is black.

0.7. The group law on an elliptic curve. Let us describe the general group law on
a planar elliptic curve E/. After this, we will see how it simplifies for elliptic curves in
short Weierstrass form.

1. The group law:

i) Fix a k-rational point O € E(k). Then given two rational points P, P, € E(k),
define their sum P; ® P; as follows:

ii) First, take the line Lp, p, through P, and P»; if Py = P, then take the tangent
line to E' at P, instead. It will intersect the curve at a k-rational third point
(maybe even at P; or P,). Call this third point P; * P;.

iii) Then take the line Lp, .p, o through P, % P, and O; it will intersect the curve at
a k-rational third point (maybe even at P; * P, or O). This third point is our
sum P1 D PQ.

When F is given in Weierstrass form, this group law simplifies. For now, we highlight

the case of short Weierstrass form.
2. The group law, short Weierstrass form: given an elliptic curve

E:y=2+Acz+B

with A, B € k:
i) There exists a unique point at infinity [0:1: 0] € E(k). Fixing O :=[0:1: 0]:
given two rational points Py, P, € E(k), define their sum P; @ P, as follows:

ii) Take the line Lp, p, through P, and P; if P, = P,, take the tangent line to E at
P, instead. Let the third point of intersection between Lp, p, and E be written
as P x P,.

iii) If P, x P, is affine, then writing P, * P, := (z,y) one has P, & P, = (x,—vy).
Otherwise P; * P, = O, and thus P, ® P, = O, due to the fact that O is a flex
point.

Thus, the second chord/tangent step simplifies in the case of short Weierstrass form,
and there is a natural choice of identity element O. In fact, there are formulas for
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the first step of the chord and tangent method when working with general or short
Weierstrass form: see Exercises [0.7.1] and [0.7.2], respectively.

Remark 0.7.1. Recall that for a curve Cj, a point P € C is a flex point if the
tangent line L to C' at P has intersection multiplicity > 3. If C' is a nonsingular cubic
curve, then this is equivalent to having L N C' = {P}. If further C is a nonsingular
affine curve over R, then P € C(R) is a flex point iff the concavity on C' changes at P
— just like in Calculus 1!

Exercise 0.7.1. Let E/;, be an elliptic curve in general Weierstrass form
E y2+a1my+a3y:x3+a2m2+a4x+a6

where ay, as, as, aq, ag € k. (Note that this includes short Weierstrass form as a special
case.)

a. Show that for two points P, := (x1,y1), P> := (22,y2) € E(k) which are not
collinear to O :=[0: 1: 0], one has the formula

Py« Py = (x3,93) := (m® + aym — ag — 21 — 3, mx3 + b)

where L : y = mz + b is the line through P, and P;.
b. Use part a. to further show that

P @ P, = (x3,—(m + ay)rs — b— a3).
c. In contrast to part a., show that if P;, P, and O are collinear, then
P& P,=0.
d. Prove that for a point P = (z,y) € E(k), one has
—P = (z,—y — a1z — a3).

Exercise 0.7.2. This exercise proves some formulas for elliptic curves in short Weier-
strass form,

Ep:y* =2+ Az + B.
a. Using Exercise [0.7.1], show that for two points P, := (x1,41), Py := (22,y2) €
E(k) which are not collinear to O := [0 : 1 : 0], one has the formula
P, @ Py = (m? — 2, — 29, —m(m? — x; — 25) — b)

where L : y = mz + b is the line through P, and P;.
b. Argue that if P, P, and O are collinear, then P, = —P;.
c. Show that for any point P := (a,b) € E(k), one has the additive inverse

—P = (a,—D).
The following fact is useful to keep in mind:

Notes Exercise 0.7.1. Prove that the point at infinity [0 : 1 : 0] € P? lies on the
projective closure of any vertical line in A2

Here is a short list of facts that are useful to keep in mind when computing sums of
points on an elliptic curve E for the first time.
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1. The tangent line L to E at a point P € E “contains P twice” (i.e., P has
multiplicity two on L).
2. Elliptic curves in short Weierstrass form

E:y*=2"+Az+B:

e Have exactly one point at infinity, namely O :=[0: 1 : 0];
e Have that O is a flex point;
e Have that O lies on every vertical line in A2

Now we will sketch a proof that the group law described above indeed defines a group
law on the set of rational points on an elliptic curve. To simplify matters, we will
assume our fixed rational point O is a flex point. For example, when FE is in general
Weierstrass form, one has that O := [0:1: 0] € E(k) is automatically flex. (Another
upshot for working with flex points is that there exists a “Collinearity Theorem” for
group laws with a flex identity, see Theorem [0.7.4])

Theorem 0.7.1 (Elliptic curve group law). Given an elliptic curve Ej, with a fized
point O € E(k), the chord and tangent method described above makes E(k) an abelian
group. (We will sometimes write the group as (E(k),O) to emphasize the fized point.)

Proof. For simplicity, let us assume that O is a flex point; the general case is left as
Exercise [0.7.7 We need to check that E(k) satisfies the definition of an abelian group,
which is:

1. E(k) is closed under @, i.e., ® takes F(k) to itself.

2. The binary operation & is abelian: VP, P, € E(k), one has Py ® P, = P, ® P;.

3. E(k) has an identity element, namely the fixed point O € E(k).

4. E(k) has additive inverses: for P € E(k), there exists Q € E(k) with

P®Q=0
(we will write —P := Q).
5. The binary operation & is associative: VP, P», P; € E(k), one has
(PL®P) @ Ps=P & (P, P).
Let’s prove these:

1. Since P, and P» are k-rational, so is the third point P, *x P, on Lp, p, N E; and
since O is also k-rational, so is the third point on Lo g N E, which by definition
18 P1 D Pg.

2. For Py, P, € E(k), the line through P; and P; is the same as the line through
P, and P;, so the first step of the chord and tangent method implies that
PioP=PaoPF.

3. Given any P € E(k), we must show that

PO =P

Consider the line Lp; it goes through E at a third point P« O € E(k). Then
consider the line Lp.o o: this is the same line as Lpo, since the three points
P,O and P % O are collinear (any two points determine a line). Thus, the third
point on Lp.oo N E is P, whence we have P ® O = P.



NOTES ON THE ARITHMETIC OF ELLIPTIC CURVES 19

4. Given P € E(k), we want to find @) € E(k) such that the line through P % @
and O has third point O. Let’s try Q) := P x O, i.e., take our potential inverse
of P to be the third point P * O on Lpo. We claim that P & (P x O) = O:

i) The first line in the chord and tangent method is Lp p.o, which intersects
E at the third point O, by definition of P« O. Thus P % (P x O) = O.
ii) The second line is Lp.o.0 = Lo.0, the tangent line to £ at O; and since O
is a flex point, the third point on Lo o N E is O.
We deduce that P@ (P*0O) = O, whence we conclude that —P = P+O € E(k).
5. It’s sort of tedious to check associativity, so here’s an example picture of it:

FIGurE 0.7.1. Example of associativity on an elliptic curve [ST15]. O

Remark 0.7.2. From here on out, given a point P € E(k) and integer n € Z*, we will
writenP := P® P ® ... ® P. Similarly, forn <Oweset nP:=-P®-P®...® P,

n times n times

and 0P := O.

The group E(k) is called the Mordell-Weil group of E over k. We will review
its structure very closely in these notes. As it turns out, the Mordell-Weil Theorem
shows that when F' := k is a number field, one has that E(F') is a finitely generated
abelian group. We will prove the Mordell-Weil Theorem later in these notes. For now,
here is its statement:

Theorem 0.7.2 (The Mordell-Weil Theorem). Let ' C C be a number field, i.e.,
suppose that [F : Q] < co. Then for an elliptic curve E,p, its Mordell-Weil group is
a finitely generated abelian group: that is, there exist Py, Py, ..., P, € E(F) such
that for any P € E(F), one has

P:alpl@GQPQEB...@anPn
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for some ay,as, ..., a, € Z.

Corollary 0.7.3. For an elliptic curve E/p where [F': Q] < oo, one has

E(F)=7"® E(F)[tors]

for some r = rgp > 0 called the rank of E over F, and where E(F)[tors] is the
torsion subgroup of E over F (i.e., the subgroup of F-rational points with finite
order).

The rank and torsion subgroup of an elliptic curve are central objects of research in
modern number theory. One goal of these notes is to learn about techniques to compute
them.

Example 0.7.1. Consider the elliptic curve E/g : y* = 2* + 5z. We see that (0,0)
lies on E; in fact, it is an order 2 point (see Exercise . As it turns out, we have
E(Q)[tors] = {0,(0,0)}, i.e., the only nontrivial element of the torsion subgroup of
E over Q is (0,0). Additionally, this curve has rank r = 1 over Q, with the point
(20,90) € E(Q) having infinite order. As a consequence of these two facts (which we
take for granted right now), we can conclude that

E(Q) = ((20,90)) & ((0,0)) 2 Z & Z/2Z.

Thus, any point P € E(Q) has the form

P = a(20,90) @ b(0,0)

for some unique a € Z and b € Fy. For example, we have the point P := (}L, —%) €
E(Q), and we can write

P = (20,90) — (0,0).

See also Figure [0.7.2
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[ (20,90)

o

(0.25, -1.125) >

FIGURE 0.7.2. The elliptic curve E : y? = 23 + 5z in R?.

Example 0.7.2. Here’s a pictorial example of a torsion point and its multiples on an
elliptic curve:

5P=(23,120)
100

- 4P=(3,20)

. Op=(10 100
| 2P=(3,-20

P=(23;-120)

FIGURE 0.7.3. The elliptic curve E : y? = 23 + 93z + 94, with NP for
P = (23,-120) and 1 < N < 5.



22 TYLER GENAO

Notes Exercise 0.7.2. Without doing any calculations, explain why the point P :=
(23,-120) on E : y* = 2 4+ 93z + 94 in Figure is a torsion point, and determine
its order.

To wrap this chapter up, let us prove a group-theoretic fact about the sum of three
collinear points on an elliptic curve where the identity is flex.

Theorem 0.7.4 (Collinearity Theorem for Flex). Let Ej, be an elliptic curve, and
assume that the identity O € E(k) is a flex point. If Py, Py, P € E(k) are collinear,
then one has

PoPeP=0.
Proof. 1t is equivalent to show that
Pl @ P2 = —Pg.

Let us go through the chord and tangent method for computing P; & P, and observe
what happens.

1. The initial line through P; and P, passes through a third point on £, written as
P, x P,. However, the points P, P, and P3 are on the same line by assumption,
which forces P * P, = P;.

2. The second line in the chord and tangent method, which goes through P x P, =
P; and O, contains the point P, & P, on E. Thus P;, O and P, & P, are
collinear.

With the above in mind, we will show that (P, & P2) @ P3 = O. Let us apply the chord
and tangent method to P, & P, and Pj:

1. The line through P;® P, and P; intersects the curve at a third point (P, @® Ps)* Ps;
by the observations above, we know this third point is (P, & P,) x Py = O.

2. The second line, which is through O and O, intersects E only at O since O is
flex. We conclude that (P, & P,) @ P3 = O, ie., P& P, ® Py = 0. O

Notes Exercise 0.7.3. Let Ej. be an elliptic curve with a flex identity O € E(k).
Show that for any point P € E(k), if there exist ¢,m,n € Z* with fmn # 0 such that
(P, mP and nP lie on the same line, then P is a torsion point.

Exercise 0.7.3. For the elliptic curve
Eq: vl =2+ 17,

given points P, := (—2,3), P» := (—1,4) and P; := (2,5) in E(Q), directly use the
chord and tangent method to prove the following.

a) —2P, = (8,23).

b) P,® Py = (-5, —42) (which is ~ (—0.889, —4.037)).

(You are allowed to use the formula for the inverse of a point, see Exercises and
0.7.9)
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40
(8,23)

(-2,3) |(F1,4)
fj()m

-20 h\ 20 40

(%-0.889, —4.037)

-20

-40

FIGURE 0.7.4. The elliptic curve F : y? = 23 + 17.

Exercise 0.7.4. This exercise explores some arithmetic with an elliptic curve not in
Weierstrass form.
Consider the cubic curve
Ejg:a®+y*=1.

a) Write down the projective closure Ey of E. Show that O :=[1: —1: 0] is the
only real point at infinity on F. Also show that E has exactly three points at
infinity over C.

b) Show that Ey is nonsingular. Deduce that Ey is a projective elliptic curve.

¢) Thus F is an elliptic curve over Q. Prove that for any point P = (a,b) € E(C)
with a # b, the inverse of P is

—P = (b,a).

(You may assume that O is a flex point.)
d) For any point P = (a,a) € E(C), show that P has order two.
e) (Optional) Explain why F has no positive rational points.

10

-10

FIGURE 0.7.5. The elliptic curve E : 23 +¢3 = 1.
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Exercise 0.7.5. Consider the elliptic curve
E:y+y=2"

a. Using the picture below, guess the real flex points of E.
b. With proof, determine the real flex points of F.

5

\

FIGURE 0.7.6. The elliptic curve E : y? +y = 2.

Exercise 0.7.6. Let k be a field and E/;, an elliptic curve in general Weierstrass form.
This exercise will describe the points on E of order 2 and 3, under suitable assumptions.

a. Prove that the points on E of order dividing 2 are precisely the points with
vertical tangent lines.
b. Further assume that char(k) # 2, and that F is given in short Weierstrass form,

E:y* =2+ Az + B.

Show that the points of order 2 on E have the form (a,0) where « is a root of
3+ Az + B.

c. Back to general Weierstrass form: prove that the points on E of order dividing
3 are precisely the flex points of E.

Exercise 0.7.7.

a. Given a planar elliptic curve £/, and a point O € E(k) that is not necessarily
flex, show that the chord and tangent method makes (E(k), O) an abelian group.
(You can skip showing associativity.)

b. Consider the elliptic curve F : y* = 2® — 72 4+ 10 from Example We
showed that for P, := (1,2) and P, := (3,4), one has P, & P, = (—3,2) and
2P, = (—1,—4). Compute P, @ P, and 2P, in the group (E(k), ).
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/

(3,;4)

(1,2)

a
C

FIGURE 0.7.7. The elliptic curve E : y? = 2% — 7z + 10.
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Exercise 0.7.8. Show that for a planar elliptic curve £/, and two fixed points Oy, O, €

E(k), the groups (E(k),O;) and (E(k), Os) are isomorphic.
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1. ALGEBRAIC VARIETIES

For the rest of these notes, we will be following Silverman’s book on elliptic curves
[Sil09]; we will refer to sections as “chapters” and subsections as “sections”.

This chapter will be a review of relevant topics from an introductory algebraic geom-
etry class. We will generalize the definition of affine and projective curves. The upshot
to using algebraic geometry is that we can understand elliptic curves much better. Ad-
ditionally, studying elliptic curves from this more high-brow perspective makes it easier
to study other geometric objects of number-theoretic interest down the road (such as
abelian varieties).

If you haven’t taken an algebraic geometry class yet, don’t worry — this chapter will
be important in setting up the geometry of plane curves in the next chapter, but you can
black box the proofs of those results and still get a sense of the algebra and arithmetic
of elliptic curves quite well.

Throughout these notes, we let k denote a perfect field, i.e., every algebraic ex-
tension of k is separable; in our eventual applications, we will let & be an algebraic
extension of Q or IF,, so assuming that k is perfect isn’t too big of a deal. We will
also let k denote a fixed algebraic closure of k (we sometimes let k also denote an
algebraically closed field containing & instead).

1.1. Affine varieties. We will start by defining the sets from algebraic geometry we
are most interested in: wvarieties. The first type of variety for us is an affine variety.

Definition 1.1.1.

e For n € Z*, define affine n-space as A" := A"(k) := k. For an extension ¢/k,
we also have affine n-space over £, which is A"({) := (™. B
e Fix an ideal I C k[zq,...,x,]. Then the algebraic set of I (over k) is

Vii={PeA":Vfel, f(P)=0}.

These are the points in A™ which are solutions to every polynomial in .

e Say a subset V' C A" is an affine variety defined over k, written as V), if
there exists an ideal I C k[xq,...,z,] such that V; =V and [ is still prime in
E[l’l, ce ,.Tn].

— Sometimes, we will say V is an affine n-variety to emphasize which affine
n-space A" we're viewing V' in.

When n = 2, we say that V), is an affine algebraic curve over k.

Thus, an affine variety over k is a zero set of polynomial equations with coefficients
in k, with some irreducibility conditions on the ideal generating the set (see the next
exercise). Recall that A™ has the Zariski topology, which is the coarsest topology for
which algebraic sets are closed (this also serves as a definition).

Exercise 1.1.1. Prerequisite: algebraic geometry.
Show that an algebraic set V; C A™ is irreducible with respect to the Zariski topology
iff I is a prime ideal in k[zy,...,2,]. (See also Exercises[0.5.1and [1.2.1])
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Recall that the Hilbert Basis Theorem says every ideal I C klxy,...,xz,] is finitely
generated, i.e., has the form I = (fi,..., f,,) where each f; € k[zy,...,z,]. The
following exercise then simplifies the definition of the corresponding algebraic set V7.

Notes Exercise 1.1.1. Show that if I = (f1,..., fm) C k[x1,...,2,], then
Vi=Vy .y, ={PeA":VI<i<n, fi(P)=0}.

-----

Thus, every affine k-variety in A™ has the form Vy, . for some f; € klzy,...,2,].
We will often write varieties as

V:filxy, ..o xn) =00 = fu(x,. .., 2,) = 0.
In these notes, we are interested in rational points on varieties, which leads us to the
following definition.

Definition 1.1.2. Given a variety V), C A", we define the set of k-rational points
of V as

V(k) =V NnA"k).
Furthermore, if the polynomials f; € k[xy, ..., z,] which define V' have coefficients in a
subring R C k, then we also have the set of R-integral points of V/, defined as

V(R) := V(k) N R".

There is an alternative but important definition of k-rational points on a variety V),

defined by an action of the absolute Galois group G := Gal(k/ k)

Definition 1.1.3. The absolute Galois group Gy acts on A" coordinate-wise: for all
points P := (ay,...,a,) € A" and for all o € G, one has

o(P):=(o(ar),...,0(an)).

Notes Exercise 1.1.2. Show that for a variety V), there is an action of G on V: for
all P € V, one has for all 0 € GG;, that

o(P)eV.

Furthermore, we have P € V (k) if and only if Yo € Gy, one has o(P) = P, and so the
k-rational points in V' are precisely those points fixed by the action of Gj.

What is the upshot to this group action definition of a rational point?
There are quite a few benefits to describing rational points this way. Here is one: we
will see later in these notes that this action takes torsion points on an elliptic curve to
torsion points, and thus it can be used to described the rationality of torsion points in
terms of the group theory of invertible matrices (keyword: Galois representations).

3Recall that k/k is an infinite Galois extension, i.e., normal and separable with infinite degree.
Elements ¢ € G, are automorphisms o: k — k which fix k; these automorphisms are defined on every
algebraic number over k. There is a great set of notes which contains a good amount of details pertain-
ing to infinite Galois theory, due to Conrad: https://ctnt-summer.math.uconn.edu/wp-content/
uploads/sites/1632/2020/06/CTNT-InfGaloisTheory.pdf. We won’t need to know too much fine
details about infinite Galois theory for these notes: just note that it packages together the information
of all finite Galois extensions of k in a compatible way. G, is a profinite group, in particular, an inverse
limit of finite Galois groups.


https://ctnt-summer.math.uconn.edu/wp-content/uploads/sites/1632/2020/06/CTNT-InfGaloisTheory.pdf
https://ctnt-summer.math.uconn.edu/wp-content/uploads/sites/1632/2020/06/CTNT-InfGaloisTheory.pdf
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Example 1.1.1. Here are some examples of affine varieties:

o If f(x,y) :=x —y € R[z,y] then V}(R) = {(a,b) € R? : a = b}; we can also

write
ViR:y=um.

This is simply the line in R? through the origin with slope 1.

e For g(x,y,2) = 2? + y* — 2% € Rx,y, 2|, we have that V,(R) is a 3-D cone
pointed at the origin, also reflected across the x,y-plane — use 3D desmos to
draw it! (This variety is also called a surface.)

FIGURE 1.1.1. The variety V, : 2 + y* = 2%

o If V C A%(R) is the set of points
Vig = {(a,b) € R? : a® + b* = 1},

then V is the unit circle in R? at the origin, defined by h(z,y) := 2% +y* — 1.
Also observe that h € Z[x,y|, and so we can study both V(Z) and V(Q). We
have V(Z) = {(£1,0), (0, £1)}, whereas #V (Q) = oo, due to e.g. the existence
of infinitely many Pythagorean triples.

e Consider the cubic curve

E/Q:y2:x3—2x+1.

Its discriminant is A = 80 # 0, and is thus an elliptic curve (see Exercise
0.4.1). We can draw a picture of it over R:
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avVal
Lo}

FIGURE 1.1.2. The variety F : y? = 23 — 22 + 1.

As it turns out, we have E(Q) = {0, (0,£1),(1,0)}. However, realizing F as
lying over Q(1/2), we find instead that

E(Q(v2)) = (P) & {0, (0,£1),(1,0)},

where P := (v/2 +2,2v/2 + 3) € E(Q(v/2)) has infinite order. On the other
hand, we have E(Q(v/3)) = E(Q) = {0, (0,£1),(1,0)}. Studying F(K) as
K /Q varies is an extremely interesting question.

e We can also realize the same elliptic curve as a complex curve:

E/C:y2:$3—2x+1.

Then its picture is different: it is a complez torus. Over C, we have E|tors| C
E(C), and in fact rank(E((C)) = #(C (see https://math.stackexchange.com/questions/
1577405/elliptic-curve-over-algebraically-closed-field-of- characteristic-O-has-a—non-t) .

e We can also realize E as an elliptic curve over F7; since Ag # 0 (mod 71).
We can picture it using https://graui.de/code/elliptic2/. (Note that over
finite fields IF, we have for any elliptic curve E/p that E(F) = E(IF)[tors].)


https://math.stackexchange.com/questions/1577405/elliptic-curve-over-algebraically-closed-field-of-characteristic-0-has-a-non-t
https://math.stackexchange.com/questions/1577405/elliptic-curve-over-algebraically-closed-field-of-characteristic-0-has-a-non-t
https://graui.de/code/elliptic2/
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72 points (infinty not shown) 27X+ 2+ 1mod 71

1
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FIGURE 1.1.3. The variety E/p,, : y? =% —2x+ 1.

In conclusion: the picture of E can change a lot when viewed over different fields!

Remark 1.1.1. Something we took for granted in these examples is that these algebraic
sets were varieties, i.e., their defining equations generated prime ideals in k[z,y]. By
Exercise [[.1.1] this is equivalent to the algebraic set being irreducible. However, it will
be enough to know that the projective closure of the variety is nonsingular, by Exercise
[0.5.1] (this will be discussed in the next section).

For a variety V), with a fixed point P € V, if P is not already k-rational, then it is
natural to ask when P “becomes rational.” This leads us to the following definition.

Definition 1.1.4. Given an affine n-variety V), and a point P = (ay,...,a,) € V, the
field of definition of P, written as k(P), is

kE(P) = k(ay,...,a,).

Notes Exercise 1.1.3. Show that for a variety V), and a point P € V, the field of
definition k(P) is a finite extension of k.

Next, let us recall the coordinate ring and function field of a variety. Understand-
ing which continuous functions are defined (even almost everywhere) on a variety is
important, since they characterize the variety up to different notions of equivalence.

Definition 1.1.5. Given an affine variety V), := V7, in A", its coordinate ring over
k is

kV] :=k[zq, ... ,x,)/1.
Since [ is prime, we know that k[V] is a domain. Its fraction field, denoted by k(V') :=
ff(k[V]), is called the function field of V over k. Elements of k(1) are called rational

functions on 'V over k. Without qualification, the rings k[V] and k(V) will be called
the coordinate ring and function field of V', respectively.
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Example 1.1.2. Consider V := A". Then V = Vg, and thus its coordinate ring is
k[V] = Kk[z1,...,7,], and has function field k(V) = k(z1, ..., x,).
Another example is the parabola
Cro:y= z2.
We can check that that C'is a curve in two ways: either proving directly that (y — 1?) C
Qlx,y] is prime, or checking that the projective closure Cy : YZ = X? is nonsingular

(we will discuss the notion of projective closure in the next section). In any case, the
parabola has a coordinate ring

Qlz, y]

(y —2?)

over Q. This ring is isomorphic to Q[z] under the map p(z,y) — p(z, z?). Its function
field over Q is then

Q[C] =

Q(C) = Q(x).
This is an example of a rational curve (i.e., its projective closure is isomorphic to P!
over its base field). This is equivalent to the genus of C being 0, since C' has a rational
point (0,0) € C(Q). We will define some of these terms in this chapter and the following
one.

Here is an important invariant of varieties.

Definition 1.1.6. For an affine variety V), the dimension of V' is the transcendence
degree of the field extension k(1) /E. We will denote it by dim(V).

When a variety V' C A" has dimension one, we call V' an affine curve. Compare this
to our current definition of curves.

Example 1.1.3. The variety A" has dimension n, since k(A™) = k(x1,...,2,) has
transcendence degree n over k. The affine curve

C/Q:y:m2

~Y

has dimension 1, since Q(C) = Q(x) has transcendence degree 1 over Q. (This agrees
with our new definition of a curve.)

The following exercise is important when considering singularities on curves (which

we will do in a moment, in Example |1.1.4)).

Exercise 1.1.2. Show that for a projective n-variety V), C P" defined by a single
non-constant homogeneous polynomial

V:F(Xo,Xl,...,Xn) :0,

one has dim(V') = n—1. Such varieties are called hypersurfaces. (For more on projective
hypersurfaces, see [Sil09, Exercise 1.11].)

4Recall that for a field extension £/k, the transcendence degree of £/k is the largest possible size of
any algebraically independent subset of £/k (such a subset’s elements are not the simultaneous roots
of any nonzero polynomial over k).
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Here is another important concept we will review for affine varieties, which is that of
nonsingularity.

Definition 1.1.7. Fix an affine n-variety V);; say it is defined by fi, ..., fm € klz1, ..., 2]
Then for a point P € V, we say that V' is nonsingular at P (or smooth at P) if the

matrix
1<j<n
dfi
896]-
P/ 1<i<m

has rank n —dim(V'). Say V is nonsingular (or smooth) if it is smooth at every point
pPeV.

Example 1.1.4. An important example is when V), is defined by one polynomial

equation: V = V; where f € k[zy,...,2,]. Then there is i = 1 row above, and this
nonsingularity condition is equivalent to the 1 x n row matrix
of | of of
Oxy| " Oxo| > Oxy
jo P P

having rank n — (n — 1) = 1 (see Exercise [1.1.2]). However, a row matrix automatically
has rank 1 if and only if it is a nonzero matrix[| Thus P € V is singular iff for all
1 <4 <n one has

of

= 0.
(91:1-
P

Here is an alternative definition of nonsingularity in terms of functions, which can be
useful (both practically and theoretically).

Definition 1.1.8. For an affine n-variety V), and a point P € V, define the ideal
Mp :={f € k[V]: f(P) =0}.
Then Mp is maximal, and in fact Mp/(Mp)? is a finite dimensional k-vector space (also
called the cotangent space of P). Say that V is nonsingular at P (or smooth at P)
if
If you would like to challenge yourself:

Exercise 1.1.3. [Sil09, Exercise 1.3] Show that for an affine hypersurface

Vig s f(x1,29,...,2,) = 0,
our two definitions of nonsingularity at a point are equivalent. More precisely, for a
point P € V', the 1 X n matrix
(&)
0%i ) 1<j<n

has rank n — 1 iff dimg(Mp/M3) =n — 1.

®Note that the row rank is equal to the column rank; here, the columns are elements of k, so the
column rank is also 1 iff the row matrix is nonzero.
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(Hint: define the tangent plane of V at P as

T := {(yhy%---,yn) €A™ Z (gf

)‘Z/izo}-
. T

=1 P

)'yi

Example 1.1.5. Here is an example with checking whether a point is singular with
both definitions. Consider the curves

Show that the map

Mp/ME: X T =k, (g,) HZ(

ox;

is a well-defined perfect pairing of k-vector spaces.

Cr:yP=a3+z
and

Cy:y? =a2® + 2%
They are pictured in Figure [1.1.4]

10 10

(0,0) (0,0)
0 10 20 10 20

-10 -10

(A) (B)

FIGURE 1.1.4. The curves (| : 4> = 2% + 2 and Cy : y* = 23 + 22

Let F(z,y) :=y* — (2* + z) and G(z,y) := y* — (23 + 2?) be the defining equations
for C'y and Cy, respectively. Let us check for singular points using the partial derivative

definition: since %—5 = 322 -1 =0 and %—F = 0 imply that 2? = —% and y = 0

respectively, we deduce that ] is nonsingular since (:i: J > ¢ C1(C). On the other

hand, checking both aG —32% 4+ 22 = 0 and aF = 2y = 0, we see that (0,0) € Cs is
a singular point.

Next, let’s check whether P := (0,0) is singular on C; and Cy with the second
definition (which has its utilities in understanding the local ring of both C; and C; at
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P which, in general, which is useful for applications we will see later). For this, we need
to compute the ideal Mp C C[C;] of vanishing functions at P, and then the dimension
of Mp/M32 over C. Writing f for the coset of an element f € C[z,y] in C[C;], in both
cases we have Mp = (Z,7)C[C}] (since T,y are in Mp and they are minimal in degree);
this implies that M3 = (z2, 7y, y*)C|[C;]. Thus, the set

{z+ Mp,y+ Mp}
Clz,y]

generates Mp/M% over C in both cases. However, in C[C}] := (a5 ay We have

y? =7 + 7, so that T = 72 — 7°, and thus

T+ Mp =@ —7°)+ Mp =0+ Mz,
since > € M2 and 7-7° = 7% € M32. Sincey € M3, we conclude that dim¢(Mp/M3) =
1, and thus dime(Mp/M3) = dim(C}), whence we conclude that P is nonsingular
on ). However, we only have the relation > = y? — 7> in C[Cy], which implies
that {T + M2,y + M3} stays C-linearly independent in Mp/M2%. We conclude that
dimc(Mp/M3) = 2 > dim(C), and thus P is singular on Cy.

Finally, given a point P € V| we can localize k[V] at Mp. Explicitly, this localization,
called the local ring of V at P, is

k[V]p = k[V]m, = {f € k(V) : f is defined at P}
= {§ ck(V): f,g € k[V] with g(P) # 0} :

Thus k[V]p is the subring of rational functions in k(V') defined at P; such functions are
also said to be regular at P. Explicitly, the localization E[V] p is created by inverting
regular functions on C' which are nonzero at P.

To summarize some function definitions:

e An affine variety V), gets a coordinate ring k[V], which is essentially the ring of
polynomial functions on V.

e It also gets a function field k(V'), which is the ring of rational functions on V,
which are fractions of polynomial functions on V' (in analogy to meromorphic
functions on a complex manifold).

e For each point P € V, we have a local subring k[V]p C k(V), where elements
of k[V]p are regular at P, i.e., defined at P.

1.2. Projective varieties. In this section, we will describe some basic definitions for
projective varieties. In these notes, the algebraic geometry we do will be for projective
varieties, for the most part — as we will see in the next chapter, projective curves
are complete, which makes them a lot nicer to work with than affine curves in general.
However, local properties for projective varieties can be reduced to affine computations,
so it is good to know how to work with both types of varieties.

Definition 1.2.1.

e For n € Z*, define projective n-space (over k) as

P :=P"(k) := {P # (0,0,...,0) € A"}/ ~,
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where for P,Q € A" one has P ~ Q iff 3\ € k* with P = AQ. Thus, points
in P*, written as [ag : a1 : ... : a,], are equivalence classes of points in A"*1,

e An ideal J C k[xg,z1,...,z,] is homogeneous if it is generated by homoge-
neous polynomials, which are polynomials F'(Xo, X1,...,X,,) € k[Xo, X1, ..., X,]
with “homogeneity in their monomial degrees.” That is, there exists d € Zx,,
called the total degree of F, such that for all points (ag,ay,...,a,) € A" and

for all \ € EX, one has
F(Xag, Aay, ..., Aap) = X\ F(ag, ay,. .., a,).

e For a homogeneous ideal J C k[Xo, X1,...,X,], the projective set of J (over

k) is
Vy={PeP":VF e J F(P)=0}.

If J is a prime ideal, we say that V' is a projective variety.

e A projective variety V' C P" is defined over k if there exists a homogeneous
ideal J C k[Xo, X, ..., X,] that is prime over k, with V' = V. In this case, we
write V), == V;/k.

Notes Exercise 1.2.1. In analogy to Notes Exercise [0.3.2] show that the “zero lo-

cus” of a homogeneous polynomial is well-defined: i.e., for any homogeneous F €
k[Xo, X1, ..., X,], one has for (ag,ay,...,a,) € A" that

F(ag,a1,...,a,) =0
iff for all A € k&,
F(Xag, Aaq, ..., a,) =0.
Thus, the expression
F(lag:a1:...:a,]))=0
for [ag : ay :...: a,] € P" makes sense.

Notes Exercise 1.2.2. Show that a polynomial F' € k[X,, X1, ..., X,] of total degree
d is homogeneous iff it can be written as

= €0 el e
F= Z Qegeq,.nen XO Xl N Xnn
eo+er+...+en=d
for some ey ey e, € k.

Even with the equivalence class definition of P”, it still makes sense to talk about
rational projective points.

Definition 1.2.2. A point P € P" is said to be k-rational if it can be written as

P=lag:ai:...:a,]
where each q; € k.
For an alternative definition, note that Gy acts on P" coordinatewise: for P := [ay :
ap:...:a,] €P" one has
o(P) = o(ag) : o(ar) : ... : o(an)].

Then say that a point P € P" is k-rational if for all ¢ € Gy, one has o(P) = P.
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Notes Exercise 1.2.3. Check that the action above is well-defined. Then show that
both definitions of rationality are equivalent.

These definitions extend to rational points on a projective variety V.

Notes Exercise 1.2.4. Show that for a projective variety V), C P", one has for P € V'
and o € Gy that o(P) € V.

Example 1.2.1. Here are some examples of projective varieties.
e A line in P? has the form

L:aX+4+0Y +cZ=0

where not all of a,b and ¢ are zero. This assumption implies the line is non-
singular, and so it is a projective variety. If a,b,c € k, then V is defined over

k.
e More generally, a hyperplane in P" is given by an equation
H:a0X0+a1X1+...—|—aan:O

where not all a; are zero.
e The equation
Ew:Y*Z=X+AXZ*+ BZ®
defines a projective elliptic curve when E is nonsingular (which is equivalent to
Ap = —16(4A3 +27B%) # 0 in k).

Next, let us discuss the connection between affine and projective varieties. For 0 <
i < n, dehomogenizing the i'th coordinate of P"*! gives a bijection to A": if we define
the (open) projective subset
U@):={lap:ar:...:a,) €P":1a; #0} =P" \ Vy,,
then for any P € U(i) we can uniquely write P = [ap : a1 : ... : 1 Dty

_ i’th coordinate
for some a; € k. This defines a map

i U(i) — A"
via
P (ag,a1, ..., QGi—1,Qix1, .., 0p) .
This is a bijection, with inverse A" — U(i) given by
(a1,a9, ... an) —[ay cag .. iai—1 Ly ... 0 ay).
For a point P € U(i), we will write P; := ¢;(P). Thus, there are (at least) n+ 1 copies

of A™ in P"! This gives several ways to projectively close affine varieties, each with
respect to a projective coordinate X;.

Example 1.2.2. We previously saw that we can embed A? into P? via (a,b) — [a : b : 1].
This is a special case of the above, where we take U(Z) := {[la:b: c] € P?: ¢ # 0}.

In analogy to this example and the earlier lectures, we can “projectively close” affine
varieties V' C A" to turn them into projective varieties in P, based on which coordinate
we homogenize along. When we had n = 2, we chose the coordinate Z from XY, Z.
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Definition 1.2.3. Given an integer 0 < i < n and a polynomial f € k[xg, 1, ..., Zi_1, Tit1, . .

(say of degree d), we can homogenize f w.r.t. X;:
Xo Xy Xi1 X1 X
XXX XX, )

)

F(Xo,Xl, ces ,Xn) = f(i) = de (
This is in analogy to homogenizing f € k[z,y] into F € k[X,Y, Z] via

F(X,Y,Z) .= Zf (5 Z) :

Z' 7
Conversely, given homogeneous G € k[Xy, ..., X,], we can dehomogenize G w.r.t.
Xi:
9(20, T1, o, Ti1, Tig1, -, ) 2= G0, 01, - T, L, iy, - ).

Now, for a fixed 0 < ¢ < n, given an affine variety V := V; C A", the projective
closure of V w.r.t. X is the projective variety V; C P" defined by the ideal

L= (f9: f € DE[Xo, X1, ..., X

Conversely, given a projective variety V' C P" and a coordinate X;, we say that V; :=
Vx, == U(i)NV is an affine patch of V at X;. Points in V' \ V; are called points at
infinity w.r.t. X,.

It is clear that a projective variety V' C P" satisfies

U
=0

As it turns out, each nonempty affine patch V; has projective closure isomorphic to V.

Notes Exercise 1.2.5. Show that if a projective variety V' C P" is defined over k,
then so is any nonempty affine patch V; C A".

The following exercise is overdue: it concerns irreducibility of a variety and its pro-
jective closure.

Exercise 1.2.1. Prerequisite: algebraic geometry.

Using the Zariski topology, show that an affine algebraic set C' C A" is irreducible iff
its projective closure C'y C P" is irreducible, and thus C' is an affine variety iff C'y is a
projective variety. (See also Exercise |0.5.1f and [1.1.1])

Remark 1.2.1. We will often work with projective varieties implicitly, but write out
their equation in affine coordinates, i.e., study the variety in one of its affine patches.
For example, we will usually write elliptic curves in general Weierstrass form

E: y2 + ajax 4+ azy = 2+ asx® + agx + as,
with the understanding that it is a projective curve (which is important since it has the
hidden point at infinity O :=[0:1:0]).

To wrap this section up, we will define a few projective variety invariants. First, we
will describe the function field of a projective variety V), C P" over k, which explicitly
realizes it as a subfield of k(Xo, Xi,...,X,).

- Tn)
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Definition 1.2.4. For a projective variety V), := V;/k C P", the function field of V
over k, denoted k(V), is defined as the following subfield of k(Xo, X1,..., X,):

F
{f € k(Xo, X1,...,X,) : Jhomogeneous F,G € k[Xy, ..., X,] of equal degree with G ¢ J and f = 5} / ~,

where gl ~ F22 ifft F1Gy— F2Gy € J. Elements of k(V') are called rational functions on
V.

As an example, the function field of P over Q is Q(P") = Q(Xo, X1, ..., X,). Thus,
all function fields Q(V') of projective varieties V) C P are subfields of Q(PP").

Next, we will define some local invariants of a function field; this will involve an
alternative but equivalent definition for k(V).

Definition 1.2.5. Let V), C P" be a projective variety; fix an affine patch V; # 0.
Then the function field of V' over k is k(V') := k(V;). Also, the dimension of V is
dim(V;). It can be shown that each k(V;) is k-isomorphic to each other, and so k(V) is
well-defined up to k-isomorphism.

Furthermore, fix P € V; Suppose that P € V. Say that V' is nonsingular (or
smooth) at P if V; is nonsingular at P;. The local ring of V at P over k, denoted
k[Vp, is defined as the local ring k[Vi]p,. A function f € k[V]p is said to be regular,
or defined, at P.

Remark 1.2.2. Let us briefly explain how to connect the two definitions of the function
field of a projective variety V), C P". For clarity, we will do this in the planar case
(n = 3), and with respect to the last variable Xy =: Z.

Given a variety V), := V;/k C P?, we have defined k(V') as functions f := % €
k(X,Y,Z) where F,G € k[X,Y, Z] are homogeneous of equal degree, and G ¢ J, with
a particular equivalence relation on k(V'). Assume that the Z-coordinate patch Vy :=

V NU(Z) # 0. Then we have an isomorphism U(Z) = A?, and so Vy can be Viewed as

an affine variety. Let us give coordinates x,y to A?; explicitly, we can take x : 7 and
y := %. Then we have that ¢ induces a rational function ¢, := ngi € k(Vy); this is
analogous to dehomogenization, since on this patch we have Z = 1.
Conversely, given a rational function ¢ := ﬁ 6 k(Vz), we can realize ¢ as a
rational function 1# on V via the identifications x = X and y — %:
LS
9(2:7)

F/(X,Y,Z)
G(X,Y,Z)’
where F' G’ € k[X,Y, Z] are homogeneous of equal degree. (Convince yourself of this!)

As an example, consider the projective elliptic curve E,q : Y?Z = X3 + X Z?. This

has the usual affine patch £, : 4> = 23+ (we previously wrote Ej, instead of Fz). We

see that Q(Ey) = ff (%) A rational function fg‘r Y) ¢ Q(Ey) can be realized as

a rational function on E via 1dent1fy1ng x> and Yy |—> ; For example, the rational
function 22 /y € Q(Eyz) maps to (35)/(%) = & € Q(E).

Even if deg(f) # deg(g), one always has that ¢Z can be written in the form
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For a projective variety V), C P", understanding how to identify rational functions
in k(V) with affine rational functions in k(V;) is important when performing “local”
calculations on V', i.e., calculations at a point P € V. This includes, for example,
understanding ramification points under morphisms of projective varieties (which we
will do in the next chapter).

Exercise 1.2.2. Prove that for a projective variety V), C P™

a. k(V) is well-defined;
b. dim(V') is well-defined;
c. for at least one 0 <4 < n, one can have V; = (.

1.3. Morphisms of varieties. In this section, we will review algebraic maps between
varieties. For most of these notes, we will focus on projective varieties since they
are more “complete” than affine varieties (in a literal sense!). However, much of the
definitions ahead also apply to affine objects with some adjustments.

We start with our first definition of a rational map (a nice map defined “almost
everywhere”).

Definition 1.3.1 (Definition 1 of a rational map). Given two projective varieties Vi ;, C
P™ and V3, € P, a rational map from Vi to V5 is a map

¢:Vi-—>V;

defined at all but finitely many points in V;, where ¢ is given by rational functions in
k(V1), i.e., we can write

o=1fo:fi: . fal
for some rational functions f; € k(V;). We say that ¢ is k-rational if I\ € k(V;)* such
that each \- f; € k(V}). (Note that ¢ and A - ¢ are the same map on projective points,

where they are defined.)

A subtlety here is that the rational functions f; need not be defined at every point
of V1, since they can be expressed as quotients of homogeneous polynomials (see e.g.
Definition [1.2.4). This is why we write ¢: V; --» V, with a dotted arrow.

Next is the notion of a rational map being defined at a point. Despite initial obser-
vations about where a rational map ¢ might not be defined, it may be possible to scale
¢ by a rational function and have it be defined at a point.

Definition 1.3.2 (Definition 1 of a regular point). Given two projective varieties
Vi/k € P™ and Vo/k C P, a rational map ¢: V; --» V5 and a point P € V;, we
say that ¢ is regular (or defined) at P if there exists g € k(V}) such that:

i. each g - f; is defined at P;

ii. for some j we have (g - f;)(P) # 0.

In such a case, we set

P(P) = ((g- fo)(P): (g- f1)(P):...: (g~ f)(P)).
If ¢ is regular at every point in Vj, then we say that ¢ is a regular function, or a
morphism, and we write ¢: V; — V5. If ¢ is k-rational, then we call ¢ a k-rational
morphism.
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Remark 1.3.1. Let us quickly note that the rational function g in the definition of
“regular at P” can vary for different choices of P!

There is an equivalent definition for rational maps and regularity that [Sil09] also uses;
it follows from the definitions above, by the fact that we can clear the denominators
of rational functions in k(V;) to get homogeneous polynomials in k[Xo, X1, ..., X,].
Generally speaking, the first definition usually comes up in proof applications, whereas
the second definition is helpful for exercise applications.

Definition 1.3.3 (Definition 2 of a rational map). Given two projective varieties
Vi/k == V5 /k C P™ and Va/k = V), /k C P", a rational map from V] to V5 is a
map

¢: Vi --> Vs
defined at all but finitely many points in V;, where ¢ is given by homogeneous polyno-
mials in k(V}), i.e., we can write

p=1Fy: Fi:...: F)

for some homogeneous polynomials F; € k[Xo, X1,. .., X,] of equal degree, not all in
J1. We say that ¢ is k-rational if I\ € k(V])* such that each - F; € k[Xo, X1,..., X,].

Remark 1.3.2. In the above definition, the F; need equal degrees with each other to be
well-defined on projective points, and we require that not all F; lie in J; since otherwise
¢ would be undefined at every point in V;.

With this alternate definition of a rational map, we also have an alternate definition
of regular points.

Definition 1.3.4 (Definition 2 of a regular point). Given two projective varieties
Vi/k =V /k CP™ and Va/k := V), /k C P", as well as a rational map ¢: V; --» V5
and a point P € V|, writing

o= (Fy:F:...: F)

for homogeneous F; € k[Xo, X1, ..., X,] of equal degree, we say that ¢ is regular (or
defined) at P if there exist homogeneous polynomials Gy, Gy, ..., G, € k[Xo, X1, ..., X,]
of equal degree such that:

i. at least one G;(P) # 0;

ii. for all pairs 0 <1,5 < n, we have
(2) F,-G;=F;-G; (mod Jy).
When ¢ is regular at P as above, we define

O(P) :=[Go(P) : G1(P) : ...: Gp(P)].

If ¢ is regular at every point in Vj, then we say that ¢ is a regular function, or
morphism, and we write ¢: V; — V5. If ¢ is also k-rational, we call ¢ a k-morphism.

Remark 1.3.3. The latter condition ([2) implies that as functions on V;, we have
Fi G,

F; Gy
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at all points where these quotients are defined. This implies that for any point P € V}
and index 0 < j < n where both Fj(P) # 0 and G;(P) # 0, we can express the value

¢(P) as

H(P):=[Fo(P):...: Fj(P):...: F,(P)]
_ {FO(P) L. Fn(P)}
) )

= {gjgf;; P AP gj((]i” (by Condition (2))

=[Go(P):...:Gj(P):...: G,(P)],
so that ¢(P) is well-defined, i.e.,

O(P)=[Fo: Fy:...: F,J(P):=[Go(P): G1(P) : ... : G,(P)],

where the latter value [Go(P) : G1(P) : ... : G,,(P)] makes sense.

Example 1.3.1. Consider the map ¢: P! --s P? defined by
o([a : b)) == [a® : ab : BY].
By the second definition, this is a rational map, written as
¢=[X?: XY :Y?.
This is clearly defined over k. It is also defined at every point (i.e., (X% XY,Y?) =
(0,0,0) = (X,Y) =0, and [0 : 0] is not a point on P!), so it is a k-morphism.

Definition 1.3.5. Given projective varieties Vi /k C P™ and V,/k C P", we say that a
morphism ¢: V; — V5 is an isomorphism if there exists a morphism v : V5, — V; with
Yoo =1y and ¢p oy = 1y,. We say that ¢ is a k-isomorphism if both ¢ and 1 are
defined over k.

Example 1.3.2. Consider the projective curve
Vig: X?+Y? =22
Note that Vjg is the projective closure of the unit circle in R%. Consider the map
¢:V --» P
defined via
o([X:Y: Z)=X+Z:Y]
This is a rational map, defined over Q. It is regular at any point P € V(Q) such that

¢(P) # (0,0). Thus, it is regular at all points except possibly those [X : Y : Z] € V(Q)
where X +Z =Y =0. Suchapointis [X:Y :Z]=[X:0: -X]=[-1:0:1].

We claim that ¢ is defined at P := [—1 : 0 : 1]. When attempting to compute
®(P), we know by the second definition of regularity that we are allowed to change

p=[X+Z:Y]into ¢ = [Go(X,Y,Z) : G1(X,Y, Z)] such that
(X+2)-Gi=Y -Gy (mod (X*+Y?—Z?)
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where Go(P) # 0 or G1(P) # 0. This amounts to solving a congruence: since
X2 - ZP=(X+2)(X-2)=Y? (mod (X?+Y?-27%),

we see that Go := Y and G, := (X — Z) works; furthermore, we have G;(P) = —2 # 0.
We deduce that ¢ is regular at P, with the value ¢(P) = [Go(P) : G1(P)] = [0: 1]. We

conclude that ¢ is a k-morphism.

Notes Exercise 1.3.1. Continuing the example above, show that the rational map
VP -V

defined by
Y([S:T)) :=[S*—T?:25T : S? + T?

is regular and inverse to ¢. Conclude that ¢: V' — P! is a Q-isomorphism.

In the next chapter, we will see that for any two curves C and C5 where C' is smooth,
one has that any rational map ¢: C; — Cj is defined everywhere, i.e., is a morphism.

Exercise 1.3.1. [Sil09, Exercise 1.4] Let Vg be the projective variety
Vi5X?+6XY +2Y? =2YZ + Z°
Prove that V(Q) = 0.

Exercise 1.3.2. [Sil09, Exercise 1.6] Let V' C P? be the variety
V.Y?Z =X+ 2
Show that the map
p: V- P p=[X*: XY :Z%
is a morphism. (Notice that ¢ does not extend to a morphism ¢: P? — P2.)

Exercise 1.3.3. [Sil09, Exercise 1.7] Let V' C P? be the variety
V:.Y?Z = X3,
and let ¢ be the rational map
¢: P -5V, ¢ = [S*T,S* T7.

a. Show that ¢ is a morphism.

b. Find a rational map 1: V --+ P! such that 1) o ¢ and ¢ o 1) are the identity
wherever they are defined.

c. Is ¢ an isomorphism?

Exercise 1.3.4. [Sil09, Exercise 1.10] For each prime p > 3, let V,, C P? be the variety
given by the equation
V,: X2 +Y?=pZ%
a. Prove that V), is isomorphic to P! over Q if and only if p =1 (mod 4).
b. Prove that for p =3 (mod 4), no two of the V}’s are isomorphic over Q.
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2. ALGEBRAIC CURVES

In this chapter, we closely study curves, which are defined as one-dimensional va-
rieties (projective or affine). This includes not only elliptic curves, but also curves of
arbitrary genus (a term we will define later in this chapter). We will continue to as-
sume that k is a perfect field, and that k is an algebraic closure of k (or sometimes an
algebraically closed field containing k).

Just as Silverman [Sil09] does, we will often cite proofs of algebraic-geometric results
from standard textbooks such as [Shal3] and [Har77]; if we state a result from [Sil09]
but do not cite a proof from [Shal3|] or [Har77], this means that [Sil09] provides a proof.
While we are not assuming a background in algebraic geometry for these notes, it would
take up too much time to prove everything that we discuss; thus, we will prove some
things and cite proofs for others.

2.1. Curves. Recall that a curve is a projective or affine variety of dimension one; for
us, it will often be projective. We will write C' to denote ', with the understanding
that it is defined over some finite extension of k (often just k).

We usually focus on smooth curves. A particularly nice property holds for functions
on a curve defined at smooth points, which makes analyzing them more consistent:

Proposition 2.1.1. [Sil09, Proposition I1.1.1] Let C' be a curve and P € C' a smooth
point. Then k[C|p is a discrete valuation ring.

Proof. This follows from the fact that Mp/M?3 is a one-dimensional vector space over
k, along with a general commutative algebra result (see Exercise [2.1.1]). 0

Exercise 2.1.1. [Sil09, Exercise 2.1] Let R be a Noetherian local domain that is not
a field, let M C R be its maximal ideal and set k := R/M its residue field. Show that

the following are equivalent:

a. R is a discrete valuation ring;

b. M is principal;

c. dimy, M/M? = 1.
(For us, this exercise is applied to the local ring k[C]p at a smooth point P on a curve
)
Remark 2.1.1. Recall that a discrete valuation on a field K is a surjective map

v: K - Z U {0}

such that for all o, 5 € K we have:

L wv(a- f) = v(a) +v(p);

2. v(a+ 8) > min{v(a) + v(B)}, with equality if v(«) # v(5);

3. v(a) = 00 iff a = 0.
The set R := {a € K : v(a) > 0} is called the discrete valuation ring for v. Its
maximal ideal is M := {a € K : v(a) > 0}.

Notes Exercise 2.1.1. Suppose that v: K — Z U {oo} is a discrete valuation. Prove
the domination principle: for o, f € K, if v(a) # v(f) then v(a+pF) = min{v(a),v(5)}.
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Definition 2.1.1. Let C be a curve and P € C' a smooth point. By Proposition 2.1.1]
we know that k[C]p is a DVR. The normalized (discrete) valuation on k[C]|p,

written as vp: k[C|p — Zso U {00}, is given by
vp(f) :=sup{d € Z: f € Mp};

Equivalently, vp(f) is the largest exponent e € Zsq for which M§ divides (f) in k[C].
Alternatively, writing Mp = (t), we have vp := v, where v;(f) := d € Z>¢ is such that
t4 || f. We call t a uniformizer for C at P.

The valuation on k[C]p extends to a discrete valuation

v: k(C) = Z U {cc}

via vp(f/g) := vp(f) —vp(g) (noting that ff(k[C]p) = k(C)); then k[C]p is the discrete
valuation ring for vp.

For f € k(C), we call the value vp(f) the order (of vanishing) of f at P. If
vp(f) > 0, we say that P is a zero of f. If vp(f) < 0, then we say that P is a pole of
f, and we set f(P) := oo. When vp(f) > 0, we say that f is regular at P, and we can
evaluate f(P).

Here is a result on the finiteness of zeroes and poles for a rational function on a
smooth curve.

Proposition 2.1.2. [Sil09, Proposition 11.1.2] Let C' be a smooth curve and f € k(C)*.
Then f has finitely many zeroes and poles; furthermore, if f has no poles, then f € k.

Proof. See [Har77, Lemma 1.6.5], [Har77, Lemma I1.6.1] or [Shal3, Chapter 3, §1.1] for
the first part. For the second part, see [Har77, Theorem 1.3.4a] or [Shal3, Chapter 1,
§5.2, Corollary 1.1]. O
Notes Exercise 2.1.2. Show that for a curve C' and a smooth point P € C| a rational
function f € k(C) has a zero of order n > 0 at a smooth point P € C'iff 1/f has a pole
of order n < 0 at P.

Example 2.1.1. Let us reconsider the curves from Example
Cr:y*=2>+z

and
Co:y? =a2® + 2%

They are pictured in the the z, y-plane in Figure [7.2.1]
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FIGURE 2.1.1. The curves C : 4> = 2% + 2 and Cy : y* = 23 + 22

Previously, we have shown that that P := (0,0) is on both curves, and that Cj is
nonsingular, whereas Cs is singular only at P. Thus, by Exercise we know that
k[Cy]p is a DVR, whereas k[Cs]p is not.

We noted that in k[C}] := wg_g[{;—ﬂx», one has Mp = (7,7y) (recall that Mp is the

ideal of functions in k[C] which have a zero at P). We claim that 7 € (7)k[Cy]p:
by definition of the localization k[Cy]p, it is equivalent to show that there exists a
function f € k(Cy) that is both regular and nonzero at P, such that Z = 7 - f. Since
7 =7>+T =7 (7% + 1), observing that (> + 1) is both regular and nonzero at P,
we find that 7 = 7% - EQIH in k[C1]p. We deduce that 7 is a uniformizer for k[C}]p, i.e.,
vp = vy. This helps with computing the order of vanishing at P for rational functions
on C].

Here are some examples: by knowing that 7 is a uniformizer at P, we get vp(y) = 1.
On the other hand, to compute vp(Z), we first observe that

T -1
in k[C}]. Since vp(7?) = 2vp(7) = 2 and vp(z®) = 3vp(T) > 3 (noting that = vanishes
at P, and so vp(T) > 1), we deduce that
vp(T) = min{vp(¥?),vp(T*)} = 2
by Notes Exercise 2.1.1] Additionally,
vp(2° —7T) = 2.

To see this, note that 2y> — 7 = 27° + T = T - (22° + 1), and then vp(T) = 2, while
vp(22% + 1) = 0 since 27% + 1 is both defined and nonzero at P. Note that these
computations were done on their Z-affine patches, and still hold for the corresponding
projective curves since smoothness and order of vanishing at a point is a local property.
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(See also Remarkon analyzing rational functions with affine patches.) These “local
variables”, such as x := )—Z( and y := % above, are sometimes called local parameters.

In these notes, we will come across fields K with positive characteristic (specifically,
finite fields and function fields of curves over finite fields). In these situations, we will
want to know when the field extensions L/K we are dealing with are separable (i.e.,
irreducible polynomials over L have distinct roots in K). This proposition will help
make some things simpler for us towards this end, especially when analyzing differentials
on a curve.

Proposition 2.1.3. [Sil09, Proposition 11.1.4] Let Cj be a curve, and t € k(C) a
uniformizer at a smooth point P € C(k). Then k(C)/k(t) is separable.

2.2. Maps between curves. In this section, we will study maps between curves, their
properties and the connection to function fields of curves.

Here is an important result which says that a rational map from a smooth curve is
regular, i.e., is defined at every single point.

Proposition 2.2.1. [Sil09, Proposition I1.2.1] Let C' be a curve and V- C P™ a projective
variety. Let P € C be a smooth point, and let ¢: C --+ P" be a rational map. Then ¢
is reqular at P. In particular, if C' is smooth then ¢ is a morphism.

Proof. Let us write ¢ = [fo : f1:...: f,] for rational functions f; € k(C) (definition 1 of
a rational map, see Definition . Since C' is smooth at P, we can fix a uniformizer
t € k(C) at P.

Let us set m := ming<;<, vp(fi); fix 0 < j < n with m = vp(f;). Then m € Z, and
for each 0 < i < mnone has vp(t™™- f;) = —m+wvp(f;) > 0; thus, every ¢t~ - f; is regular
at P. Furthermore, since vp(t~"- f;) = 0, we know that (¢t~ f;)(P) # 0. We conclude
that ¢ is regular at P (definition 1 of a regular point, see Definition [I.3.2). OJ

Example 2.2.1. Rational functions on a smooth curve C/;, can be realized as rational
maps from C to P! defined over k. To see this, let f € k(C) be a rational function.
Then f induces a rational map via

b: C > PL, 6(P) = [f(P): 1],
which is defined over k. By Proposition , this is a morphism (possibly constant);
the proof shows that
o(P) = {[f(P) : 1] if f is regular at P,
[1:0] if f has a pole at P.
Conversely, given a k-morphism ¢: C' --» P! writing ¢ = [f : f1] with fo, fi € k(C):
e if f{ =0, then ¢ = [1: 0] is a constant morphism, denoted by oc;
o if f; £ 0, then ¢ = [;ﬁ— : 1}, where £ € k(C).
Thus, we have a 1 — 1 correspondence
k(C) U {0} <+ {k-morphisms C' — P'}.

These two sets are often identified with each other.
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Here is a theorem of theoretical significance, which concerns morphisms of curves.

Theorem 2.2.2. [Sil09, Theorem 11.2.3] Let ¢: C; — Cy be a morphism of curves.
Then either ¢ is constant, or ¢ is surjective.

Proof. see [Har7T, Proposition 11.6.8] or [Shal3| Chapter 1, §5.3, Theorem 1.12]. O

For the rest of these notes, unless otherwise stated we will assume our
morphisms are nonconstant. Now we will study an important correspondence be-
tween morphisms of curves, and extensions of function fields. Given two curves C}
and Cy )y, if ¢: €1 — Cs is a k-morphism, then ¢ induces an injective homomorphism
¢*: k(Cy) < k(Ch) via precomposition:

¢*(f) = foo.
Observe that ¢* fixes k. This field homomorphism ¢* is often called the pullback of ¢.

Theorem 2.2.3. [Sil09, Theorem 11.2.4] Let Cy/k and Cs/k be curves.

a. If ¢ Cy — Cy is a k-morphism, then k(C1) is a finite extension of ¢*(k(Cs)).

b. If 12 k(Cy) — k(CY) is an injection fixing k, then 3! k-morphism ¢: C; — Co
such that ¢* = .

c. For any subfield K C k(Cy) with [k(Cy) : K] < oo, there exists a smooth
curve Cs/k, unique up to k-isomorphism, and a k-morphism ¢: Cy — Cs with

¢*(k(Cs)) = K.

Proof. Part a. is proven in [Har77, Proposition I1.6.8], whereas part c. is in [Har77,
Corollary 1.6.12] (in the case where k = k).

Let us prove part b.: we start with an injection ¢: k(Cs) < k(Cy). Let us write
Ci/k € P™ and Cy/k C P", and without loss of generality, assume that Cy & Vi,
(i.e., assume there exists a point in Cy with nonzero X,,-coordinate). Observe that each
coordinate X; € k(Cy) gives a rational function ¢(X;) € k(C}). Let us define a map
¢I Cy — CQ via

6= [U(Xo) : o(X0) ot 1(X)] = H%) ;L(%> :...;1}.

Note that ¢ is nonconstant. Otherwise, each ¢ ( §n> = o; for some «; € k, and thus

(applying ¢! to both sides) we get X; = a; - X,, for all 0 < ¢ < n. This would imply
that k(Xo, X1,...,X,) = k(X,), and thus from k(Cs) C k(Xo, Xi,...,X,), we would
be forced to have k(Cy) = k(X,,), contradicting that Cy € V. .

Thus ¢ is a rational map (by Definition . It is defined over k since ¢ fixes k and
each ))((n € k(Cy). In particular, ¢ is a k-morphism. Furthermore, we check that ¢* = v

for f € k(Cy), we have
¢ (f) = fod=[fuXo) ..., u(Xn)) = o[f(Xo, .., X)) = o(f)

since f is defined over k.
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We can also check that ¢ is unique: if ¢¥»: C; — (5 is another k-morphism with
Y* =1, then we have for each 0 <7 < n that

(%) - () -5

If we write ¢ = [fo : f1 : ... : fu] with each f; € k(C}), then we also have for each

0 <17 <n that
v (X_> =

since X; and X,, are the 7’th and n’th coordinates of 1, respectively. We thus have

Ji _ uXq)
fo UX0)
and so ; F ¥ X
_ |40 . LJan=1 _ |20 . et N _
S EN S T S :

We have just demonstrated some of the correspondence between smooth curves over
k, and function fields of transcendence degree 1 over k. As it turns out, for a field
k, the category ¥ whose objects are smooth curves C' over k and whose maps are k-
morphisms, is equivalent to the category J# whose objects K are finitely generated
field extensions of k of transcendence degree 1 with K Nk = k, and whose maps are
injections fixing k. This correspondence is very important, as it allows one to study
properties of morphisms between curves using field theory.

Definition 2.2.1. Let ¢: C; — C5 be a k-morphism of smooth curves (so C;, Cy and
¢ are defined over k). If ¢ is constant, define its degree as deg ¢ := 0. Otherwise, say
that ¢ is a finite map, and that its degree is

deg ¢ := [k(C1) = 9" (K(C2))].
Say that ¢ is separable/inseparable/purely inseparable if the field extension

k(Cy)/¢*(k(Cy)) is separable/inseparable/purely inseparable. Denote the separable and
inseparable degrees of the extension k(C})/¢*(k(Cs)) by deg, ¢ and deg; ¢, respectively.

Corollary 2.2.4. [Sil09, Corollary 11.2.4.1] Let ¢: C; — Cy be a k-morphism of smooth
curves. Then ¢ is an isomorphism if degp = 1.

Given a k-morphism ¢: C; — C5 of curves, we saw that we have an induced injection
¢*: k(Cy) — k(C1). There is also a “dual map” k(C;) — k(Cy) analogous to a norm
map.

Definition 2.2.2. Given a k-morphism ¢: C; — C5 of curves, we can define the norm
map relative to ¢: written as

Os: k(Ch) = k(Cy),

this is defined via

¢«(f) = (") (Nmg(ey) fm (ke ()
(i.e., given f € k(Cy), writing Nm(f) = ¢*(¢g) for some unique g € k(Cy), we set
¢« (f) == g).
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The next type of behavior we want to isolate is that of a ramified point under a
morphism.

Definition 2.2.3. Let ¢: €, — (5 be a morphism of smooth curves. For P € (', the
ramification index of ¢ at P is

eg(P) == vp(9"(tsp))),

where t45p) € k(C2) is a uniformizer at ¢(P) (so vep)(tsp)) = 1). We note that
eo(P) > 1, since ¢*(ty(p)) vanishes at P. Say that ¢ is unramified at P if e4(P) = 1;
otherwise, say that ¢ is ramified at P. if ¢ is unramified at all P € (1, say that ¢ is
unramified.

Proposition 2.2.5. [Sil09, Proposition I11.2.6] Let ¢: Cy — Cq be a morphism of smooth
curves.

a. For all Q) € Cy,
Z ey(P) = deg ¢.
Pep=H(Q)
b. For all but finitely many Q € Cs,
#6H(Q) = deg,(9).

c. Let . Cy — C5 be another morphism of smooth curves. Then for all P € C},
eyos(P) = eg(P) - ey (¢(P)).

Proof. For part a., see e.g. [Har77, Proposition 11.6.9], and for b., see [Har77, Propo-
sition I1.6.8].

We will prove part c. Let typy and t(yop)(p) be uniformizers at ¢(P) € Cy and
(Y 0 ¢)(P) € Cs, respectively. By deﬁmtlon for pomts Q@ € C5 we have

ep(Q) = vo(¥" (ty(@))-
When @ = ¢(P), we thus have

ey (P(P)) = vo(p) (V" (Los)(P)))-

In particular, the functions te*(”(d))(P)) and ¥* (t(yog)(p)) have the same order at ¢(P) (note

that t4(py has order 1 at ¢(P)). Applying ¢* to both functions and taking orders at P
then shows that
ey(@(P)) - vp(¢*(te(p))) = vP(O" (V" (Ewos)(P)))):
ie.,
ey(d(P)) - es(P) = vp((¥ 0 9)" (Lios)(P)));
ie.,

ep(B(P)) - es(P) = eyog(P). O

It is worth noting that part a. of the proposition implies that for a morphism ¢: C; —
Cs, if a point Q € Cy is such that #¢71(Q) < deg ¢, then ¢ is ramified at a point above
. This can be phrased as a corollary.



50 TYLER GENAO

Corollary 2.2.6. [Sil09, Corollary 11.2.7] A morphism ¢: C; — Cs of smooth curves
is unramified if and only if #¢71(Q) = deg ¢ for all Q € Cs.

Remark 2.2.1. Our notion of ramification in morphisms is closely related to ramifi-
cation in number fields. For example, given a number field extension K/F, part a. of
Proposition [2.2.5] is analogous to the efg theorem: for a nonzero prime ideal g C F,
writing P = [[7_, QF in the ring of integers O where the Q; are the distinct prime

ideals above ‘B, one has
9

Y eifi=[K:F),

i=1
where each f; := [Ok/Q; : Op /%] is the inertial degree of Q; over B. Part b. of the
proposition is analogous to the fact that finitely many prime ideals ramify in K/F, and
part c. is identical to transitivity of ramification indices in towers of extensions L/K/F.
Both concepts of ramification are connected by the theory of Dedekind domains, and the
fact that the extensions k(C4)/¢*(k(Cy)) and K/F are finite. For more on arithmetic
geometry and algebraic number theory from the perspective of Dedekind domains, see
e.g. Lorenzini’s “An invitation to arithmetic geometry” [Lor96].

Here is an example in which we compute ramification indices under a morphism of
curves. This is an example of applying local techniques to analyze projective varieties.

Example 2.2.2. Consider the Q-morphism ¢: P* --» P! defined by
HX:Y]) = [X3 (X -Y): Y.

We claim that ¢ is ramified at the point P := [0 : 1]. To prove this, we can do the
following: determine a uniformizer t at ¢(P); pull this uniformizer back to a rational
function f; := ¢*(t) on P! under ¢; compute a uniformizer s at P on the first P!; and
then compute vy(f;), showing that this valuation is > 1. Since both curves are the
same, our uniformizer analysis is simplified.

Give the coordinates X,Y to P!. Since ¢(P) = [0 : 1] is in the affine patch U(Y") of
P!, we can compute the uniformizer of ¢(P) in U(Y) (locally). In this patch, we have
that P corresponds to the point Py := 0 on A'; the coordinate ring of U(Y) is Q[t],
where t := % It is clear that the maximal ideal Mp, is generated by (¢), i.e., t is a
uniformizer at Py. This corresponds to the rational function % € Q(P'), which is a
uniformizer at P. , ,

Next, we observe that ¢* () = X();,—QY) Since ¢(P) = P, the preceding paragraph
implies that % is a uniformizer at P. Thus, to compute ey(F), we must compute the

valuation vx/y <M> Since

() (52

with % defined and nonzero at P, we check that

vy (W) — vy ((;)3) + oy ((X;Y>2) —34+0=3.
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We conclude that e, (P) = 3, whence ¢ is ramified at P.

Notes Exercise 2.2.1. In the example above, show that ¢ is also ramified at @) :=
[1:1] € P!, and compute e4(Q) directly.

To wrap this section up, we will briefly discuss the Frobenius morphism. This is an
important morphism defined on varieties which always shows up when k has positive
characteristic. (We will discuss the Frobenius morphism more in the next chapter.)

Definition 2.2.4. Let p :=char(k) > 0, and fix a power ¢ := p" of p. Given a polyno-
mial F' € k[Xy, ..., X,], let F@ be the polynomial obtained by raising the coefficients
of F' to the ¢’th power.

Given a curve U, defined by homogeneous F', we obtain a new curve C (@) defined by
F@ _ also defined over k. The map

F,: C— CY
via
F([xo: a1 iay)) = [ad c a0 2l
is called the g-power Frobenius morphism.
Notes Exercise 2.2.2. Verify that ¢g-power Frobenius maps C' to C(9.

Here are some basic properties of the ¢g-power Frobenius morphism.

Proposition 2.2.7. [Sil09, Proposition 11.2.11] Let p :=char(k) > 0, and fix a power
q:=p" > 1. Let Cy, be a curve, and let F;: C' — C9 be g-power Frobenius.

a. Fy(k(CW)) = k(C)" == {f": f € k(C)};

b. F} is purely inseparable;

c. deg(F,) =gq.
(We are assuming that k is perfect here; if k is not perfect, then b. and c. still hold,
but a. must be modified.)

For some properties of purely inseparable extensions, see Exercise [2.2.3]

Corollary 2.2.8. [Sil09, Corollary 11.2.12] When p :=char(k) > 0, every morphism
v: Cp — Cy factors as
C -5 o X ¢,
where Fy is the g-power Frobenius morphism for q := deg;(v), and X is a separable
morphism.
Exercise 2.2.1. Consider the elliptic curve
Eg: Y?Z = X3+ 73,
We have a Q-morphism ¢: E — P! given by projection,
o:=[X:Z].
a. Prove that [Q(F) : ¢*(Q(P'))] = 2.

b. Prove that ¢ is ramified at P :=[—1:0: 1].
c. Argue that P is the only ramified point of ¢ above ¢(P).
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d. (Optional) Using visuals, explain what ¢ being ramified at P means in this
example.

(Hint for all parts: do things locally!)

FIGURE 2.2.1. The elliptic curve E : y* = 23 + 1.

Exercise 2.2.2. [Sil09, Exercise 2.2] Let ¢: C1 — Cz be a morphism of smooth curves.
Let g € k(Cy)*, and let P € Cy. Prove that

vp($*(9)) = es(P) - vg(p)(9)-

Exercise 2.2.3. This exercise proves some properties about the Frobenius morphism;
see also Proposition ([Sil09, Proposition I1.2.11]). It also serves as a review of
inseparable extensions.

Recall that an algebraic field extension K/F is separable if for any element a €
K, the minimal polynomial m(x) € F[z] of a over F' has no repeated roots; this is
equivalent to ged(m(z), m'(z)) = 1. If all elements o« € K have minimal polynomials
over F' with repeated roots, then K/F is said to be purely inseparable.

a. Show that if K/F is not separable, then char(K)=char(F") > 0.
b. Show that the following are equivalent:
1. K is purely inseparable over F
2. for all o € K, there exists n > 0 with o?" € F';
3. each o € K has a minimal polynomial over F' of the form 27" — a for some
n € Zxo and some a € F'.

Let k be a field with p :=char(k) > 0. Fix a power ¢ := p", as well as a curve C;.
Prove the following:

c. FX(k(CW)) =k(C)1:={f: f €k(C)}.

d. FZ (is (pure%; inse<pai“able.{f ! )

e. deg(F,) = q.
For more on separable and inseparable extensions, see these notes from Conrad: https:
//kconrad.math.uconn.edu/blurbs/galoistheory/separablel.pdf.


https://kconrad.math.uconn.edu/blurbs/galoistheory/separable1.pdf
https://kconrad.math.uconn.edu/blurbs/galoistheory/separable1.pdf
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2.3. Divisors. In this section, we will study divisors of curves. Understanding the
divisors on an elliptic curve is very important: it will allow us to describe the group
law on an elliptic curve in terms of their divisors, which will be useful for us when
understanding their morphisms.

Definition 2.3.1. For a given curve C, the divisor group of C is the free abelian
group Div(C') generated by the points of C. Its elements are called divisors, which

have the form
D=> np-(P),

where each np € Z, and np = 0 for all but finitely many P € C.
Each divisor D € Div(C') has a well-defined degree: if

then

We let Div’(C) denote the degree 0 divisor group of C, consisting of divisors D €
Div(C) with deg(D) = 0.

Finally, if C' is defined over k, then there is a natural action of G} := Gal(k/k) on
Div(C): for each 0 € Gy and D := ) ", . np - (P) € Div(C), we set

o(D):=Y np-(o(P))

pPeC

(also see Notes Exercise [1.2.4)). Say that a divisor D € Div(C) is defined over k, or
is k-rational, if D is fixed under this action, i.e., Vo € Gy we have o(D) = D. We
denote the group of k-rational divisors of C' by Divy(C'); we have a similar definition
for Divy(C).

Remark 2.3.1. Note that for a curve C, a k-rational point P € C(k) induces a
k-rational divisor (P) € Divy(C). Howewver, there can also be rational divisors which
are not a sum of k-rational points! See the notes exercise below.

Notes Exercise 2.3.1. Consider the curve Cg : y = 2> — 5. Show that the divisor
D := ((/5,0) + (=/5,0)) is Q-rational.

We can also associate divisors to rational functions on a smooth curve.

Definition 2.3.2. Let C' be a smooth curve and f € k(C). Then f has an associated
divisor, given by its order of vanishing at points:

div(f) ==Y u(f)- (P).
PeC

This sum is finite since f has finitely many zeros and poles, see Proposition ([Si109,
Proposition 11.1.2]).
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Notes Exercise 2.3.2. If C is a curve defined over k, then show that for o € G, we
have

o(div(f)) = div(a(f)).
Deduce that for f € k(C), one has div(f) € Divy(C).

Notes Exercise 2.3.3. Show that the map div: k(C)* — Div(C) is a homomorphism.

The above notes exercise is in analogy to sending an element of a number field to its
fractional ideal. In fact, this analogy goes much farther, see Notes Exercise [2.3.6]
Here are facts about divisors of rational functions on a smooth curve.

Proposition 2.3.1. [Sil09, Proposition 11.3.1] Let C' be a smooth curve and f € k(C)*.

a. One has div(f) =0 iff f € k.
b. deg(div(f)) = 0.

Proof. For part b., we cite [Har77, Corollary I1.6.10]. For part a., observe that if
deg(f) = 0, then f has no poles, and thus the corresponding morphism ¢: C' — P! via

¢(P) = {HU;} : 1] li f is regular at P,
‘ if f has a pole at P

misses [1 : 0], hence is not surjective. But then Theorem ([Sil09, Theorem II.2.3])
. . . . 7TX .
implies that this map is constant, and thus f € k£~ . The converse is clear. O]

Here is an important example of computing divisors on an elliptic curve.
Example 2.3.1. Assume that char(k) # 2, and consider an elliptic curve of the form
E:y*=(z—e)(r—ey)(x—e3)

where e, es,e3 € k are distinct. Our coordinate ring of £ (on the affine patch Ey,
where Z # 0) is

klz, y]
(v = (z —e)(z —ex)(w —e3))
(For this example, and for the rest of these notes, we will simply write z instead of 7,
etc.)

Let us compute div(y). For P & {(ey,0), (eq,0), (e3,0),0}, it can be checked that
y(P) # 0 since P has nonzero y-coordinate, and thus vp(y) = 0.

For each 1 < ¢ < 3, we claim that y is a uniformizer at P; := (e;,0). To show this,
we must show for Mp, := (z — €;,9) C k[E] that Mpk[E|p, = (y)k[E]p,. Equivalently,
we must show there exists a rational function f € k(E) defined and nonzero at P;, such
that x —e; = y - f. Let us write f := (x — ¢;)(x — e;) where j,k € {1,2,3} do not
equal i. Then in k[E], we have y? = (z —¢;) - f; since f(P;) = (e; —e;)(e; — e) # 0, we
find that f is defined and nonzero at P;, and thus is invertible in k[E]p. We deduce
that Mp, is generated by y in the local ring k[E]p,, whence y is a uniformizer at P;, i.e.,
Up; (y) =L

E[E] =
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Finally, to compute vo(y), we must find a uniformizer at O :=1[0:1:0]. We will do
this on an affine patch where O is contained in; since

E:YZ =(X —e2)(X — e Z)(X —e37),
we have that O corresponds to (0,0) in the affine patch Ey := ENU(Y). Thus,

klx', 2]
(2 — (' — e12')(a) — ex2!)(a! — e32"))

Mo = (2/,2) C k[By] :=

where 2/ := 3 and 2’ := Z. We see that 2’ is a uniformizer at O, by checking that
x/ ¢ Mg — ($,2,.T,Z/, Z,2>
Let us also compute vp(2’). Since each ' — e;2' € Mp and 2/ = (2/ — e;2’) (2" —

ex2') (7" — e3?') in k[Fy], it follows that 2/ € My, i.e., vo(z') > 3. Using the defining
equation, one can write
2 =72 (14 az” — br'2 + c2?)
for some a,b,c € k(ey, e, e3). Since (1 + az' — ba'z' + c2’?) is defined and nonzero at
O, this implies that 3vp(2') = vo(z'). We thus have vp(2’) = 3. This also implies that
vo(x' —e;2') = 1. B
The uniformizer 2’ on Ey above corresponds to 3= € k(E). Therefore, on Ez we have

vo(y) = vxsy (g) .

To compute this, we note that the relation
Y37 = (X — e 2)(X —exZ)(X — e37)

- (X—eiZ>
-] 2.
=1

)

gives

<IN

Taking valuations gives

3
Y X —eZ
Ux/y (?) = - ;:1 Ux/y (T) .

Since each vy/y (2592) = vo(z' — €;2') = 1, we conclude that vo(y) = —3. In
particular, we conclude with

div(y) = (P1) + (P2) + (P5) — 3(0).

Notes Exercise 2.3.4. Continuing the above example, show that for each 1 < < 3
one has vo(r — ¢;) = —2. What is vo(z)?

Definition 2.3.3. Let C' be a smooth curve. Say a divisor D € Div(C) is principal if
D = div(f) for some f € k(C)*. By Proposition , the subset of principal divisors
of C forms subgroup of Div"(C'), denoted by Prin(C).

The divisor class group (or Picard group) of C' is

Pic(C) := Div(C)/Prin(C).
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We say that two divisors Dy, Dy € Div(C') are linearly equivalent, and write Dy ~ Dy,
if D; — Dy € Prin(C), i.e., if D; = Dy + div(f) for some f € k(C)*.

Since Prin(C) C Div’(C), we can also define the degree 0 divisor class group (or
degree 0 Picard group):

Pic’(C) := Div’(C) /Prin(C).

Pic’(C) is also sometimes called the Jacobian of C.
Finally, suppose that the curve C' is defined over k. Then we let Pic,(C) denote the
subgroup of Pic(C) fixed by Gj.

The kernel of deg: Div(C) — Z contains Prin(C'), by Proposition 2.3.1, Thus, it
descends to a homomorphism on the quotient,

deg: Pic(C) — Z.

Notes Exercise 2.3.5. Show that for a curve C, the degree map deg: Pic(C') — Z is
surjective.

Example 2.3.2. We will show that Div’(P') = Prin(P!), i.e., that every degree 0
divisor on P! is principal. Give coordinates X,Y to PL. Observe that any point P, :=
[a : 1] € P! has uniformizer “Y;X; for the remaining point oo := [1 : 0] € P!, we have
the uniformizer %

Let D € Div’(P'), and write

D =ny - (00) + H np - (P)

Py:=[a:1]eP?

where ) ,pi np = 0. We see that the rational function
Y\ ay — X\
G I ()
Py:=[a:1]€P!

satisfies div(f) = D, whence D is principal. (Note that >, pi np = 0 is a necessary
condition for f to be a rational function.)
This shows that the degree map deg: Pic(P') — Z is an injection; combined with

Notes Exercise it is thus an isomorphism deg: Pic(P') = Z. As it turns out, the
converse is also true: if C' is a smooth curve and Pic(C) = Z, then C = P

The following notes exercise provides another analogy to algebraic number theory.
Notes Exercise 2.3.6. Show that for a smooth curve C', there exists an exact sequence
15 & = RO LS Div(C) = Pic(C) — 0.

(This is in direct analogy to the following: for a number field F' with integer ring Op,

one has
1—- 0 = F* - Ip — Cl(Op) — 1,

where Zr is the monoid of fractional ideals of F' and Cl(Op) is its ideal class group.

We will wrap this section up with a description of the interaction between divisors
and (induced maps on function fields from) morphisms.
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Definition 2.3.4. Given a morphism ¢: ¢ — Cy of smooth curves, we have the
pullback homomorphism ¢*: k(Cy) < k(C}). This in turn induces a homomorphism
¢": Div(Cy) — Div(Ch)

via
Peo=1(Q)

and extending linearly. Similarly, the norm map relative to ¢, denoted as ¢,: k(Cy) —
k(Cy), induces a homomorphism

¢ Div(Cy) — Div(Cy)

via

and extending linearly.

Proposition 2.3.2. [Sil09, Proposition I11.3.6] Let ¢: Cy — Cy be a morphism of smooth
curves.

a. deg(¢*(D)) = deg ¢ - deg(D), for all D € Div((Cs);
b. ¢*(div(f)) = div(e*(f)), for all f € k(Cy)*;

c. deg(¢.(D)) = deg(D), for all D € k(C});

d. ¢.(div(f)) = div(¢.(f)), for all f € k(C1)*;

e. ¢, 0¢*(D)=deg(¢)- D for all D € Div(Cs);

foif v Cy — C5 1s a morphism of smooth curves, then

(Yog) =¢ oy’
and

(wogb)* = Vs 0 P

Proof. The proofs for parts a., c., e. and f. are relatively straightforward. For example,
in part a., we can assume that D = (Q) for some @) € Cy. Then by definition, ¢*(D) :=

ZPG¢—1(Q) €¢<P) : (P) Thus,
deg(¢"(D)) = > es(P),

Pes~1(Q)
which equals deg(¢) by the “efg theorem” for curves, see Proposition 5| ([Sil09,
Proposition 11.2.6]).
For part b., use Exercise ([Si109, Exercise 2.2]). Part d. is a norm result from
algebraic number theory, see e.g. [Lan94, Chapter 1, Proposition 22]. O

Remark 2.3.2. By the proposition above, both ¢* and ¢, take principal divisors to
principal divisors, and degree 0 divisors to degree 0 divisors. Thus, they induce maps
on the degree 0 Picard groups:

¢*: Pic’(Cy) — Pic’(C))
and

¢*2 PiCO(Cl) — PiCO<CQ).
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As we will see in the next chapter, for an elliptic curve (£, O), the group (E(k),O)
is in bijection with Pic’(E); and when E is in Weierstrass form, these two groups are
isomorphic in a natural way.

Notes Exercise 2.3.7. Use the proposition above to prove Proposition [2.3.1b ([Sil09}
Proposition I1.3.1]): that for a smooth curve C' and rational function f € k(C)*, one
has deg(div(f)) = 0.

2.4. Differentials. In this section, we will define and list properties of differentials on
curves. They will help “linearize” problems for us (like what is done in calculus), and
help determine which morphisms are separable. Note that inseparable field extensions
can appear when studying function fields of positive characteristic, so in particular,
when studying curves over positive characteristic fields.

Definition 2.4.1. Let C' be a smooth curve. Then the space of (meromorphic)
differential forms on C, denoted Q¢, is the k(C)-vector space generated by formal
symbols dx, where x € k(C), subject to the following relations:

1. d(z +y) = dz + dy for all z,y € k(C);

2. d(zy) = xdy + ydzx for all 2,y € k(C);

3. da=0 forall a € k.
The symbols dx are called differentials, or differential forms.

Clearly, the relations above mimic the usual derivative rules for addition, products
and constants. The following notes exercise explores this connection further:
Notes Exercise 2.4.1. Show that for f € k(C)*:
1. one has d(f~!) = — f2df;
2. for n # 0 € Z, one has d(f") = nf"df;

3. for g € k(C)*, one has
y (i) _ 94— Jdg.

g 9?
Example 2.4.1. Consider the elliptic curve
E:y?=2%+z.

Then the differential of the rational function %2 € Q(F) is
p (xQ) _yd(2?) —a?dy  2xydr — 2Pdy
y y? Y '

(Note that = corresponds to the rational function ff—;
Yy

on the affine patch Ez; we will
often write out rational functions on this patch.)

Notes Exercise 2.4.2. Show that for a curve C' in coordinates X, Y, Z with nonempty
affine patch C, one has that every differential form df can be expressed as a k(C)-linear
combination of dx and dy, where z := % and y ;= % This explains the frequent use of
notation dx and dy for arbitrary differentials, instead of df. (The next proposition will
state something stronger.)
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Given a morphism ¢: C; — Cy of smooth curves, the pullback homomorphism
¢*: k(Cy) — k(Ch) induces a linear map between differential spaces:

¢ Qe, = Qey,y
via
o (Y fidai) = Y 6" (f)d(6" (22)).
The following proposition will use differentials to determine when a morphism ¢: C; —
Cs is separable.
Proposition 2.4.1. [Sil09, Proposition 11.4.2] Let C' be a smooth curve.

a. Q¢ is a one-dimensional k(C)-vector space.

b. Let f € k(C). Then {df} is a k(C)-basis for Q¢ if and only if k(C)/k(f) is a
finite separable extension.

c. Let ¢: C1 — Cy be a morphism of smooth curves. Then ¢ is separable if and
only if the pullback ¢*: Qc, — Q¢, is injective, i.e., is nonzero.

Proof. Parts a. and b. are proven in e.g. [Shal3l Chapter 3, §5.4, Theorem 3.19] and
[Shal3, Chapter 3, §5.4, Theorem 3.20], respectively. B
We will prove part c. Using parts a. and b., fix an element y € k(Cy) such that Qc,
has k(Cy)-basis {dy}, with k(Cy)/k(y) a separable extension. Then
¢*: Qe, = Q¢ is injective < ¢*(dy) # 0
< d(o*(y)) #0 (by definition of ¢* on Q¢,)
< {d(¢*(y))} is a basis for Q¢, (from a.)

& k(C1)/k(¢*(y)) is separable  (from b.).

However, we are also assuming that k(C)/k(y) is separable, and thus so is the image

¢*(k(C2)) /0" (k(y)) = ¢*(k(Cs))/k(¢*(y)) after applying ¢*. In particular, we deduce
that

¢* : QCQ — ch is injective < E(Cl)/¢* (E(CQ))
is separable (since separable degree is transitive), which by definition is iff ¢: C7; — Cy

is separable. O]

The next proposition concerns properties of differentials dt where t € k(C) is a
uniformizer at a fixed point P € C.

Proposition 2.4.2. [Si109, Proposition 11.4.3] Let C' be a smooth curve, let P € C' and
let t € k(C) be a uniformizer at P.

a. For all differentials w € Q¢, 3lg € k(C), depending on w and t, such that
w=g-dt.
We denote 5 == g.

- . &
b. If f € k(C) is reqular at P, then so is ;.
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w
()
depends only on w and P, and is independent of t. This value is called the
order of w at P, and is denoted vp(w).
d. Let x, f € k(C) with x(P) =0, and let p :=char(k). Then
o vp(fdr) =wvp(f)+vp(x) =1 if p=0 or pfop(x),
e vp(fdx) = vp(f) +vp(z) if p>0 and p | vp(z).
e. Let w# 0 € Qq. Then vp(w) = 0 for all but finitely many P € C.

c. For w # 0 € Q¢, the value

Proof. For part b., see [Har77, Comment after Proposition IV.2.1]. Observe that part a.
follows from the previous proposition combined with Proposition [2.1.3] ([Sil09, Propo-
sition I1.1.4]). More precisely, in part a., we know that k(C) /k(t) is separable; thus, by
Proposition , we have that {dt} is a k(C)-basis for Q¢, so that for any w € Q¢ we
can write w = g-dt for some unique g € k(C). The other parts are proven in [Sil09]. O

By the above proposition, for any differential w € )¢, each point P € C' and uni-
formizer t € k(C) at P, there exists an associated rational function & := g, € k(C),
where w = g, - dt; there also exists a valuation vp(w) := vp (%) := vp(gw,) which is

independent of ¢. Thus, there is a divisor associated to w, defined as

div(w) := Z vp(w) - (P) € Div(C).
peC
Say a differential w € Q¢ is regular (or holomorphic) if vp(w) > 0 for all P € C.
Say w is nonvanishing if vp(w) <0 for all P € C.
Since ¢ is a one-dimensional k(C)-vector space, for any two nonzero differentials
wy,wy € Qg there exists f € k(C)* with wy = f - wy. It follows that

div(wy) = div(f) + div(w,),
and thus wy ~ wy in Div(C). This leads us to the following definition.

Definition 2.4.2. For a smooth curve C, the canonical divisor class on C' is the
coset [div(w)] := div(w) + Prin(C) € Pic(C) for any nonzero differential w € Q¢. Any
divisor in [div(w)] is called a canonical divisor, written as K¢.

Therefore, for any smooth curve C, the canonical divisor class of C' is the unique
equivalence class in Pic(C') of divisors of differentials on C. This explains the use of
the word canonical.

Example 2.4.2. Here is an example in which we compute the divisor of a differential
on P!; thus, this computes a canonical divisor Kp:1 of PL. Give P! coordinates X,Y. On
the affine patch P} := U(Y) = {[a : b] € P! : b # 0}, we have the coordinate ¢ := %,
and on the patch P%, we have the coordinate s := % Observe that s = % We can
write P! = P} L {oo}, where oo := [1: 0].

Let us compute div(dt); to do this, for each point P € P! we need to find a uniformizer
tp € k(P') at P, and then compute vp(gp) where gp € k(P') satisfies dt = gp - d(tp).
Given a point P, := [a : 1] € P}, we can check that a uniformizer at P, is t — a. Next,
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to determine g € k(P') such that dt = g - d(t — a), we observe that d(t — a) = dt; in
particular, we can take g := 1. It follows that vp, (dt) := vp, (1) = 0.
For the point at infinity oo := [1 : 0] € P, a uniformizer at oo is s := §. Thus, we
need to find g € k(P') such that
1
dt=g-d|-).
i(3)

We know by Notes Exercise that dt (%) = —t~2 . dt; this means we must solve
dt = —gt™2 - dt.

We see that g := —t? works. We deduce that v (dt) := veo(—t?) = 20, (t) = —2 (note
that 1 is a uniformizer at co).

We conclude that div(dt) = —2(00); this shows that dt is not holomorphic, as it is
strictly nonvanishing. By definition, it follows that this is a canonical divisor on P.
Furthermore, since any nonzero differential w € Q¢ satisfies deg(div(w)) = deg(dt) =
—2, we conclude that no differential on P! is holomorphic.

We will wrap this section up with an example where we compute the canonical divisor
of an elliptic curve.

Example 2.4.3. Let char(k) # 2, and consider the elliptic curve
E:y*=(z—e)(r—ey)(x—e3)

where e, es,e3 € k are distinct. (We considered divisors on this curve in Example
2.3.1])

We claim that the canonical divisor class [Kg| of E is trivial: i.e., there exists a
nonzero differential w € Q¢ with div(w) = 0. This is equivalent to the existence of a
trivial canonical divisor, i.e., a differential which is both holomorphic and nonvanishing.

We claim that div <d79”) = 0. From Example [2.3.1] we know that div(y) = (P;) +

(Py)+(P3)—3(0), so it suffices to show that div(dz) = div(y) = (P1)+(FP2)+(P3)—3(0).
From the relation

Y = (z —er)(z — es)(z — e3),
we have
20 -dy = [(x —ez)(x —e3) + (x —e1)(x —e3) + (x — e1)(x — e3)]dx,
and thus
(3) 2y'dy:dx~2(x—ei)(x—ej).
i#£]
We can use this to help compute vp(dz) for certain points P € E.

We will focus on computing vp, (dzx) for each P; := (e;,0), as well as vo(dz) (we leave
the other computations for vp(dz) as an exercise). Observe that by (3], we have

vp,(dz) = vp,(2y) + vp,(dy) — v, (Z(ﬂf —ej)(x — 6k)> :

ik
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As can be checked, we have that = — e; is a uniformizer at P, when j =4, and =z — ¢;
is defined and nonzero at P; when j # i. Thus, the valuation of the latter sum is zero
(see Notes Exercise 2.1.1} the “domination principle” of valuations). Thus, we have
Upi(dl’) = UPi(Qy) + Upi(dy>'
By Example [2.3.1) we know that y is a uniformizer at P;, and so this simplifies to
vp (dz) =1+ vp,(dy).

To compute vp, (dy), we need to compute vp,(g) where dy = g-dtp, with tp, a uniformizer
at P;. However, y is a uniformizer at P;, and so we may take g := 1 and deduce that
vp,(dy) = 0. We conclude that
vp,(dx) = 1.
To compute vo(dxr), we need to fix a uniformizer o at O, and then find g € k(E) for

which dz = g - dtp. We found in Example that 2’ := % is a uniformizer at O; this

function corresponds to y € k(Ez). Thus, to compute vo(dz), we need to solve for g in

dx:g‘d(£>.
)

We know by Notes Exercise that
J <z) _ yda—wdy
Y Y
Expanding this and using to substitute dy out, we find that
2
d <£) _ 2y” — xzz‘;éj(x —e)(z —¢€) de

y 23 ’

and so we can take
2y3

2oy (e —e)(@—e)

g:
We deduce that

vo(dz) = vo(2y*) — vo (23/2 — xZ(x —e)(x — ej))> :
i#]
Since vo(y) = —3 (Example 2.3.1)), as well as vp(x) = —2 and each vpo(x —€;) = —2

(Notes Exercise [2.3.4)), we have
vo(dr) = =9 — (—6) = —3.
We conclude that a canonical divisor of E is
div(dz) = (P1) + (P) + (P3) — 3(0).
We deduce from div(dz) = div(y) that

div (d_x) =0.
Yy

Therefore, all canonical divisors are trivial up to linear equivalence.
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2.5. The Riemann-Roch Theorem. We conclude this chapter with an important
theorem called the Riemann-Roch Theorem. This theorem will guarantee the existence
of rational functions on a smooth curve, with a prescribed set of zeroes and poles. We
will see in Chapter 3 that it will imply any elliptic curve has a defining equation in
general Weierstrass form.

We begin with a few definitions. Throughout this section, C' denotes a smooth curve.

Definition 2.5.1. Say a divisor D = ), np-(P) € Div(C) is positive, or effective,
if each np > 0; in this case, we will write
D >0.
For two divisors Dy, Dy € Div(C), we write
D, > D,
it Dy — Dy > 0.

Notes Exercise 2.5.1. Show that if Dy > Dy, then deg(D;) > deg(D2). Show that
the converse need not hold.

Example 2.5.1. Let f € k(C) be a rational function that is regular everywhere except
at a point P € C', with a pole of order at most n at P. This is equivalent to

div(f) > —n- (P).
Similarly, for a point Q) € C, if
div(f) 2 (@) = n- (P),

then f has a zero at () as well. Thus, these inequalities can be used to describe zeroes
and poles of rational functions.

Definition 2.5.2. Given a divisor D € Div(C'), the Riemann-Roch space associ-
ated to D is B
L(D) :={f € K(C)* : div(f) > —D} U {0}.

Each Riemann-Roch space £(D) is a k-vector space; let us set
¢(D) := dimg(L(D)).

Remark 2.5.1. Intuitively, £(D) is the collection of rational functions on C' whose
order of vanishing at points is “no worse” than those which appear in D.

Proposition 2.5.1. [Sil09, Proposition 11.5.2] Let D € Div(C).
a. If deg(D) < 0, then

and thus ((D) = 0. B
b. L(D) is finite-dimensional over k.
c. If D' € Div(C) is linearly equivalent to D, then

L(D") = L(D),
and thus £(D") = {(D).
Proof.
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a. Let f € L(D). For contradiction, suppose f # 0. Then by Proposition m
([Si109, Proposition I1.3.1]), we have deg(div(f)) = 0. But since f € L(D), we
know that
and thus

0 = deg(div(f)) > deg(—D) = —deg(D) > 0,

which is impossible. Thus, f = 0.
b. See [Har77, Theorem I1.5.19], or Exercise [2.5.1]
c. Since D ~ D', we can write D' = D + div(g) for some g € Div(C). Then we

have a k-isomorphism

L(D") — L(D)
via
f=1Tg O
Notes Exercise 2.5.2. Check that the map in part c. is an isomorphism.

Example 2.5.2. Let’s study L£(K¢) associated to a canonical divisor Kc¢. Fix any
nonzero differential wy € Q¢; then we can take K¢ := div(wp). For any f € k(C)*, we
have f € L(K¢) if and only if
div(f) > — K¢ = —div(wp),
iff div(fwo) > 0, iff fuwy is holomorphic. Noting that every element of Q¢ has the form
fwo, we conclude a k-isomorphism of vector spaces,
L(K¢) = {w € Q¢ : w is holomorphic}.
The dimension ¢(K¢) is an important invariant of C', and shows up in the Riemann-
Roch theorem.
Here is the main theorem of this section.

Theorem 2.5.2 (The Riemann-Roch Theorem). [Sil09, Theorem I1.5.4] Let K¢ be a
canonical divisor on C. Then there exists an integer g € Z>g, called the genus of g,
such that for all divisors D € Div(C),

(4) (D) — (K¢ — D) =deg(D) — g+ 1.
Proof. A fancy proof using Serre duality is given in [Har77, Theorem IV.1.3]. For a

nice set of notes on Weil’s proof of Riemann-Roch (and a nice set of notes on algebraic

curves from an algebraic perspective), see “Algebraic curves: an algebraic approach”
by Clark [ClaAAAl Theorem 2.11]. O

A number of useful corollaries follow from Riemann-Roch.

Corollary 2.5.3. [Sil09, Corollary I1.5.5]
a. l(K¢) =g.
b. deg(K¢) =29 — 2.
c. If deg(D) > 2g — 2, then

(D) =deg(D) — g+ 1.
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Proof.
a. Taking D := 0 in Equation , we get
(0) = £(Ke) = —g + 1,
ie.,
U(K¢o) =g—14£(0).
However, we have
L(0) = {f € K(O)* : div(f) = 0} U {0} = F

since any rational function without poles is constant, see Proposition [2.1.2
([Sil09, Proposition 11.1.2]). Thus ¢(0) = 1, and so (4]) simplifies to

b. Taking D := K¢ in (4)), we have
UKe) —L(0) =deg(Ke) — g+ 1,
ie.,
deg(K¢) = l(Kc) + 9 —2
By part a., we have {(K¢) = g, hence we deduce that
deg(K¢) =29 — 2.
c. If deg(D) > 2g — 2, then part b. implies deg(D) > deg(K¢), so that deg(K¢ —
D) < 0. Then Proposition implies that /(K¢ — D) = 0. Thus, (4)) becomes
(D) = deg(D) — g+ 1. O
The above corollary shows that each smooth curve C' has a well-defined genus: this
is g := g(C) := ¢(K¢), where K¢ € Div(C) is a canonical divisor of C.
We now explore the consequences of Riemann-Roch in two examples where we have

previously computed canonical divisors. Note that the choice of canonical divisor K¢
does not change ¢(K¢), and thus does not change ¢(K¢c — D).

Example 2.5.3. In Example[2.4.2] we showed that we have the canonical divisor Kp1 :=
div(dt) = —2 - (00), where oo := [1 : 0]. Thus, there are no holomorphic differentials
on P! ie., L(Kp) =0, ie., {(Kp) = 0. Therefore, P! has genus g := g(P') = 0. By
Riemann-Roch, this implies that for any D € Div(P!),

{(D)—4(-2-(c0) — D) = deg(D) + 1.

Furthermore, if deg(D) > —2 = deg(K¢), then (=2 - (c0) — D) = 0 by part c. of
Corollary and so this becomes

(D) = deg(D) + 1.
Example 2.5.4. Let char(k) # 2, and consider the elliptic curve
E:y*=(z—e)(z—ey)(r—e3)
where ey, e, e3 € k are distinct. We have shown in Example that we have the
canonical divisor div <df> = 0. It follows that we can take Ko := div (%m) = 0.
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Thus, Riemann-Roch implies that g := g(E) = ¢(0) = 1, i.e., elliptic curves in short
Weierstrass form have genus one. Part c. of Corollary also implies that if deg(D) >
0, then

(D) = deg(D).
Here are several special cases of Riemann-Roch spaces for E:

e Let P € E. Then by the above, /((P)) = 1. Since k C L((P)), we deduce
that £((P)) = k. We conclude that there are no rational functions on E with
a single pole, and which has order 1. (In general, poles of order 1 are called
simple poles.)

e For O := [0 : 1: 0], we have £(2(0)) = 2. In Notes Exercise [2.3.4 we have
shown that the coordinate function x € k(E) has vo(x) = —2. In fact, one can
show that x has no other poles, and so div(z) > —2(0), thus = € L(2(0)).
From £(2(0)) = 2, we conclude that £(2(0)) has k-basis {1, z}.

e We also have £(3(0)) = 3. In Example we have shown that the coordinate
function y € k(E) has vo(y) = —3. One can check that 3 has no other poles,
and thus y € £(3(0)). It follows that {1, z,y} is a basis for £(3(0)).

e We can show that 1,z,y, 2% xy,y% 2> € L(6(O)); these are 7 rational func-
tions in a 6-dimensional k-vector space, and so they are k-linearly dependent.
However, we already know this, due to the relation

v = (z—e1)(z — ex)(w — e3).

The following result says that if C' and D are defined over k, then so is £(D). (This
will be useful when we construct Weierstrass equations for “abstract elliptic curves”
defined over k in the next chapter.)

Proposition 2.5.4. [Sil09, Proposition I1.5.8] Let C' be defined over k and D € Divy,(C).
Then L(D) has a k-basis of rational functions in k(C).

We wrap this chapter up with a result which relates the genera of two curves con-
nected by a morphism.

Theorem 2.5.5 (Riemann-Hurwitz). [Sil09 Theorem I1.5.9] Let ¢: C; — C5 be a
separable morphism of smooth curves, and set g1 := g(C4) and go := g(C5). Then

29y —2 > degd- (20: —2) + > (eg(P) — 1).
PeCq

Furthermore, equality holds if and only if one of the following conditions is true:

a. char(k) = 0.
b. char(k) > 0, but does not divide ey(P) for any P € C}.

Exercise 2.5.1. [Sil09, Exercise 2.4] Let C' be a smooth curve and D € Div(C).
Without using Riemann-Roch, prove the following:

a. L(D) is a k-vector space.
b. If deg(D) > 0, then
((D) < deg(D) + 1.
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Exercise 2.5.2. [Sil09, Exercise 2.5] Let C' be a smooth curve. Prove that the following
are equivalent (over k):

a. C' is isomorphic to P

b. C has genus 0.

c. There exist distinct points P, @ € C with (P) ~ (Q).

Exercise 2.5.3. [Sil09, Exercise 2.6] Let C' be a smooth curve of genus one, and fix a
base point P, € C.

a. Prove that for all P, Q) € C there exists a unique R € C such that
(P) +(Q) ~ (R) + (R).

Denote this point R by o(P, Q).

b. Prove that the map o: C'x C' — C makes C' into an abelian group with identity
element F.

c¢. Define a map

k: C — Pic’(O)

via

P [(P) - (Rl
Prove that k is a bijection, and thus s can be used to make C' into a group via
the rule

P+Q:=x(k(P)+ k(Q)).

d. Prove that the group operations on C' defined in parts b. and c. are the same.

Exercise 2.5.4. [Sil09, Exercise 2.7] Let F(X,Y,Z) € k[X,Y, Z] be a homogeneous
polynomial of degree d > 1, and assume that the curve C' C P? defined by

C:F(X,Y,Z)=0

is nonsingular. Prove that
(d—1)(d—-2)
g(0) = =2
(Hint: one way to do this is to define a map C' — P! and use Riemann-Hurwitz.
Another way is to cleverly construct a nonzero differential w on C, and then use the

fact that deg(div(w)) = 2¢(C) —2.)
Exercise 2.5.5. [Sil09, Exercise 2.8] Let ¢: C; — C3 be a separable morphism of

smooth curves.
a. Prove that g(C}) > ¢g(Cs).
b. Prove that if C; and C5 have the same genus ¢, then one of the following is true:
i. g=0.
ii. g =1 and ¢ is unramified.
iii. g > 2 and ¢ is an isomorphism.
Exercise 2.5.6. [Sil09, Exercise 2.13] Let C/; be a smooth curve.
a. Prove that the following sequence is exact:

1 — k™ = k(C)* = Divi(C) — Pich(O).
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b. Suppose that C has genus one and C'(k) # (). Prove that the map
Div(C) — Pich(O)
is surjective.

Exercise 2.5.7. [Sil09, Exercise 2.14] For this exercise, we assume that char(k) # 2.
Let f(z) € k[z] be a polynomial of degree d > 1 with nonzero discriminant (see Exercise
0.4.2), let Cy/k be the affine curve given by the equation
Co:y? = f(2) = apx® + a2 + ... + ag_17 + aqg,
and let g be the unique integer satisfying d — 3 < 29 <d — 1.
a. Let C be the closure of the image of C via the map
1ow:a?:. a9 y]: Cp — PIT2
Prove that C'is smooth, and that the affine piece C'y, is isomorphic to Cj. The

curve C'is called a hyperelliptic curve.
b. Let

fr(v) = U29+2f 1 — ap+ av+ ...+ ag vt + agv? if d is even,
v agv + a0 + ...+ agv? +ag™ i d s odd.

Show that C' consists of two affine pieces

Co:y’=f (z)
and
Cp:w® = f*(v),

“glued together” via the maps

Co — C4
where |

(z,y) — (5, mgyﬂ) ;

and

C; — Cy
where

1 w
(an) = (;7 ?}g+1) :

c. Calculate the divisor of the differential %‘” on C' and use the result to show that
C has genus g. Check your answer by applying Riemann-Hurwitz to the map
[1:2]: C — P'. (Note that Exercise does not apply, since C' Z P2.)

d. Find a basis for the holomorphic differentials on C. (Hint: consider the set of

differential forms {1’de :4=20,1,2,...}. How many elements in this set are

holomorphic?)
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3. THE GEOMETRY OF ELLIPTIC CURVES

In this chapter, we will study the geometry of elliptic curves, which mostly concerns
their properties over an algebraically closed field k. This chapter sets up the founda-
tional theory of elliptic curves, and will apply what we’ve learned from Chapters 1 and
2. We will continue to assume that our base fields k are perfect.

Recall our original definition of an elliptic curve:

Definition 3.0.1. An elliptic curve E is a smooth plane cubic curve £ C P? with a
fixed point. Thus, in e.g. the z, y-plane it can be written as

E: f(z,y) =0.
Say E is defined over k if you can choose f € k[z,y] and the fixed point from k2.

Here is another definition of an elliptic curve; it is a “coordinate-free” definition.

Definition 3.0.2. An abstract elliptic curve F is a smooth curve of genus one with
a fixed base point O € E. Say FE is defined over k if E is defined over k as a curve and
O € E(k).

The first definition implies the second one, see Exercise 2.5.4] As we will see in §3.3,
these two definitions are equivalent up to k-isomorphism. In fact, we will show more:
if E/ is an abstract elliptic curve, then there exists an equation for E in P? in general
Weierstrass form. Thus, we are led to first study elliptic curves in Weierstrass form.

3.1. Weierstrass Equations. In this section, we will define some invariants for elliptic
curves in Weierstrass form. As we will see in §3.3, any elliptic curve has a defining
equation in Weierstrass form, and if char(k) # 2,3, then they have an equation in
short Weierstrass form. Thus, understanding invariants of Weierstrass equations will
be useful.

Recall the following definition:

Definition 3.1.1. Say a cubic curve C' C P? is in (general) Weierstrass form if it is
given by an equation
C:y? 4+ arzy + asy = 2° + aox® + aux + ag
where a1, as, as, as, ag € k. Say C is in short Weierstrass form if it is given by
C:y’=2>+Ax+B
where A, B € k. In either case, say C is defined over k if the coefficients lie in k.

When char(k) # 2, we can make a linear change of variables to simplify a general
Weierstrass equation: given a curve

C:y* +axy + asy = 2° + axx® + au + ag,

we can take y := %(y’ — a1r — ag) to get a new defining equation in coordinates = and
/

Y
C =y = 42® + byx® + 2byx + bg

where by := a? +4ay, by := 2a4+aaz and bg := a3 +4ag. If we also assume char(k) # 3,

then we can make a further linear change of variables to get C' into short Weierstrass
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' —3bo

= we get an equation for C' in coordinates =’ and

form: taking = := and ' =

y”, via

y_//

108"
C:y" =23 — 2Teya’ — Bdeg

where ¢y := b3 — 24b, and cg := —b3 + 36byby — 2160bs.

Notes Exercise 3.1.1. Double-check that for a curve C), C P? given by

C: f(x,y) =0,

a linear change of variables x := a2’ — b and y := ¢y’ — d with a,b,c,d € k gives a
k-isomorphism C' = C’, where

C: f2y) =0.
Here are some more invariants for a curve in Weierstrass form.
Definition 3.1.2. For a curve in Weierstrass form,
C:y® 4+ a1zy + asy = 2> + asx® + asx + ag,
the discriminant of C' is
A := —b3bg — 8b; — 27b% + 9bybaby

where bg := alag + 4asag — ajazas + aza3 — aj. One has that C is nonsingular if and
only if Ag # 0, iff C' is an elliptic curve.
If £ := C above is an elliptic curve, then its j-invariant is
(B - o
and its invariant differential is
o dx B dy
W 2y +ax +as  3x2+ 2000 + ag — a1y

One has 4bg = bybg — b2 and 1728Ap = ¢3 — .

Both the j-invariant and invariant differential of an elliptic curve are very important.
The j-invariant will parametrize elliptic curves up to isomorphism, and the invariant
differential will “linearize” the group law on an elliptic curve, allowing us to analyze
morphisms of elliptic curves more easily.

As you can see, the formulas for invariants of a curve in general Weierstrass form are
notationally dense. However, much of it simplifies for curves in short Weierstrass form:

Notes Exercise 3.1.2. Assume that char(k) # 2, and let E C P? be an elliptic curve
given by
E:y* =2+ Az + B.
Show that Ap = —16(44% + 2752) and j(E) = 1728 - 42°.
It may be interesting to ask what type of linear change of variables will take Weier-

strass equations to Weierstrass equations, fixing the point at infinity. As it turns out,
such a change of variables must have the form

r = u?2 41y = udy + ulsa’ +t,
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where r, s,t,u € k and u # 0. If we further restrict our attention to a change of variables
which preserves short Weierstrass form, we end up with
v = ulr y = udy
for some u € k.
The table shows how the invariants of a curve in Weierstrass form will change under
a linear change of variables as above:

ual = ay +2s
u?al = az —sa; +3r —s
udah = a3z +ray +2t
utal, = as — sas + 2rag — (t +rs)ay + 3r? — 2st
ubal = ag +rag +rias + 12 — tag — t2 — rtay
u?bly = by + 12r
u*bly = by + rby + 677
ubbf = bg + 2rby + 12by 4 413
u®b} = bg + 3rbs + 3r2by + 1r3by + 31t

4.0

2

uld, = ¢y
6.4

u’ch = ce

uZA" = A

S

J =17

vl =w

FIGURE 3.1.1. Change of variable formulas for Weierstrass equations [Sil09).

Observe from this table that the j-invariant does not change under a linear change of
variables which preserves Weierstrass form. The j-invariant of an elliptic curve is quite
useful: it parametrizes the elliptic curve up to isomorphism.

Proposition 3.1.1. [Sil09, Proposition I11.1.4]
a. Two elliptic curves are k-isomorphic if and only if they have the same j-invariant.
b. For any jo € k, there exists an elliptic curve whose j-invariant is jo.
We have shown previously that when char(k) # 2, an elliptic curve of the form

E:y*=(z—e)(r—ey)(x —e3)

has a differential w := df which is both holomorphic and nonvanishing, i.e., div (df) =0

(see Example [2.4.3). As it turns out, for an elliptic curve in general Weierstrass form,

the invariant differential w := %Jm—zﬁw also has this property:

Proposition 3.1.2. [Sil09, Proposition II1.1.5] For an elliptic curve E in Weierstrass
form, the invariant differential w is holomorphic and nonvanishing, i.e., div(w) = 0.

We will opt to talk about singular curves at a later date. However, there is one result
we need for §3.3 which concerns singular Weierstrass equations.
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Proposition 3.1.3. [Sil09, Proposition II1.1.6] If a curve C C P? given by a Weier-
strass equation is singular, then there exists a rational map C --+ P! of degree 1, i.e.,
the curve C' is birational to P[]

Remark 3.1.1. In the above proposition, since C' is singular, we cannot use Corollary
to conclude that C' and P! are isomorphic. See also Exercise [1.3]

3.2. The group law. In this section of [Sil09], Silverman describes the group law on
a planar elliptic curve, which we have already done in Chapter 0. In §3.1 and 3.2,
Silverman also describes the group law on a singular cubic curve given by a Weierstrass
equation. We will push our coverage of singular Weierstrass equations to Chapter 7, in
the interest of completing the rest of Chapter 3 before Spring break.

Exercise 3.2.1. [Sil09, Exercise 3.3] Assume that char(k) # 3, and let A € k*. Then
Exercise ([Sil09], Exercise 2.7]) shows that the curve
E:X*+Y?=AZ°

is a curve of genus one, so together with the point O = [1 : —1 : 0], it is an elliptic
curve. (See also Exercise [0.7.4])

a. Prove that three points on E add to O if and only if they are collinear.

b. Let P:=[X :Y : Z]. Prove the formulas

—P=[Y:X:Z
and
2]P = [-Y (X3 + AZ%) : X(Y3 + AZ%) : X372 — Y?Z).
c. Develop an analogous formula for the sum of two distinct points.
d. Prove that E has j-invariant 0.

3.3. Elliptic curves. Recall our two definitions of elliptic curve thus far:

1. A smooth cubic curve E C P? with a fixed point (coordinate-full);

2. A smooth curve of genus one with a fixed point (abstract, coordinate-free).
The main goal of this section is to prove that these two definitions are equivalent.
In particular, we will show that for an abstract elliptic curve (F,O) defined over k,
there exist functions x,y € k(E) which can be used as coordinate functions to map F

isomorphically onto a planar curve in P? given by a Weierstrass equation, and under
this map O — [0:1:0].

Proposition 3.3.1. [Sil09, Proposition I11.3.1] Let (E,O) be an abstract elliptic curve
defined over k.

a. There exist functions x,y € k(E) such that the map
¢: B — P?
via
p=[zr:y:1]

A birational map is a rational map ¢: V3 --» Vs, for which there exists a rational map ¢ : Vo --» V4
such that ¢ and 1 are inverses to one another where they are defined.
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1s a k-isomorphism onto an elliptic curve
E' oy + ayzy + asy = 22 + asx? + auz + ag,

where each a; € k, and we also have $(O) = [0:1:0]. (The functions x and y
are called Weierstrass coordinates for F.

b. Any two Weierstrass equations for E in part a. are related by a linear change
of variables of the form

r=u’r +ry =13y + su’s +t,
where v, s, t,u € k and u # 0.

c. Conversely, every elliptic curve over k in Weierstrass form is an abstract elliptic
curve over k, i.e., has genus 1.

Proof. As noted in Example since g(E) = 1, Riemann-Roch implies for each
n € Z* that

(n(0)) =n.
Thus, £(2(0)) = 2, and so there exists a nonconstant function z € k(E) such that {1,z}
is a k-basis for £(2(0)); furthermore, as £ and (O) are defined over k, by Proposition
we can assume that x € k(F). Similarly, there exists y € k(FE) such that {1, z,y}
is a k-basis for £(3(0)).

We claim that = has a pole of exact order 2 at O. By an observation in Example
2.5.4) no rational function on E has a single pole, and which has order 1; however,
from = € L£(2(0)), we know that x is regular away from O, which forces vpo(z) = —2
(otherwise it is constant, contradicting that {1,z} is a k-basis for £(2(0))). Similarly,
y has a pole of exact order 3 at O, noting that the set {1, z,y} is k-linearly independent.

Next, we observe that there are 7 linearly dependent functions in £(6(0O)): they are
1,z,y,2% xy,y% 23 Since £(6(0)) = 6, this forces a nontrivial k-linear dependence
between these functions. In fact, since the k-span of these elements generate a k-vector
space of dimension at most 6, there exists a nontrivial k-linear dependence between
them: i.e., there exists Ay, As, ..., A7 € k with

A+ Asx 4+ Ay + Ayx® + Asay + Agy® + Ara® = 0.
We claim that Ag # 0 and A; # 0: if e.g. A7 =0, then from
Aj 4+ Ao + Agy + Agr® + Aszy + Agy® = 0,

each function in the sum has a different valuation at O. This forces each A; = 0: for
example, if ¢ € k(E) is a uniformizer at O, then multiplying the equation by ® and
then evaluating at O shows that Ag = O. Then multiplying by ¢ and then evaluating
at O shows that A5 = 0, and so on, which contradicts not all A; being zero. We deduce
that Ag # 0 and A; # 0.

We can replace x by —AgAzx and y by AgA2y, and then divide by A3A% to get a
nontrivial k-linear dependence

ag + asx + azy + apr® + aywvy +y* +2° =0

where each a; € k; this time, the indices are connected to the valuation of the rational
function it is multiplied with. This equation defines a curve C' C P? in (by abuse of
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notation) coordinates x := = and y := =, and by its construction, we have a surjective
rational map
o: B --»C
defined over k, via
¢=[zr:y:1].

Since £ is a smooth curve, this is a k-morphism by Proposition [2. ([31109 Proposition
I1.2.1]), and since it is nonconstant, it is surjective by Theorem 2| ([Si109, Theorem
11.2.3]). Furthermore, we have ¢(O ) [0:1:0] since vo(y) < vo( ) < 0 (see the proof
of Proposition .

Finally, we must show that ¢ is an isomorphism; by Corollary ([Sil09, Corollary
2.4.1]), it suffices to show that C' is smooth and deg¢ = 1. Suppose that degqﬁ =1
we will argue that C' is smooth. If C'is not smooth, then by Proposition ([Si109,
Proposition I11.1.6]) there exists a degree 1 map ¢. C --» P!. Then % o qﬁ. E — P!
is a degree 1 map between smooth curves, which by Corollary ([Si109, Corollary
11.2.4.1]) forces E and P! to be isomorphic. However, this is an impossibility, since
g(FE) =1 and g(P') = 0. We deduce that C' is smooth if deg ¢ = 1.

Next, we will show that deg¢ = 1: we must show that [k(E) : k(¢*(C))] = 1, ie.,
[k(E) : k(z,y)] = 1. Observe that if [k(E) : k(z)] = 2 and [k(F) : k(y)] = 3, then we
must have [k(E) : k(z,y)] = 1, and we would be done. To this end, first consider the
“projection” map

T F— P!
via

Ty =[x 1];
i.e., for each P € E we set m,(P) := [z(P) : 1]. Observe that Wx(O) =[z(0): 1] =[1:
0] =: oo, since O is a pole of x. By part a. of Proposition 5| ([Sil09, Proposition
11.2.6]), we have

Z er, (P) = degm,.

Pewgc_l(oo)

We claim that 7, '(c0) = {O}, and that e, (O) = 2; this would imply that degm, = 2.

First, if P € 7, '(0c0) = {O}, then [z(P) : 1] = [1 : 0], and so z has a pole at P;
however, x only has a pole at O, which forces P = O. Next, giving P! the coordinates
X,Y, we can check that a umformlzer at oo is %, and so 7! ()Y() = %, which implies
that e, (O) := vo (x) = 2. We deduce that [k(E) : k(x)] = 2; similarly, one can show
that [k(E) : k(x,y)] = 3. This concludes our proof of part a.

For part b., observe that if x,y and 2/,y’ are two pairs of Weierstrass coordinates
for E, then from z,2" € £(2(0)) and y,y" € L£(3(0)), which have bases {1,2'} and

{1,2',y'} respectively, there exist uy,us € k™ and r, s9,t € k with
T =wux + 1y =uy + sox’ +t.

Since both sets of coordinates satisfy equations where the terms for 2% (resp. z’®) and
y* (resp. y”) have coefficient 1, this forces uf = 1 = uj. Setting u := * and s := 3
gives the desired change of variables.
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For part c., we must show that for an elliptic curve
E: oy +aizy + asy = 2° + asx® + ayx + ag,

we have g(E) = 1. We have shown this for an elliptic curve in short Weierstrass form in

Example|2.5.4] noting that there exists a trivial canonical divisor, namely div (i—”‘“) = 0.

We will do the same for the general Weierstrass form: consider the canonical divisor

dx

wi=——7—7¥—¢€.
2y+a1x+a3 E

Then we have seen that div(w) = 0 in Proposition [3.1.2] (One can also use Exercise
on the genus formula for a smooth curve in P2.) O

Corollary 3.3.2. [Sil09, Corollary I11.3.1.1] Let Ej be an elliptic curve with Weier-
strass coordinates x,y. Then k(E) = k(x,y) and [k(E) : k(z)] = 2.

In the second half of this section, we will describe the group law of an elliptic curve
given by the chord and tangent method, in terms of divisors.

Lemma 3.3.3. [Sil09, Lemma I11.3.3] Let C' be a curve of genus one and let P,Q € C.
Then

(P) ~(Q)
if and only if P = Q).
Proof. First suppose that (P) = (Q) + div(f) for some f € k(E). Then we can write
div(f) = (P) = (Q).

We thus have div(f) > —(Q), and so f € L((Q)). However, by Riemann-Roch we have
((Q)) = 1, and so f is constant. Therefore, div(f) = 0, and we have (P) = (Q), i.e.,
P = (. The converse is clear. O

Here is the proposition which tells us the group law on an elliptic curve (E,O)
(abstract or otherwise) is the same as a certain group law on Pic’(E).

Proposition 3.3.4. [Sil09, Proposition I11.3.4] Let (E, O) be an elliptic curve.
a. For any D € Div'(E), there exists a unique point P € E with
D ~ (P)—(0).

Call this map o: Div'(E) — E, i.e., o(D) = P.
b. o is surjective.
c. For Dy, Dy € Div’(E), one has

O'(Dl) = O'(DQ)

if and only if
D1 ~ D2.
Thus, the induced map o: Pic’(E) — E is a bijection.
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d. The inverse of o is
k: E — Pic’(E)
via
K(P) = [(P) — (O)].
e. If E is given by a Weierstrass equation, then (E,O) is a group via the chord
and tangent method, and o and Kk are group isomorphisms.

Proof. For part a., observe that by Riemann-Roch, ¢/(D+(0)) = 1. Thus, we can choose
a nonzero element f € £(D+ (0)). Since div(f) > —D —(0) < div(f)+ D+ (0) >0,
and since deg(div(f)) = 0, we claim that this implies

() div(f) = =D - (0) + (P)

for some point P € E. To see this, write div(f)+ D+ (O) = D’ for some D" € Div(E);
since deg(D + (0)) = 1, we have deg(D’) = 1. Writing D" = >, pnp - (P), we
know that D' = div(f) + D + (0O) > 0, i.e., D' is effective; thus, each np > 0. From
deg(D’) = 1, this forces np = 0 for all but one point P € E, which must also have
np = 1. We deduce that D' = (P) for some P € E, whence we conclude that (5)) holds.

It follows that D ~ (P) — (O). We also claim this P is unique: if we have D ~
(P") — (0), then (P) — (O) ~ (P") — (O), and thus (P) ~ (P'), which by the previous
lemma ([Sil09, Lemma I11.3.3]) implies that P = P'.

For part b., simply observe that for P € E, one has for D := (P) — (O) € Div’(E)
that D ~ (P) — (O), and thus o(D) = P.

For part c., writing each o(D;) := P; € E, one has D; ~ (P;)—(O), and thus D; ~ D,
if and only if (Pl) - (O) ~ (Pg) - (O), iff (Pl) ~ (Pg), iff (by lemma) P1 = PQ.

Part d. is clear (from our surjectivity check). For part e., it suffices to show that for
P, Q) € E, one has

k(P ® Q) =k(P)+ r(Q),
where P @ @ is the group law on (E,O) via the chord and tangent method, and
x(P) 4 k(Q) is addition in Pic’(E). This is equivalent to i.e.,

(P& @) —(0)]=I[P)—(0)]+[Q) - (0)]
ie.,
(P& Q)—(0)~(P)+(Q) —2(0),
ie.,
(PeQ)+(0) ~ (P)+(Q).

To do this, we will trace through the chord and tangent method and produce rational
functions from it. To compute P& (), we first consider the (projective) line Lp ¢ defined
b

’ F(X,Y,Z):aX +bY +cZ =0.
This line intersects E at a third point P * (). Then we consider the line Lp.q o defined
b

’ GX,)Y,Z):d X +VY +Z=0.
This line intersects ' at the third point P x Q).
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Both lines only intersect E at their 3 respective points; additionally, since the line
Z = 0 intersects E at O exactly 3 times (O = [0 : 1 : 0] is flex for a Weierstrass
equation), we see that

div (g) — (P)+(Q) + (P+Q) - 3(0)

and

div (g) —(P+Q)+ (P& Q) - 2(0).

Thus, we find that

div (%) —(P®Q)+(0) - (P) - (Q).

We deduce that
(PaQ)+(0)~(P)+(Q)

We conclude that x: E — Pic’(E) is a homomorphism, and thus an isomorphism. [

Corollary 3.3.5. [Sil09, Corollary I11.3.5] Let E be an elliptic curve and let D :=
> pepnp(P) € Div(E). Then D € Prin(E) if and only if

deg D := an:0

PeFE

ZTLPP: O,

PCE
where the second sum 1s addition in E.

and

Proof. Before we prove this, let us make an observation. Suppose that we have a divisor
D € Div’(E). Then we can write

D= np-(P),
PEE
where
Z np = 0
PEE

We check that

=Y np-((P)=(0) + (Z ”P) (0)
- Z np - ((P) — (0)) (since deg(D) =0).

By Proposition [3.3.4] ([Sil09, Proposition III.3.4]), we have isomorphisms
o: Pic®(E) & E, o([D]) := Pp € E such that D ~ (Pp) — (O)
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and

E5S PiCO(E), 7(P) :=[(P) — (O)],
which are inverse to each other. It follows that

o([D]) =0 (Z np-[(P) - (0)]>

We conclude that for any degree 0 divisor D = Y, np - (P) € Div’(E), one has

(6) o((D) = S np - P.

PeFE

We now prove the result. For a divisor

D:=Y np-(P)€Div(E),

if D € Prin(E) then o([D]) = ¢([0]) = O, which by (6] implies that
Z np - P = O;

we also know that deg(D) = Y. p.pnp = 0 by Proposition [2.3.1] ([Sil09, Proposition

I1.3.1]). Conversely, suppose that D € Div(F) satisfies both » 5. np = 0 and
Z np - P =0.
PeE
Then the first condition implies that D € Div’(E), which by (f)) means that
o([D]) = Z np - P.
PEE

However, the second condition then implies that o([D]) = O, which forces [D] = [0],
ie., D € Prin(FE). O

We can combine Proposition [3.3.4{ with Notes Exercise[2.3.6|and conclude there exists
an exact sequence

15k = RE) LS DvI(E) S E—0
Furthermore, Exercise [2.5.6 shows that this is also true over k,
1=k = k(E) L% DivVY(E) & E(k) — 0.

To wrap this section up, we will prove that the addition law on an elliptic curve over
k is a k-morphism of elliptic curves.
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Theorem 3.3.6. [Sil09, Theorem II1.3.6] Let E . be an elliptic curve in Weierstrass
form. Then the group law
®:ExE—-FE

is a k-morphism. Additionally, the inverse map

SHE )
1s a k-morphism.
Proof. If we write our equation as

y? + arry + asy = 2° + axx® + aux + ag,
then the inverse map on points P = (z,y) € E is
OP = (x,—y — ez — a3),
see Exercise (formulas for addition on an elliptic curve in general Weierstrass
form). This is clearly a rational map defined over k, and it extends to a k-morphism
via Proposition [2.2.1
Next, fix a point () # O € E, and define the translation-by-() map 7g: E — E via
9(P) =P & Q.

This is a rational map over k by Exercise [0.7.1] In fact, this is a k-isomorphism, with
inverse R — RS Q.

Consider the map
@& ExXE—FE

given by addition. It is a rational map of varieties defined over k, and defined everywhere
except possibly at pairs (P, P), (P,—P), (P,0), (O, P).

To tackle this issue, for points Q)1,Q2 € E, let 7;,: E — FE be translation-by-@Q); for
each @);. Then we have the composition

7_71 7_71
0 ExEXBExES EL s E 2y E.
Under this map ¢, we have
(Pr, P») e (PL+ Q1 P+ Q)

g>1D1"‘Q1+132‘1‘Q2
7_71
1—>P1+P2+Q2

-1
25 P+ Ps.

Thus, ¢ = @ wherever they are both defined. Furthermore, as 7 and 7, are (iso)morphisms,
we find that ¢ is defined at all points on E x F, except possibly those of the form

(P - Qb P — Q2)7 (P - Ql? —-P - Q2)7 (P - Qla _Q2)7 (_Qh P — QQ) HOWGVQI', since
@1, Q)2 were arbitrary and the definition of ¢ is independent of (); and ()2, we can find
a sequence of rational maps

¢1’¢27"'7¢n: ExE—=E
such that:
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1. ¢1 = @ is the addition map in Exercise [0.7.1}
2. For each point (P, P,) € E x E, some ¢; is defined at (P, P,);
3. If both ¢; and ¢; are defined at (P, ), then ¢;(Py, ) = ¢;( P, ).
It follows that @ is defined everywhere on EF x E — simply choose the right ¢; above

defined at that point (P, P»), as the preceding discussion shows that ¢;(P, P») =
P, & P,. We conclude that @ is a k-morphism. O

From here on out, we will write + instead of & to ease notation.

Exercise 3.3.1. [Sil09, Exercise 3.6] Let C' be a smooth curve of genus g, let Py € C,
and let n > 2g + 1 be an integer. Choose a basis { fy, ..., fm} for L(n(F)), and define
a map
¢: C —P"
via
bo=lfor .- ful
a. Prove that the image C" := ¢(C) is a curve in P™.

b. Prove that the map ¢: C' — C’ has degree one.
c. *Prove that C” is smooth and that ¢: C' — C” is an isomorphism.

3.4. Isogenies. In this section, we will define an isogeny of elliptic curves: these will
be the morphisms of curves which are also group homomorphisms. We will give several
examples of isogenies, and show that the algebro-geometric definition of an isogeny
implies they are group homomorphisms. We will then show that isogenies, being par-
ticularly rigid when compared to a general morphism of curves, also satisfy nice general
properties.

Definition 3.4.1. Given two elliptic curves (F,O) and (E’,O’), an isogeny between
FE and E’ is a nonconstant (i.e., surjective) morphism ¢: F — E’ satisfying ¢(O) = O'.
In this case, we say that F and E’ are isogenous.

Remark 3.4.1. We will call the constant zero map [0]: E — E’ via P — O’ the zero
isogeny. We want to include this since we will put a group structure on the set of
isogenies.

For two elliptic curves E and FE’, let us define
Hom(E, E') := {isogenies ¢: E — E'} U{[0]}.
Given two isogenies ¢, ¢ € Hom(FE, E’), the function
o+ E— F

defined by their pointwise sum is also a morphism: this is because addition on E’ is a
morphism by Theorem [3.3.6] ([Sil09, Theorem II1.3.6]), and ¢ + ¢ is post-composition
of the morphism ¢ x ¢: £ x E — E’' x E" with addition on E’. Therefore, Hom(E, E’)
is a group under addition.

In the case where F = E’, let us set

End(E) := Hom(FE, E);
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this is called the endomorphism ring of . When there is no confusion, we will call
its elements endomorphisms.

We can put a ring structure on End(FE) by defining multiplication of isogenies as
composition: i.e., given ¢, ¢ € End(F), we define ¢ - ¢: E — F via

(¢ ¢)(P) := ¢(p(P)).
The unit group of End(E) is called the automorphism group of E, denoted Aut(E).
This is the group of isomorphisms ¢: F — E with ¢(O) = O. When there is no
confusion, we will simply call these automorphisms.
For two elliptic curves E and E’ defined over k, we let Homy(E, E’) be the group of
k-rational isogenies from E to E’, Endy(E) the ring of k-rational endomorphisms of E,
and Auty(FE) the k-rational automorphisms on E.

Example 3.4.1. For the elliptic curve
E/Q:y2:x3—:v,
one has the isogeny
¢o: F—FE
via ¢(x,y) := (—x,iy). Thus, ¢ € End(£) \ Endg(F).

Notes Exercise 3.4.1. Check in the above example that ¢? = [—1]. Use this to deduce
that ¢ is an automorphism of F.

Example 3.4.2. Here is the important class of endomorphisms. For an elliptic curve
E, for each integer n € Z* we have the multiplication-by-n map
[n]: E— E

defined by [n](P) := nP. For n < 0, we set [n](P) := n(—P). This is a morphism by
induction on Theorem ([Sil09, Theorem II1.3.6]); since [n](O) = O, it is also an
isogeny. Furthermore, if F is defined over k, then so is [n].

Here are some properties of endomorphisms on an elliptic curve.

Proposition 3.4.1. [Sil09, Proposition I111.4.2]

a. Let E be an elliptic curve, and let n € Z with n # 0 in k. Then [n]: E — E is
nonconstant, hence surjective.

b. For elliptic curves E and E', the group of isogenies Hom(E, E') is a torsionfree
Z-module.

c. Let E be an elliptic curve. Then End(FE) is a (not necessarily commutative)
ring of characteristic 0 with no zero-divisors.

Proof. Part a. can be proven using the invariant differential, so we will defer this to
the next section. Let us prove parts b. and c. using a.

For part b., let ¢ € Hom(FE, E") be an isogeny. Suppose that for some nonzero
n € Z we have ng = [0]. The morphism n¢: E — E’ is equivalent to the composition

ES p E'; thus, its degree equals
deg([n]) - deg(¢) = 0.
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By part a., since n # 0 we know that [n] is nonconstant, and thus deg([n]) # 0, which
forces ¢ = 0. We deduce that Hom(E, E’) is a torsionfree abelian group.

For part c., part b. shows that End(F) has characteristic zero, i.e., the map [-]: Z —
End(FE) is injective. If ¢, ¢ € End(F) satisfy

then taking degrees implies that

deg(¢) - deg() =0,

which forces ¢ = [0] or ¢ = [0]. We conclude that End(£) has no nonzero zero-divisors.
(Thus, if End(F) is a commutative ring, then it is an integral domain.) O

Given an elliptic curve E, observe that for integers n € Z%, the kernel of the
multiplication-by-n map [n|: E — E is precisely the points of order dividing n. This
motivates the following definition.

Definition 3.4.2. For an elliptic curve E and integer n € Z™, the n-torsion subgroup
of F is the subset of E of points with order dividing n:

E[n]:={P € E: [n|]P = O}.
The full torsion group of F is
Eltors| := U Eln].

n>1
If F is defined over k, then E(k)[n] and E(k)[tors] are the k-rational subgroups of E[n]
and E[tors|, respectively.

Example 3.4.3. The torsion points on an elliptic curve are very interesting to study.
Over an algebraically closed field, there are infinitely many torsion points. However,
over non-algebraically closed fields, this isn’t necessarily the case. For example, a classic
theorem of Mazur [Maz77] proved that for any elliptic curve E/q, the group £(Q)[tors]
is isomorphic to one of the following 15 groups:

E(Q)[tors] = Z/NZ N=12...,10,12,
" \Z/2Z2®7Z/NZ N =1,2,3,4.

Remark 3.4.2. We will show in this section that all fibers of a separable isogeny
¢: E — E’ have size equal to deg(¢); in general, all but finitely fibers of a morphism
have this size, see Proposition [2.2.5] In §3.6, we will see that deg([n]) = n?. Therefore,
we will eventually conclude that #FE[n] = n? when [n] is separable, which is true when
char(k) = 0 or char(k) is coprime to n; we will prove this in §3.5. Thus, in this situation,
we can conclude that F has exactly n? points of order dividing n over k. There are
other more computational ways to prove this fact, too — see [Sil09, Exercises 3.7, 3.8,

3.9).

Remark 3.4.3. By Proposition [3.4.1] we have an injection [-]: Z — End(E). For
“most” elliptic curves E, this is an isomorphism, i.e., End(E) = {[n] : n € Z}. How-
ever, it can happen that End(F) 2 Z, in which case we say that £ has complex
multiplication.
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Example 3.4.4. A previous example in this section showed that E/q : y*> = 2* — z has
an endomorphism ¢(z,y) := (—z,iy) € Endg(F). Writing [i] := ¢, we have a map

[[]: Z[i] — End(E)
via [a + bi] := [a] + [b] - [{]. As it turns out, this is a ring isomorphism, and so Z[i] =
End(E). Furthermore, we have {+1,+i} = Aut(F) under this isomorphism. This is
an example of a CM elliptic curve, with “CM field” Q(7).

Example 3.4.5. Here is an example of an isogeny and its dual (which we will discuss
in detail in §3.6). Let char(k) # 2, and fix a,b € k where b # 0 and r := a® — 4b # 0.
Consider the elliptic curves
Byt =2+ ar? + b
and
Ey % = 2% — 202 + ra;
since b # 0 and char(k) # 2, one can double-check that both curves are nonsingular

by checking whether the polynomials in x have repeated roots, see Exercise One
has isogenies ¢: £y — Fy and ¢: Ey — E; given by

sy om (£, 2022)

o(z,y) = <y2 M) :

472’ 8x2

Both have degree 2, and in fact ggo p=¢o a = [2]. These isogenies ¢ and éﬁ\ are dual
to each other.

and

Example 3.4.6. in §2.2, we described the Frobenius map. Given a field k of positive
characteristic p, for a power ¢ := p" and a curve C/;, defined by I C k[Xo, X1, ..., X,],
we had a new curve C@ defined by the ideal I@ := (F(@ : f € I), where F(9 was the
polynomial obtained from raising the coefficients of F' to the ¢’th power. We then had
a map C — C@ called the g-power Frobenius morphism, which was explicitly

F,ilwo:...ixy] = [xd ..o 2d)

When k = F,, the ¢'th power map on £ is the identity; it follows that C@ = (C, and so
F, € End,(C). One can check that the set of points in C(F,) fixed by F, is precisely
C(F,). As it turns out, this can be used to give a formula for #C(F,), which we will
see in the case where C' = F is an elliptic curve (§5.1): in particular, the Hasse- Weil

bound says that |[#E(F,) — ¢+ 1] <2,/q.

Example 3.4.7. Let us make an observation regarding morphisms of elliptic curves.
Given an elliptic curve E and a point ) € E, we have a translation-by-Q) map 7¢: E —
E by

TQ(P) = P+Q.

This is an isomorphism, with inverse 7_¢. However, this is not an isogeny unless O.
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Given a morphism ¢: F — E’, we consider the composition
¢0 . E i) E/ T—-$(0) El
Then ¢q is a morphism, with ¢(O) 1= 7_40)(¢(0)) = O'. In particular, ¢ = 740 © ¢o.
We deduce that any morphism of elliptic curves is an isogeny followed by a translation.

Let us now show that any isogeny is also a group homomorphism.
Theorem 3.4.2. [Sil09, Theorem I11.4.8] Let
¢: B — FE
be an isogeny. Then ¢ is a group homomorphism: for all P,Q) € E, one has
(P + Q) =o(P) + 6(Q).

Proof. Assume that ¢ is nonconstant. Then Remark at the end of §2.3 noted that
there exists an induced “norm” map ¢,: Pic’(E) — Pic’(E’), which was defined for
P e E by

¢.((P)) = (¢(P)),
and then extended linearly. On the other hand, by Proposition [3.3.4] ([Sil09, Proposition
I11.3.4]), we have group isomorphisms #: £ — Pic’(F) and «': E' — Pic’(E'), given

by e.g.
K(P) = [(P) = (O)].

Since ¢p(0) = O', we have a commutative diagram

E —— Pic’(E)

E' —- Pic(E)

Since k, k" and ¢, are homomorphisms with ' injective, we conclude that ¢ is a homo-
morphism (check it!). O

Corollary 3.4.3. [Sil09, Corollary 111.4.9] For an isogeny ¢: E — E’, the kernel
ker ¢ = ¢~ 1(O') is a finite subgroup of E.

Proof. since ¢ is a homomorphism, ker ¢ is a subgroup of E. The size of ker ¢ is at
most deg ¢ by Proposition [2.2.] ([Sil09, Proposition 1I.2.6]). O

The next result is a collection of implications from the fact that an isogeny is a group
homomorphism.
Theorem 3.4.4. [Sil09, Theorem I11.4.10] Let ¢: E — E’ be an isogeny.

a. For every Q € F',
#0~1(Q) = deg,(9).
Furthermore, for every P € E,

es(P) = deg;(¢).
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b. We have an isomorphism
ker ¢ = Aut(k(E)/¢*(k(E")))
via
R — 15

(Here, Tr: E — E is translation by R, and 7}, is the automorphism on k(E)

induced by Tg.)
c. ¢ is separable if and only if ¢ is unramified. In such a case, one has

4 ker ¢ = deg(6),
and k(E)/¢*(k(E")) is Galois.

Proof. We will only prove part a.; the other parts are also proven in [Sil09]. By Propo-
sition [2.2.5] ([Sil09, Proposition 11.2.6]), we know that #¢~(Q) = deg,(¢) for all but

finitely many points Q € E’. We claim that all of the sets ¢~1(Q), for Q € F', are in

bijection. To see this, fix Q, Q" € F; since ¢: E — FE' is surjective, there exists R € F

with ¢(R) = Q' — Q. It follows that for all P € ¢~(Q), we have
$(P+R)=0(P)+o(R)=Q+(Q —-Q)=0Q,

since ¢ is a homomorphism. In particular, translation-by-R induces a map

TR ¢7H(Q) = 671 (Q).
Since we also have the inverse map 7_z: ¢~ (Q’') — ¢~ 1(Q), we deduce that #¢~(Q) =
#0(Q).

For the second part of a., fix any point Q@ € E’, and let P, P’ € ¢$~1(Q). Let us set
R := P'— P. Then ¢(R) = O, and thus ¢o7g = ¢ (this just shows that for any element
R € ker ¢, one has ¢ o 7p = ¢). Then by Proposition [2.2.5] ([Sil09, Proposition II.2.6]),
we have

es(P) = €gory (P)
= erp(P) - e4(Tr(P))
= ey(Tr(P)) (since deg(tr) =1)
= €¢(P —+ R)
= 6¢(P/).
We deduce that the ramification index in any fiber ¢~1(Q) is constant. Thus, by
Proposition2.2.5| the formula

Y eg(P) = deg(e)
Peg=1(Q)

becomes
(#071(Q)) - es(P) = deg(9).
By part a., this simplifies to

deg,(9) - €4(P) = deg(9).
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However, since deg(¢) = deg,(¢) - deg,;(¢), we deduce that
eg(P) = deg;(9).
Since () € E’ was arbitrary, this concludes part a. O

There are a number of interesting consequences from the fact that a separable isogeny
¢: E — E’ induces a Galois extension k(E)/¢*(k(E")). One of these is the following:

Corollary 3.4.5. [Sil09, Corollary I11.4.11] Let ¢: E — E" and p: E — E" be iso-
genies, and assume that ¢ is separable. If ker ¢ C kerp, then there exists a unique
1sogeny A: E' — E" such that the following diagram commutes:

E ¢ y B
\k‘ k// A
E//

Here is a “converse” result, which shows that given a finite subgroup of F, there
exists a separable isogeny from E whose kernel is this subgroup:

Proposition 3.4.6. [Sil09, Proposition 111.4.12] Let E be an elliptic curve and C C E
a finite subgroup. Then there exists an elliptic curve E' unique up to isomorphism, and
a separable isogeny ¢: E — E', such that

ker o = C.
(We sometimes write E/C = E'.)

Remark 3.4.4. One can show a bit more in the proposition above. For an elliptic
curve E/, say that a subgroup C' C E' is k-rational if it is stable under the action of
Gy, i.e., if for all R € C and for all 0 € Gy, one has o(R) € C. Then the curve E’
in the proposition above can be defined over k, and so can the isogeny ¢. See [Sil09]
Exercise 3.13].

3.5. The invariant differential. In this section, we will discuss some properties of the
invariant differential of an elliptic curve, and some of their consequences. As mentioned
in §2.4, differentials provide a nice way of determining whether morphisms of smooth
curves are separable. We will use them to determine when a multiplication-by-n map
is separable, as well as when an auxiliary map of g-power Frobenius is separable (which
will be useful for proving the Hasse-Weil bound in Chapter 5).

Recall from §3.1 that for an elliptic curve

E:y? + a1xy + asy = 2° + aox® + aux + ag,
its wnwvariant differential is
dx
Wi=—
2y + a1 + asg

We've cited that it has no zeroes or poles in Proposition ([Sil09, Proposition
I11.1.5]), i.e., div(w) = 0. Next, we will see that it is invariant under the pullback of

€ Qg.
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translation maps. Recall that for a morphism ¢: Cy — C5 of smooth curves, we have a
pullback map ¢*: Q¢, — Q¢, on differentials via

o (3 fdw:) 1= 3 0" (F)d(6" ().

Proposition 3.5.1. [Sil09, Proposition I11.5.1] Let E and w be as above, and for a
point Q € E, let 7g: E — E be the translation-by-QQ map. Then for all ) € E, we have

TH(w) = w.
This proposition can be used to prove the following result.

Theorem 3.5.2. [Sil09, Theorem I11.5.2] Let E and E’ be elliptic curves, let w be an
invariant differential on E[| and let

o, E— F
be isogenies. Then
(¢ + ) (w) = ¢"(w) + ¢ (w).

This proof is also in [Sil09]; however, despite being an important theorem, it is a
bit tedious to prove, so we forgo a proof of it here. Let us observe some important
consequences of this theorem instead.

Corollary 3.5.3. [Sil09, Corollary I11.5.3] Let w be an invariant differential on an
elliptic curve E, and let n € Z. Then

[n]*(w) = nw.

Proof. When n > 1, we observe that

[n]*(w) = [(n = 1) +1]*(w)
=n-1]"(w)+w (by Theorem
=n—-—1w+w (by induction)

Clearly [0]*(w) = 0. If n < 0, then we can apply induction in the opposite direction and
conclude our proof if we show that [—1]*(w) = —w. We show this by using the formula
for inversion of a point on an elliptic curve in general Weierstrass form (see Exercise

"Note that if E is in Weierstrass form, then we have a canonical choice of w. Otherwise, w is
canonical up to scalar, see Figure
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[—1]*(w) : = [-1]" (ﬁ)

d[-1]*(z)
2[—1]*(y) + a1 [—1]*(z) + a3
dx '
B 2(_y — a1 r — &3) + a1x + as (Slnce - (ZE,y) = ([E, -y —a1r — a3))
dx

-2y — a1 — as

= —Ww.

This concludes our proof. O

The following corollary is a proof of part. a. in Proposition ([Sil09, Proposition
I11.4.2]), in the case where char(k) t n. In fact, it shows more.

Corollary 3.5.4. [Sil09, Corollary II1.5.4] Let E be an elliptic curve and let n € Z be
where char(k) {1 n. Then [n] is nonconstant, hence surjective, and is a separable map.

Proof. By the corollary above, we have [n]*(w) = nw # 0, whence it follows that [n] is
nonzero. Since [n](O) = O, this then implies that [n] is nonconstant, hence surjective.

For the second part, recall Proposition ([Sil09, Proposition 11.4.2]), which
showed that a morphism ¢: C; — C5 of smooth curves is separable if and only if
¢*: Qe, — Qe is injective, i.e., nonzero. From this, it suffices to show that [n]*(w) # 0.
However, this follows from what we showed in the last paragraph: [n]*(w) =nw # 0. O

Here is another corollary, which will be useful in Chapter 5 when we study #E(k)
when k is a finite field.

Corollary 3.5.5. [Sil09, Corollary II11.5.5] Let k :=F, be a finite field of characteristic
p, and let E/g, be an elliptic curve. Then letting Fy: E — E denote q-power Frobenius,
we have that the endomorphism

m+nly: E— E

via m + nkFy, := [m] + [n] - F, is separable if and only if p{ m. In particular, the map
1 — Fy is separable.

Proof. Again by ([Sil09, Proposition 11.4.2]), we know that an endomorphism
¢ € End(F) is inseparable if and only if ¢*(w) = 0. Since F,: E — E is (purely)
inseparable, we thus have F;(w) = 0 (it is also easy to check this directly with the
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formula for w). We use this to check that
(m + 1) (@) = [ (@) + ([n] © Fp)* (@)
= o + F (] ()
= mw + I (nw)
= mw + nk;(w)
=mw+n-0
= mw.

Using the previous corollary, we conclude that m + nFj is separable if and only if
mw # 0, iff ptm. O

The final corollary for this section will show tell us more about the structure of
End(E).

Corollary 3.5.6. [Sil09, Corollary II1.5.6] Let Ej, be an elliptic curve and w an in-
variant differential on E. Define a map

End(E) — k
via
¢+ ay such that ¢*w = agw.
a. The map ¢ — ay is a ring homomorphism.

b. The kernel of ¢ — ay is the set of inseparable endomorphisms of E.
c. If char(k) = 0, then End(F) is a commutative ring.

The proof of this corollary is in [Sil09], and also explains why each a — ¢ is a constant
function. Let us also remark that if char(k) = 0, then every morphism over k is
separable, and thus the kernel of this map is 0. This implies that we have an embedding
End(E) < k, whence End(E) is commutative, which proves part c. using part b.

3.6. The dual isogeny. In this section, we show that any isogeny of elliptic curves
has a dual isogeny in the other direction. Understanding the dual isogeny is important
for several reasons: one example is that it allows us to describe the structure of the
n-torsion subgroup of an elliptic curve.

Recall that for two elliptic curves E and E’ and an isogeny ¢: E — E’, there is an
induced map

¢*: Pic’(E') — Pic’(E)
via
Pes~1(Q)

and then extending linearly (see Remark [2.3.2). On the other hand, we also have group
isomorphisms k: £ — Pic’(F) and #': E' — Pic’(E'), where

and
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Then we have a composition map
klogp*ok :E' - FE

which fits into the commutative diagram

Pic’(E") —2 Pic"(E)

As it turns out (and is not at all obvious), this map is an isogeny, and is called the

dual isogeny of ¢. It is written as éﬁ\
Let us prove that this is an isogeny.

Theorem 3.6.1. [Sil09, Theorem II1.6.1] Let ¢: E — E’ be an isogeny of degree d.

a. There exists a unique isogeny QAﬁz E'" — E such that
¢o¢=I[d.
b. As a group homomorphism, g/g =k tog*ok.
Proof. First we prove uniqueness in part a.: suppose gg, qg’ . B/ — E are two isogenies
with
¢ op=¢o¢=1[d.
Then we have
(¢ —¢)od=10].
However, since ¢ is surjective, this implies that ¢’ — ¢ = [0], and thus ¢/ = ¢. We
deduce that ¢ is unique.
Next, we prove that ¢ exists. We claim that the “dual operation” is distributive over

compositions: i.e., if ¥: ' — E” is another isogeny (say of degree e), and the duals of
¢ and v exist, then the dual of 1) o ¢ exists, and

Yogp=goi.
This will help us construct the dual of an isogeny in the case where ¢ is inseparable.
Towards the claim: we check that ¢ o v satisfies

(po)o(pod)=gogoogd
=golelod
é

—

= [e]ogo
= [de].
Since deg(v o ¢) = deg() - deg(¢) = de, this shows that m = &Eo 12 by uniqueness.
Thus the claim is proven.

Now we construct the dual isogeny in two cases.
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i. ¢ is separable. Thus, by Theorem [3.4.4] ([Sil09, Theorem I11.4.10]), we know
that # ker ¢ = deg(¢) = d. Thus, ker ¢ C ker|d], so by Corollary ([Sil09,
Corollary II1.4.11]) we have an isogeny A\: B — E such that the following
diagram commutes:

E AN 5

[d] “A

This says that Ao ¢ = [d]. Thus, A is the dual isogeny of E.
ii. ¢ is inseparable. This forces the characteristic of k to be p > 0. By Corollary
([Sil09,, Corollary I1.2.12]), we can write

¢ =1oky

where F,: I/ — E@ is g-power Frobenius for some power ¢ := p" of p, and
Y: B9 — E'is a separable morphism. By the separable case above, we know
that 1Z . B' — E@ exists. Therefore, by our previous claim on distributivity of
the dual operation, if the dual of Fj, exists, then the dual of ¢ o F, = ¢ exists,
and we're done. In fact, observe that F, = F; therefore, it suffices to show that
F, has a dual.

We will show that ﬁ; exists by showing that [p|: £ — F is inseparable, and
then decomposing it. We know by Corollary ([Sil09, Corollary II1.5.3])
that for an invariant differential w of E, we have

[p]"(w) = pw =0,

since the characteristic of k is p. Thus, by Proposition ([Si109, Proposition
I1.4.2]), this implies that [p] is inseparable. Therefore, another application of
Corollary ([Sil09, Corollary 11.2.12]) shows that

[p] = Ao Fpe

for some g-power Frobenius Fj,: £ — E (@) and some separable morphism A: E@ —
E. Writing ¢ = p°, we know that s > 1; thus, from [p] = (Ao Fj:-1) o F,, we
deduce that F), has a dual, which is Fj, = Ao Fjs-1.
We thus conclude that the dual exists.
For part b., we must show that for all ) € E’ one has

#(Q) = (k" 0 ¢" 0 k)(Q)-
Since ¢: E — E' is surjective, let us fix Py € ¢~ 1(Q). On the one hand, we have

~

3(Q) = d(¢(Py)) = dPy,
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where d := deg ¢. Thus, we will check that (k7! 0 ¢* o ')(Q) = dPy:
(k0 ¢" 0 k)(Q)

= (k0 ¢")([(Q] =[O

=x | Y e P S e(D) (D))

Pep~1(Q) Tep=1(0)
= Z es(P)- P — Z es(T)-T (since k' = o : [(P)] = P)
Pegp=1(Q) Tep=1(0)
= ) deg(¢) - P— Z degz (by Thm. B4.4] ([Sil09, Theorem I11.4.10]))
Pes~1(Q) Tep~!
= deg,(¢) - Z P— > T
Peg—1 Tegp—1(0)

To simplify this, observe that for each P € ¢~1(Q), we have Py — P € ker ¢ = ¢~ 1(O").

Thus, we can express T € ¢~ 1(0’) as Py — P for some unique P € ¢~ *(Q). We can use
this to check that

deg(0)- | >, P— > T

Pe¢~HQ) Tep=1(0)

= deg;(¢) - Z P— > (Bh-P)

Pegp—1 Peop=1(Q)

=degi(¢)- | D B

Pes=H(Q)
= deg1(¢) (Q) PO
= deg;(¢) - degs( ®) - Py (by Theorem [3.4.4] ([Sil09, Theorem II1.4.10]))
= deg(¢) - Py
- dPO

We have thus shown that qg(Q) = (k1 0 ¢* o ¥')(Q). Since Q € E' was arbitrary, we
conclude that ¢ = k! 0 ¢* o K/. O

Thus, we now have a definition of the dual isogeny to an isogeny ¢: £ — E', given
by the above theorem: it can be descrlbed as the unique isogeny gb E'" — E for which
$op= [deg(¢)]. Let us also define [O] :=[0].

Here are several important properties of the dual isogeny.

Theorem 3.6.2. [Sil09, Theorem I11.6.2] Let ¢: E — E’ be an isogeny.
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a. Let d :==deg¢. Then

~

dpod=1[d on E and ¢po ¢ = [d] on E'.
b. Let \: E' — E" be another isogeny. Then
Nod=don
c. Ify: E— E' is another isogeny, then
o+d=0+1.
d. For alln € 7Z,

~

e. One has deg(¢) = deg(¢).
f. One has 5 = .
The proof of this theorem is only somewhat complicated for part c.; the rest follow
rather quickly.

Here is an important corollary describing the structure of the n-torsion subgroup of
an elliptic curve.

Corollary 3.6.3. [Sil09, Corollary I11.6.4] Let E be an elliptic curve, and letn # 0 € Z.

a. deg[n] = n?.
b. If n #0 in k, i.e., if char(k) =0 or p =char(k) > 0 and p1{n, then

E[n] 2 Z/nZ x Z/nZ.

c. If char(k) =p > 0, then one of the following is true:
i. E[p] ={0} foralle=1,2,3,... (supersingular case);
. Elp¢] =2 Z/p°Z for alle =1,2,3,... (ordinary case).

Proof. Part a. was proven in Theorem ([Sil09, Theorem II1.6.2]). To prove part
b., note that by Corollary ([Sil09, Corollary II1.5.4]), we know that [n] is separable
in this case, and thus by Theorem [3.4.4] ([Sil09, Theorem II1.4.10]) we have

#E[n] = deg,([n]) = deg([n]) = n”

(where deg([n]) = n? by Theorem ([Sil09, Theorem II1.6.2])). By the same argu-
ment, for each d | n, we also have #E[d] = d*. Since E[n] is a finite abelian group, a
group theory argument shows that

E[n] = Z/nZ x Z/nZ,

see Exercise [3.6.1] ([Sil09, Exercise 3.30]).
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For part c., let F,: &/ — E® be p-power Frobenius. Then

#E[p°] = deg,([p°]) (by Theorem [3.4.4] ([Sil09, Theorem II1.4.10]))
= deg,([p])°
= degs(j’; o F,)° (since deg(F},) =p)
= deg, (F},) - deg,(F})°
(

= deg, ﬁ;)e (since F), is purely inseparable).

—~ — —

Since deg(F),) = deg(F,) = p, we find from deg(F},) = deg,(F},) - deg;(F,) that there are
two cases:

i If degs(?’;) =1, then 77; is purely inseparable, and by the calculations above we
have #E[p¢] =1 for all e.

ii. If degs(ﬁ;) = p, then 77; is separable, and thus the calculations above show
that #E[p¢] = p© for all e. Again by Exercise ([Sil09 Exercise 3.30]), this
implies that

E[p° | = Z/p°Z. OJ

To wrap this section up, we will prove that the degree map deg: Hom(E, E') — Z>,
which takes an isogeny to its degree, is a positive definite quadratic form. This will also
have an application later when we prove the Hasse-Weil bound, as well as when we talk
about heights on elliptic curves. (It can also help in the description of End(F).)

Definition 3.6.1. Let G be an abelian group. A function
d:G—R

is a quadratic form if it has the following two properties:

i. For all g € G, we have d(—g) = d(g).
ii. The pairing
p: G x G = Rbyp(g,h) :=d(g+h) —d(g) — d(h)
is bilinear.

A quadratic form is positive definite if it also satisfies the following:

ili. For all g € G, we have d(g) > 0;
iv. d(g) = 0 if and only if g = 0.

Notes Exercise 3.6.1. Show that for a quadratic form d: G — R, one has for all
g € G and n € Z that d(ng) = n%d(g).

Corollary 3.6.4. [Sil09, Corollary I11.6.3] For elliptic curves E and E’, the degree map
deg: Hom(E, E') — Zxo
is a positive definite quadratic form.

Proof. The only nontrivial thing to check is that the pairing
p(é, ) := deg(¢ + ¢) — deg(¢) — deg()
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is bilinear. We can check this by checking it under the map [-]: Z — End(FE):

[p(¢, )] = [deg(¢ + ¢) — deg(¢) — deg(v))]
= [deg(¢ + )] — [deg(¢)] — [deg ()]

— G+ do(p+¥)—dod—Doy

= (p+P)o(p+1) —pod—hoi (by Thm. [3.6.2 ([Sil09, Theorem 111.6.2]))
= $o O+ o+ zZ op+ J oY — Zﬁo O — QZ o1 (since isogenies are homomorphisms)
Sot+Pod
It follows that p(-,-) is bilinear: for example, we check for ¢, ¢, € Hom(FE, E’) that
p(¢+ ¢, v)] = (b/—l—\<b’ o+ IZ o(¢+ ¢) (by above calculations)
= (qg—l— qg’) o+ @//J\o (¢ + ¢") (by Thm. ([Si109, Theorem II1.6.2]))
=doy+dotdtyod+iod
= (G0t +dod)+(Jovt+iod)
= [p(¢, V)] + [p(¢', ¥)]

= [p(¢,¥) +p(¢', ¥)].

However, [-] is an injection by Proposition 1| ([Sil09, Proposition II1.4.2}), which
forces p(¢ + ¢, 1) = p(p,v) + p(¢', ). We deduce that the first coordinate is linear,
and a similar argument shows that the second coordinate is linear. 0

Exercise 3.6.1. [Sil09, Exercise 3.30] Let G be a finite abelian group of order n'.
Suppose that for each d | n we have #G[d] = d", where G[d] is the subgroup of G of
elements whose orders divide d. Prove that

G = (Z/nZ)".
Exercise 3.6.2. In this exercise, we assume that char(k) = 0.

a. Suppose that C7 and Cy are curves defined over k, and that ¢: C7 — Cs is a
morphism. Let us write

d=1Ifo:fi: . [l
where each f; € k(C)). Prove that for each ¢ € Gy, the map ¢7: C; — Cy
defined by
U I F] i
is a morphism to Cy with deg(¢?) = deg(¢). (Hint: show that ¢*(k(Cy)) =
(6°)*(k(Cy)).)

b. Let Fy/k and E,/k be non-CM elliptic curves, and fix an isogeny ¢: Ey — Fs.
Show that for each o € Gy, there exists a, € {£1} with ¢7 = a, - ¢.
c. Continuing part b., show that the map x: Gy — {£1} defined by o — a, is a

homomorphism. Conclude that there exists d € %~ such that for all o € G,

one has
o(Vd) = x(0) - V.
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This exercise can be used to show that there exists a th’stﬂ of E5 by x, denoted EY/k,
and a k-rational isogeny ¢ : E; — EX. Thus, in the non-CM case, we can assume an
isogeny between k-rational elliptic curves is also k-rational (up to k-isomorphism of the
target elliptic curve). More on twists in Chapter 10.

Exercise 3.6.3. Let F and E’ be elliptic curves, and let ¢: E — E’ be an isogeny.

a. Show that if F, E’ and ¢ are k-rational, then so is the dual g/g

b. Show that if ¢ is cyclic,ﬁ then so is its dual ¢ if one of the following holds:
i. char(k) =0.
ii. char(k) > 0 is coprime to deg(¢).

3.7. The Tate module (and Galois representations). In this section, we will de-
scribe the Galois representations of an elliptic curve, as well as the associated p-adic
Tate modules. These representations/modules are intimately connected to torsion sub-
groups.

Given an elliptic curve F and an integer n € Z*, recall that E[n| denotes the n-
torsion subgroup of E. We have previously noted that when F is defined over k, we
have an action of G, on E (see Notes Exercises [1.1.2| and |1.2.4)). Since [n] is k-rational
(see Example [3.4.2), we also have an induced action of Gj, on E[n]: for each P € E[n]
and o € Gy, we have

nP” = [n)(P7) = )" (P7) = (IP)" = 07 = O,

whence it follows that P? € E[n]. Therefore, we have an associated group action
homomorphism

pen: Gi — Aut(E[n])

called the mod-n Galois representation of F.
We showed in §3.6 that when p :=char(k) does not divide n, one has

E[n] =2 Z/nZ x Z/nZ.

In particular, E[n] can be regarded as a free rank two Z/nZ-module. Thus, if we fix
a Z/nZ-basis {P,Q} for E[n], then we have an isomorphism Aut(E[n]) = GLy(Z/nZ),
where the latter group is the general linear group of 2 x 2 invertible matrices over Z/nZ.
Therefore, our representation can be expressed as

PEnPQ": Gk — GLQ(Z/TLZ)

For example, for an automorphism o € Gy, the equation

a b
PE,n,P,Q(U ) = c d
is equivalent to having that P? = aP + ¢@) and Q7 = bP + dQ).

Remark 3.7.1. We often write pg , instead of pg, p g, suppressing dependence on the
basis. This conjugates the image pg . po(Gr) — see the notes exercise below.

8A twist of an elliptic curve E is an elliptic curve E/ which is isomorphic to E over .
9Say that an isogeny is cyclic if its kernel is cyclic.
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Notes Exercise 3.7.1. Assume that char(k) 1 n, and fix a basis { P, Q} of E[n]. Show
that a change of basis conjugates the image pg, po(Gr) in GLo(Z/nZ).

Example 3.7.1. The matrix description of the mod-n Galois representation can be
extremely useful in understanding torsion points. Fix an integer n € Z", and assume
that char(k) t n. For an elliptic curve E/, for any basis { P, Q} of E[n] such that

pEnPQ(Gr) C {[(1) j },

one has that P is k-rational: this is because for all o € GG}, one has
PP=1-P+0-Q=P.

prnpa(Gr) C { L’; :] } ,

then (P) is k-rational, since for all o € G}, one has
P’ =a,- P,
and thus P? € (P). The converse directions also hold.

Alternatively, if

Next, we describe the Tate modules of an elliptic curve. Their construction is in
analogy to the construction of the p-adic integers, by way of inverse limits.

Definition 3.7.1. Let E be an elliptic curve, and fix a prime p € Z*. Then for each
k > 1, there is a natural map E[p**!] — E[p*]. This forms an inverse system, and we
define the p-adic Tate module of E as the inverse limit

T,(E) = lim E[pt).

k>1
Since each E[p*] is a Z/p*Z-module, it follows that T,(E) is a Z,-module, where
Z, = @Z/pkz

k>1
denotes the ring of p-adic integers. It also follows that T,(E) has a natural topology
as the inverse limit of spaces with a discrete topology.

Since each subgroup E[p¥] is a Z/p*Z-module, it follows that T,(F) is a Z,-module,
where
Zy:=lmZ /"2
k>1
is the ring of p-adic integers.
As a consequence of knowing the structure of each E[p*], we have the following result.

Proposition 3.7.1. [Sil09, Proposition II1.7.1] For an elliptic curve E, one has the
following:

a. T,(E) =3, Zy, X Ly if char(k) # p.

b. T,(E) =0 if E is supersingular.

c. To(E) =4, Zy, if E is ordinary.
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For an elliptic curve Ey, and a prime p € ZT, since Gy, acts on each E[p*], it also
acts (continuously) on 7,(E). This action is described by the p-adic Galois repre-
sentation of F, which is written as

pEp=: G — Aut(T,(E)).

For the rest of this section, fix a prime p € ZT with char(k) # p. We will use the
p-adic Tate module to help describe the groups Hom(FE,, Es) and Homy (£, E») for two
isogenous elliptic curves F; and Es (this also includes the case where E; = Es). Suppose
we have an isogeny ¢: F; — FE5. Then for each n € Z", we have a homomorphism
¢: Er[n] — Es[n].

In particular, for each k € Z* we have ¢: F;[p*] — F,[p*]. This induces a homomor-
phism

bp: Tp(Er) — TH(Es).
In particular, we have a natural group homomorphism

HOII](El, EQ) — HOIH(TP(El), Tp(EQ))

If F .= E; = E», then this map

End(E) — End(7,(F))

is a ring homomorphism.

Theorem 3.7.2. [Sil09, Theorem II1.7.4] For elliptic curves Ey and Es, if p # char(k)
1s a prime, then the natural map

I‘IOII’I(E&7 EQ) &® Zp — Hom(Tp(El), Tp(EQ))
via ¢ — ¢, 1s injective.

As a consequence of this theorem, we can realize Hom(FE,, Ey) as a subgroup of
Hom(T,(E\), T,(E>)); similarly, End(£) is a subring of End(7,(E)). In particular, we
can use this to describe Hom(E,, E») and End(E), using that T,(E4), T,(Es) and T,(E)
are well-understood by Proposition ([Sil09, Proposition II1.7.1]).

Corollary 3.7.3. [Sil09, Corollary III1.7.5] Let Ey and E, be elliptic curves. Then
Hom(Ey, Es) is a free Z-module of rank < 4.

Note that the proof of this corollary in [Sil09] is false. However, there is a cor-
rected proof on the following errata page: https://www.math.brown.edu/~jhs/AEC/
AECErrata.pdf|

There is an analogous result to Theorem [3.7.2] above ([Sil09, Theorem II1.7.4]) for k-
rational isogenies, which is considerably more difficult to prove. Let us define Homy, (7, (E4), T,(E2))
as the group of Z,-module homomorphisms which are k-rational, i.e., which commute
with the action of G;. Then similar to before, we have a natural map

Homk(El, Eg) — Homk(Tp(El), Tp(Eg))
via ¢ — ¢,. By Theorem [3.7.2)), this map is injective. However, we can say more:


https://www.math.brown.edu/~jhs/AEC/AECErrata.pdf
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NOTES ON THE ARITHMETIC OF ELLIPTIC CURVES 99

Theorem 3.7.4 (Isogeny Theorem). [Sil09, Theorem II1.7.7] For elliptic curves Ey and
Es, if p # char(k) is a prime, then the natural map

Homy (Ey, Es) ® Z, — Homy (T, (E4), T,(E2))
via ¢ — ¢, is an isomorphism if k is a finite field or a number field.

The proof of the above theorem is due to Tate in the finite field case [Tat66], and the
number field case is due to Faltings.

We wrap this section up with an important result on the image of Galois of elliptic
curves.

Theorem 3.7.5 (Serre’s open image theorem). Let F' be a number field and E/p a
non-CM elliptic curve. Then for all but finitely many primes p € Z*, the p-adic Galois
representation

pEp=: Gp — GL(Z,)

18 surjective.

Remark 3.7.2. In contrast to Serre’s open image theorem, if E/p is an elliptic curve
with CM, then the image pg p~(GF) is always abelian in GLy(Z,), which implies it can
never be surjective; see Exercise below.

Exercise 3.7.1. [Sil09, Exercise 3.24] Let E/. be an elliptic curve with complex mul-
tiplication over k, i.e., such that Endy(FE) # Z. Prove that for all primes p # char(k),
the action of Gy on T,(FE) is abelian. (Hint: use the fact that all endomorphisms in
Endy(F) commute with the action of Gy on T,(E).)

3.8. The Weil Pairing. In this section, we will define and describe a particularly
useful perfect pairing associated to torsion subgroups of elliptic curves, called the Weil
paiTing.

Throughout this section, fix an integer n € Z* that is coprime to char(k). Let E,
be an elliptic curve; we have shown in §3.6 that we have

E[n] 2 Z/nZ x Z/nZ.

Thus, E[n] is a free rank two Z/nZ-module. We will define a nondegenerate alternating
bilinear map on E[n] x E[n| analogous to the determinant, but which is also Galois
invariant, i.e., commutes with Galois in a predictable way. Unlike the determinant,
which takes values in (Z/nZ)*, our pairing will take values in g, := u,(k), the group
of n’th roots of unity in k. Our definition will use rational functions on E, & la our
consequences of Riemann-Roch.

We will denote this pairing by e,: E[n] x E[n] — u,. In our construction, we will
use Corollary ([Sil09, Corollary III.3.5]) several times: this states that a divisor

D =3 pcpnp- (P) € Div(E) is principal if and only if deg(D) = 0 and

anP: 0.

peEE

Fix points S, T € E[n]. We want to define e, (S,T). First, observe that nT = O, so
that nT'— nO = O. Thus, Corollary implies that n(T") — n(O) € Prin(E); let us
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write
(7) n(T) —n(0) = div(f)

for some f € k(E).
We claim that [n]*((7") — (O)) is principal as well; we’ll use the above corollary to
prove this. First, we show that its degree is 0:

deg([n]"((T) = (0)))
= deg([n]) - deg((T") — (O)) (Proposition 2.3.2 [Sil09, Proposition I1.3.6])
= 0.

Next, we check that the sum in E associated to [n]*((T) —(O)) is O. First, we explicitly
compute its divisor:

[n]"((T) = (0))

= Z e (1) - Z em) (@ (definition of pullback, extended linearly)
T'e[n]=H(T) QEE[n]

= Z (T") — Z (Q) ([n] separable, Thm. [3.4.4] [Sil09, Theorem I11.4.10]
T'€[n]=H(T) QEE[n]

and Cor. [Sil09, Corollary I11.5.4]).

Similar to the ideas in Theorem ([Sil09), Theorem II1.6.1]), if we fix Ty € [n]~*(T),
then each element ) € E[n] can be written as 7" — Tj for some unique 7" € [n|~*(T).
It follows that our divisorial sum becomes

Y, IH)- > (@

T/€[n]=1(T) QeE[m)
= >, M- > ([T'-T)
T/e[n] =1 (T) T/€[n] =1 (T)

Therefore, the corresponding sum in F is

ZT’ ZT’ Ty

€n]~1(T) T'en]~1(T)
Z#[n] WT) - Ty
=deg([n]) - Ty ([n] is separable)
=n?. T, (deg([n]) = n?, see Thm. [3.6.2] [Sil09, Theorem I11.6.2]).

Since nTy = O, we deduce from these calculations that the associated sum in F for
the divisor [n|*((T) — (O)) is O. It follows by the corollary that [n|*((T) — (O)) is a
principal divisor. Let us write this as

(8) []"((T") = (0)) = div(g).

It is easy to check with (7)) and (§) that [n]*(f) and g™ have the same divisor. thus,

the rational function LW ] ) e k:(E) has a trivial divisor, which forces it to be constant;
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without loss of generality, let us assume that

(9) [n]*(f) = g™

Thus, for points P € F, we have

[”*(f)zl ie
gn ) e

f(nP) = g(P)".

In particular, for any point X € E, we check that both
g(X +5)" = f(nX +nS) = f(nX) = g(X)",

and so

g X +95)\"
(10 (— = 1.

) 9(X)

Since g(X +5) = (g o 75)(X), where 75: I/ — E is translation-by-S, this implies that
for the rational function = € k(F), the associated morphism

g
¢: E — P!

(b: |:gOTS:1:|
g

is constant, since its values lie in j,, and thus cannot surject onto P'(k); see also
Theorem [2.2.2] ([Sil09, Theorem II.2.3]) and Example 2.2.1] Thus, we define the n-
Welil pairing on S, T as this constant value:

g(X +5)
9(xX)
where g(X+5) and g(X) are both defined and nonzero. By ([10]), we know that e, (S, T)

is an n’th root of unity.

defined by

en(S,T) =

Remark 3.8.1. In our definition of e,,, we assumed that [n]*(f) = ¢", instead of up to
a constant. Observe that this does not affect the actual value of e,.

To summarize our construction of the Weil pairing e, : E[n| X E[n| — pn:
1. Fix S,T € E[n].
2. We can write n(T) — n(O) = div(f) and [n]*((T) — (O)) = div(g) for some
f.g € k(E).
3. We set e,(5,T) := % for any point X € E where this quotient is defined
and both functions are nonzero.
Here are some important properties of the Weil pairing.
Proposition 3.8.1. [Sil09, Proposition II1.8.1] The n-Weil pairing e, : E[n| x E[n] —
Iy satisfies the following properties:
a. It 1s biliinear:

en(Sl + 827 T) = €n<SlaT) : en(SQ7T)

and
en(S, Ty + 1) = e, (S, T1) - €,(S, T).
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b. It is alternating:
en(T,T) =1,
and thus e, (S, T) = e,(T,S)~ .
c. It is nondegenerate: for a fived Ty € E[n], if
en(S, To) =1
for all S € Eln| then Ty = O.
d. It is Galois invariant: for all o € Gy, one has
en(S,T)° = e, (57, 17).
e. It is compatible: forn' € Z*,S € Enn'] and T € E[n|, one has
enn' (S, T) = e,(n'S,T).

Proof. We will only prove parts a. and d. To check linearity in the first coordinate,
observe that our definition for e, (S, T') only involves S at the final step, i.e., the function
g depends only on T'. In computing e, (S; + S2,T), we check that

gX+5+5)  g((X+5)+5) g(X+5)

9(X) 9(X + 51) 9(X)
= en<S2> T) : €n<Sl> T)7
where we have chosen X € FE such that ¢ is defined and nonzero at X, X + S; and
X + 51 + Sy. It follows that e, (S1 + S2,T) = €,(51,7T) - €,(S2,T).
For linearity in the other coordinate, let us assume that our construction of e, for

each of T1,T, and T3 := T7 + T involve corresponding functions fi, g1, f2, g2 and f3, gs.
Thus, for each 1 <7 < 3, we have

n((Ty) = (0)) = div(f)

and
[n]*((T3) — (0)) = div(g,),
as well as
\_ %X +5)
en(S,Tz) N gi(X)

We note that under the isomorphism x: £ =+ Pic’(E) from Proposition ([Si109,
Proposition I11.3.4]), we have (T} + Ty) = &(T1) + k(T3), i.e., (T3) — (O) ~ (Ty) —
(0) + (Tz) — (0), ie., (T5) ~ (T1) + (Tz) — (O). Thus, there exists a rational function
h € k(E) with
div(h) = (T3) — (T1) — (T) + (O).
Since each div(f;) = n(T;) — n(O), it follows that
. (fs )
div(h") =div | — | .
) = (55

Therefore, we have

fa=c- fifoh"
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for some ¢ € k. On the other hand, we know from the construction of en(S,T3) that
[n]*(f3) = g4 (see (9)). Applying [n]* to both sides in the above equality, we check that

[n]"(fs) = [n]"(c- fufoh™)
=c-[n]"(f1) - [n]"(f2) - [n]"(R")
= cgigs - [n]"(h").

Since [n]*(f3) = g3, we take n’th roots of both sides and deduce that
93 = - g1g2 - [n]"(h)
for some ¢ € k. We can use this to compute e, (S, T} + T5):

g3(X +5)
en(S, h +T2) 93(X)
e gi(X 4+ 9)ga(X +S) - h(nX +nS)
- g1(X)g2(X) - h(nX)
_ a(X+S5) g(X+S5) h(nX)
91(X) 92(X)  h(nX)
= Gn(S,Tl) '€n(S7T2).

(note that nS = O)

This proves part a.

For part d., let f and g be functions for T'. Thus, e,(S,T) = %. One can check

that f? and ¢ are functions for 77 in the computation of e,(S?,77). Furthermore,
one has

en(s”,17) = Lt

X7 +5%) (g(X—i—S
go(Xo)

) ) ’
=e,(5,T)°. OJ
9(X) (5T)
There are a number of consequences of the existence of the Weil pairing. Here is one,
which is a version of [Sil09, Corollary II1.8.1.1].

Corollary 3.8.2. If {P,Q} is a basis of E[n], then e,(P, Q) is a primitive n’th root of
unity (denoted by (,). In particular, if P,Q € E(k) then (, € k.

Proof. By the previous proposition, we know that the image e, (E[n], E[n]) is a subgroup
of p,. Since p, is cyclic, we can write this image as gy for some d | n. Thus, we have
for all S, T € E[n] that e,(S,T)? = 1, which by bilinearity implies that e, (dS,T) = 1.
Thus, nondegeneracy of the Weil pairing forces dS = O. Since S € E[n] was arbitrary
and F[n] contains an ezact order n point, we deduce that d = n. Thus, e,(E[n], Eln]) =
in.
Let {P,Q} be a basis for E[n]. Then we can write ; := e, (P, Q) for some d | n. We
claim that d = n. To see this, we will first show that any value in e, (E[n], E[n]) can
be written as a power of e, (P, Q). To this end, let S, T € E[n|; since {P,Q} is a basis,
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we can write S = aP + c¢) and T' = bP + dQ for some a,b,c,d € Z. We check that
en(S,T) = en(aP + cQ,bP + dQ)
en(aP,bP 4 dQ)e,(cQ,bP + dQ) (
en(aP,bP)e,(aP,dQ)e,(cQ,bP)e,(cQ,dQ) (
en(P, P)%e,(P,Q)"e,(Q, P)?e,(Q,Q)**  (again!, by bilinearity)
( (
( (

by bilinearity)

again, by bilinearity)

en( P, Q)aden(Qap)bc
en(P, Q)" en(P,Q)™"
— €n<P, Q)ad—bc.

We deduce that all values in e, (E[n|, F[n]) are powers of e, (P, Q). Since we know that
en(E[n], Eln]) = w, by the first paragraph, we conclude that e, (P, Q) is a primitive
n’th root of unity.

We are left to show that if P,@ € E(k) then (, € k, where (, is some primitive n’th
root of unity. This will follow from Galois invariance of e,. Without loss of generality,
we can assume that ¢, = e,(P,Q). Then (, € k if and only if for all 0 € Gy we have
0(Cn) = G, 1ee., 0(en(P,Q)) = e,(P, Q). However, by Galois invariance of e,, we know
that

by alternating property)

by alternating consequence)

o(en(P,Q)) = e (P, Q7).
Since P and @ are k-rational, the result follows at once. O
Notes Exercise 3.8.1. The n-Weil pairing can detect bases for E[n|. Fix a basis
{P,Q} of E[n]. Let P',Q" € E[n], and write P’ = aP + ¢Q and Q' = bP + d(). By the
work in Corollary we know that

en(P’, Q/) _ €n(P, Q)ad—bc‘
Prove that {P’,Q'} is a basis for E[n] if and only if ad — bc is in (Z/nZ)*.

Notes Exercise 3.8.2. Show that for an elliptic curve E/qg, one has E[n] ¢ E(R)
when n > 3.

There is another useful result which says that the determinant of the image of the
mod-n Galois representation pg,,: Gr — GL2(Z/nZ) is equal to the image of the mod-n
cyclotomic character x,,: Gy — (Z/nZ)*.

Definition 3.8.1. Recall that the mod-n cyclotomic character is the homomor-
phism

Xn: Gr — (Z/nZ)"
which describes the action of G on p,: fixing a primitive n’th root (,, we have for
o € Gy, that x,(0) := a, where

o(Gn) = G-

Notes Exercise 3.8.3. Show that the values of y,, are independent of the choice of
primitive n’th root (,.

Here is a connection between pg,, and x,,.
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Proposition 3.8.3. For an elliptic curve Ejy, one has for each o € Gy, that

det pE,n(U) = Xn(o-)a

with respect to any basis of En] and any primitive n’th root of unity. In particular, we
have

det pp . (Gr) = xn(Gy).

Proof. Let us fix a basis {P,Q} of E[n]. By Notes Exercise [3.8.3 the character x,
describes the action of Gy, on p, via (, := e,(P, Q) (note that e, (P, Q) is a primitive
n’th root of unity by Proposition . For o0 € G}, writing P = aP + ¢() and
Q° = bP + d@, we have by definition that

a b
PEn(0) = pEnpQ(0) = L d} :

Thus, det pg (o) = ad — be.
We claim that x,(c) = ad — bc. Let us make some calculations towards this:

o(Gn) = a(en(P,Q))

=e,(P7,Q%) (by Proposition [3.8.1] Galois invariance)
= ey(aP + cQ,bP + dQ)

= e, (P, Q) (by Notes Exercise [3.8.1)

— Csd—bc‘

We conclude that det pg,(0) = xn(0). From this, it also follows that det pg,(Gy) =
Xn(Gk). Note that changing the basis of E[n] conjugates elements of pg,(Gy), and
thus does not change their determinants. O

One can show that an isogeny ¢: E — E’ and its dual are dual/adjoint with respect
to the Weil pairing.

Proposition 3.8.4. [Sil09, Proposition II1.8.2] Let ¢p: E — E’ be an isogeny of elliptic
curves. Then for all S € E[n] and T' € E'[n|, one has

en(S, O(T") = en(9(5), T").

There is an extension of the Weil pairing to the Tate module of an elliptic curve. Let
p # char(k) be a prime. For each m > 1, we have a p™-Weil pairing

epm: E[pm] X E[pm] — [me.

Using the compatibility property of the Weil pairing, which is part e. of Proposition
([Sil09, Proposition I11.8.1]), we can show that

epm+1 (S, TP = epm(pS, pT)
for all S,T € E[p™!]. This then gives us a well-defined pairing
epe: Tp(E) x TH(E) — Hm fim.

m>1
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Proposition 3.8.5. [Sil09, Proposition I11.8.3] The pairing ey : T,(E) X T,(E) — fip
1s bilinear, alternating, nondegenerate, and Galois invariant. Furthermore, if ¢: E —
E' is an isogeny, then for all x € T,(E) and y' € T,(E'), one has

epe (2, 0(y)) = e (6(2), 9.

To end this section, we will show how one can use the Weil pairing to understand the
map an isogeny induces on Tate modules. Recall that an endomorphism ¢ € End(FE)
induces a Z,-linear map

Op: Ty(E) — Ty(E).
We’ve observed previously that T,(E) =5 Z, x Z,. Thus, ¢, can be realized as an
element of Matoy2(Z,), i.e., as a 2 X 2 matrix over Z,. We let det(¢,) and tr(¢,) denote
the determinant and trace of a matrix representative of ¢,, respectively. Note that
these values are independent of the choice of basis for 7),(E).

Proposition 3.8.6. [Sil09, Proposition I11.8.6] Let ¢ € End(E). Then
det(¢,) = deg(¢)

and
tr(¢p) = 1+ deg(p) — deg(1 — ¢).
In particular, det(¢,) and tr(¢,) are in Z, and are independent of p.

Proof. Fix a Z,-basis {z,y} of T,(E). Let us write
Bp() = 0z + cy

and

¢p(y) = bx + dy;
then the matrix representing ¢, with respect to this basis is

Pp = [(CI 2} :
We check that
e (2, 9)98?) = ¢ (deg(d)z, y) (by bilinearity of e, )
= e ((0)(@()), )
= ey (Pp(), Dp(y)) (since ;5: ¢, see Thm. [3.6.2 [Sil09, Theorem I11.6.2];

as well as Prop. [Sil09), Proposition III.8.3])
= ey (ax + ¢y, br + dy)
= epoo (1, y) 470 (by similar calculations as those in Cor. |3.8.2)

= e (2, y)det(%).

Since ey is nondegenerate, this forces det(¢,) = deg(¢) € Z. The trace formula follows
from the fact that for any matrix A € Matyyo(k), one has

tr(A) =14 det(A) — det(1 — A). O
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Remark 3.8.2. Let us consider the case where F is defined over a finite field F,
and ¢ = [ is g-power Frobenius. We know by Proposition m ([Sil09, Proposition
I1.2.11]) that deg(F;,) = ¢. One can also show that deg(1 — F,) = #E(F,). Thus, for
any prime ¢ # p, we have from Proposition [3.8.6| above that

tr((Fg)e) = 14+ q — #E(F,).

This number is called the trace of (¢-power) Frobenius of Ej it is denoted by a,(E),
and is independent of /. In §5.1, we will prove the Hasse- Weil bound, which is a bound
on a,(E); this also translates to a bound on the number of F -rational points on E.

Exercise 3.8.1. [Sil09, Exercise 3.26] Let E/;, be the elliptic curve y* = 2* 4+ 2 having
complex multiplication by Z[i], let p > 3 be a prime, and let T' € E[p] be a point of
order p. In each of the following situations, prove that {7, [i]T} is a basis for E[p], and
thus e, (7, [1]T") is a primitive p’th root of unity.

a. p=3 (mod 4).

b. i€ kand T € E(k).

The map [i] is an example of a distortion map.

Exercise 3.8.2. Prerequisite: algebraic number theory. This exercise proves
some properties that the mod-n Galois representation of an elliptic curve can satisfy.
Fix an integer n € Z* and an algebraic extension F/Q. Let

Xn: Gp — (Z/nZ)*

denote the mod-n cyclotomic character on G, which describes the action of G on the
group i, € Q of n’th roots of unity.

a. Prove that if each prime p | n is unramified in F, then y,, is surjective. Deduce
that x,, is always surjective when F' = Q.

b. Prove that for any elliptic curve E/g and any integer n € Z*, one has det(pp,,(Gg)) =
(Z/nZ)*.

c. Suppose that F/Q is a real algebraic extension. Prove that for any elliptic
curve E/p, there exists an order two element m € pg,(Gr) with trace 0 and
determinant —1.

3.9. The endomorphism ring. In this section, we will further describe the endomor-
phism ring End(E) of an elliptic curve E. So far, we know the following hold:

1. End(F) has characteristic zero and no nonzero zero-divisors, and rank < 4 as a
Z-module, by Proposition ([Sil09,, Proposition I11.4.2]) and Corollary
([S1109, Theorem II1.7.4]), respectively.

2. End(F) has an anti-involution, namely ¢ gg See Theorem ([Si109,
Theorem I11.6.2]).

3. For ¢ € End(FE), the product oo is a non-negative integer, and b = [0] if and
only if ¢ = [0]. See Theorem [3.6.2]

ORecall that for a ring R, and involution on R is a map =1 R — R such that for all a,b € R, one
has @ = a and (a +b) = a + b. We say such an involution is an anti-involution if ab = ba.
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4. If char(k) = 0, then End(F) is commutative, by Corollary ([Si109, Corollary
111.5.6)).

As it turns out, a ring with the first 3 properties is a specific type of ring. This will
allow us to characterize End(E) even further.
Before we describe End(FE), let us define some algebraic structures.

Definition 3.9.1. A ring R (not necessarily commutative) is called a k-algebra if
there exists a ring homomorphism & — R such that k lies in the center of R, i.e.,
elements in the image of k — R commute with all elements of R. Note that R is then
a k-vector space.

For example, if ¢/ is a field extension, then ¢ is naturally a k-algebra via the inclusion

k— /.

Definition 3.9.2. Let K be a Q-algebra that is finitely generated over Q. Then an
order of I is a subring R C I that is finitely generated as a Z-module, and satisfies
R®Q =K.

Example 3.9.1. If F'is a number field, then its ring of integers Op is an order of F.
More generally, any Z-finitely generated subring of F' which contains an integral basis
of F' is an order. For a more specific example, if K = Q(v/d) is a quadratic field, then
for each f € Z*, the ring

Z[1, fVd) = {a+bfVd:abeZ}
is an order of K.

Definition 3.9.3. A (definite) quaternion algebra over Q is a Q-algebra of the
form
K =Q[l,a B,ap]

whose multiplication satisfies
a? % €Q, a? <0, B2 <0, ba = —af.

Remark 3.9.1. Let us briefly explain some of the adjectives above. While these defi-
nitions will not matter much in these notes, it might be interesting to know more about
them. A great mathematical reference for quaternion algebras is [VoiQA].

A quaternion algebra over QQ is one which satisfies the first and fourth properties
above. This was named after Hamilton’s quaternions, which is the R-algebra H :=
R[1, o, B, ] satisfying the properties in Definition [3.9.3] as well as a? = g% = —1.

The term definite refers to the splitting behavior of the “infinite place” of Q, denoted
by oo, which corresponds to the usual complex absolute value | - |: C — R. In general,
given a place p € Z" U {oo}, one says that a quaternion algebra K over Q splits at p if
K ® Q, = Matoys(Q,) (where we take Qo := R). otherwise, K is said to be ramified
at p. When K is ramified at oo, we say that K is definite. One can show that I is
definite if and only if K ®¢ R = H, iff o2, 5% < 0 (see [VoiQA], Chapter 14]).

Theorem 3.9.1. [Sil09, Theorem I11.9.3] Let R be a ring with characteristic zero and
no nonzero zero-divisors. Suppose that R has the following properties:

1. R has rank < 4 as a Z-module.



NOTES ON THE ARITHMETIC OF ELLIPTIC CURVES 109

2. R has an anti-involution™~: R — R satzsfymg
a—i—ﬁ:éﬂ—ﬁ, aﬁzﬁa, ozzoz, a=a forall a€Z.
3. For a € R, the product ad € Z>q, and aa = 0 if and only if o« = 0.
Then R is one of the following types of rings:
1. R=Z.

2. R is an order in an imaginary quadratic field.
3. R is an order in a quaternion algebra over Q.

Corollary 3.9.2. [Sil09, Corollary II1.9.4] For an elliptic curve Ej, one has that
End(E) is either Z, an order in an imaginary quadratic field, or an order in a quater-
nion algebra over Q. If char(k) =0, then only the first two are possible.

Proof. This is a consequence of the previous theorem, combined with our observations
about End(FE) at the start of this section. When char(k) = 0, we know by Corollary
([Si109, Corollary II1.5.6]) that End(E) is commutative; this concludes our proof,
noting that quaternion algebras over Q cannot be commutative (double-check it!). [

Remark 3.9.2. It is worth noting that if £ is a finite field, then End(F) is always
larger than Z, see [Sil09, Theorem V.3.1].

3.10. The automorphism group. In comparison to the description of the endomor-
phism ring End(F) of an elliptic curve E, the description of its automorphism group
Aut(FE) is much simpler.

Theorem 3.10.1. [Sil09, Theorem I11.10.1] Let E be an elliptic curve. Then Aut(E)
is a group of order dividing 24. The order of Aut(E) is given in the following table:

Aut(FE) J(E) char(k)
2 | j(E) £0,1728 -
4 J(E

(B) = 1728 char(k) £ 2,3
6 J(E) = char(k) # 2,3
12 | j(E) =0, 1728 char(k) =3
24 | j(F)=0,1728 | char(k) =2

Proof. For simplicity, let us assume that char(k) # 2,3 (these cases are handled in
Appendix A of [Sil09]). Then E has an equation

E:y* =2+ Az + B.

Since every automorphism ¢: F — FE takes this equation to itself, by the remarks
preceding Figure in §3.1, this implies that ¢ has the form

d(r,y) = (u'z, u’y)
for some u € k. It follows by Figure m that this forces
u'A=A and u® = B.

If AB # 0, ie., if j(E) # 0,1728, then v € puy N ug = po, ie., v = £1, and thus
o(z,y) = (x,+y) = [£1](z,y), so that ¢ = [£1]. If B = 0, then A # 0, and thus
u* =1 (we also have j(F) = 1728 by the formulas). this gives 4 automorphisms of E,
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corresponding to (z,y) — (¢C%x,®y) where ¢ € py. Finally, if A =0 then B # 0, and
thus u® = 1 (we also find that j(£) = 0). Thus there are 6 automorphisms of E, given
by (z,y) — (¢*z, Py) where ¢ € pg. We conclude that Aut(E) is cyclic of order 2, 4 or
6, depending on whether AB # 0, B =0 or A = 0, respectively. OJ

When FE is defined over k, the proof of the above theorem gives the structure of
Aut(FE) as a Gy-module when char(k) # 2, 3.

Corollary 3.10.2. [Sil09, Corollary II1.10.2] Assume that char(k) # 2,3, and let E),,
be an elliptic curve. Set

2 ifj(F)#0,1728

n:=1q4 ifj(E)=1728

6 if j(FE)=0.

Then there is a natural isomorphism of Gy-modules
fn =, Aut(E).

Proof. In the proof above, we demonstrated a group isomorphism

[+ = Aut(E), [(z,y) = (Cx, Cy).
This is a G-module isomorphism since it commutes with the action of Gy, i.e., for all
o € Gy, and for all (z,y) € E, one has

[Nz, y) =[] (, y).
(Recall that for a smooth curve morphism ¢ = [fy : fi : ... : fu]: C1 — Cy, the
morphism ¢7: C7; — Cy is defined as ¢ = [fJ : f7 : ... : f°], where f7 is the
rational function f; with o applied to its coefficients. In general, we have the formula

(0(P))” = ¢7(P7).) N
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5. ErripTic CURVES OVER FINITE FIELDS

We will spend a brief amount of time in this chapter, in the interest of spending
more time in Chapters 7, 8 and 10. In this section, we will prove the Hasse- Weil bound
for elliptic curves over finite fields, which is a bound on their point counts (as well as
their trace of Frobenius). Throughout this section, fix a prime p € Z* and a power
q:=p" > 1; we will let k :=F, denote the finite field of ¢ elements.

5.1. Number of rational points. Given an elliptic curve E/p,, its Mordell-Weil group
E(F,) is finite (and consequently E(F,) = E(F,)[tors]). Thus, one way to understand
its Mordell-Weil group is to understand its size #E(F,).

Suppose we wish to bound the number of F,-rational points of an elliptic curve E/p,
general Weierstrass form,

E y2 + a1y + asy = x3+a2x2+a4x+a6.

We have a crude upper bound #E(F,) < ¢*+1. In fact, observing that for each z € F,,
there are at most two points on E with z-coordinate x (by completing the square and
solving for y), we have the better bound #E(F,) < 2¢ + 1. However, a “random”
quadratic equation has a 50% chance of being solvable in z, so we’d expect that the
number #E(F,) is closer to ¢. This is confirmed by the Hasse- Weil bound.

Theorem 5.1.1 (Hasse-Weil). [Sil09, Theorem V.1.1] Let E/g, be an elliptic curve.
Then

[#E(F,) = (¢+ 1] <2/
This section will be devoted to proving the Hasse-Weil bound.
Remark 5.1.1. Recall that for an elliptic curve Ejp,, its trace of Frobenius is
ay(E) :=1+q—#E(F,).
Thus, the Hasse-Weil bound says that |a,(£)| < 2,/7.

Our proof of this theorem will use the following fact about positive definite quadratic
forms, which is a sort of Cauchy-Schwarz inequality.

Lemma 5.1.2. [Sil09, Lemma V.1.2] Let G be an abelian group, and let
d: G = Z
be a positive definite quadratic form. Then for all g,h € G, one has
|d(g — h) — d(g) — d(h)| < 2\/d(g)d(h).
With this lemma, let us prove the Hasse-Weil bound.

Proof. Fix a Weierstrass equation for F. Let

F,: E—E, Fy(z,y) = (29, y%)



112 TYLER GENAO

be g-power Frobenius. By abuse of notation, we let [ : E — I, also denote the g-power
map on fields. Since Gy, is (topologically) generated by F,[| we have that a € E is
F-rational if and only if a € F,. It follows that a point (z,y) € E is F -rational if and
only if Fy(x,y) = (x,y), iff (z,y) € ker(1 — F}), where 1 — F, :=[1] = F,: E — E. In
particular, we have
#E(F,) = #ker(1 — Fy).

We recall by Corollary [3.5.5 ([Sil09, Corollary I11.5.5]) that the endomorphism 1 —
F,: E — E is separable. Thus, by Theorem 4 ([Si109, Theorem I11.4.10]), we have
(11) #E(Fy) = # ker(1 — Fy) = deg(1 — Iy).

Finally, we have previously shown that the degree map deg: End(E) — Zx is a posi-
tive definite quadratic form, see Corollary ([Sil09, Corollary I11.6.3]). Therefore,
applying the Cauchy-Schwarz lemma above, we conclude that

|deg(1 — Fy) — deg([1]) — deg(F,)| < 2/deg([1]) deg(F,);

since deg(Fy) = ¢ by Proposition [2.2.7 ([Sil09, Proposition I1.2.11]), and since deg([1]) =
1, this inequality simplifies to

|deg(l — Fy) —1—¢q| <2/
Then concludes our proof. 0

Remark 5.1.2. While understanding point counts over finite fields is intrinsically in-
teresting, it can also help us analyze torsion group sizes over number fields — we will
see this in §7.3, when we explore the notion of reduction of an elliptic curve.

Exercise 5.1.1. This exercise gives a formula for point counts of elliptic curves base-
changed over finite fields. If ¢ € Z™ is a prime power and E/, is an elliptic curve, then
writing
2 — ay(E)o+q = (z — )z — f)
where «, 3 € Q, this exercise shows that for all n € Z*, one has
#EFp) =q"+1—(a" +8").
a. Writing F,: £ — E for g-power Frobenius, prove that
F2 = a,(E)F, +q = [0].
b. For the polynomial
faz) = (2" —a")(z" = "),

show that f,(z) = 2®" — (& + ")a™ + ¢. Then prove that z* — a,(E)z + ¢
divides f,(z) in Zx].

One way to see this is to note that every finite extension of F, has the form F,s for some s > 1,
and thus Gal(Fgs /F,) = (Fy). Then note that G, is the inverse limits of these Galois groups, where
F, € GF, is defined on each Fys in a compatible way.
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c. Deduce that we can write
fu(®) = gu(2) - (2% — ay(E)x + q)
for some g,(x) € Z[z]. Use this and part a. to prove that
#EFg) =q¢"+1—(a" +5").
Exercise 5.1.2. Let p > 2 be a prime, and let E/g, be the elliptic curve

E:y?*=2%+z.
a. Prove that if p =1 (mod 4), then
4| #E(F,).
b. Prove that if p =3 (mod 4), then
#EF,) =p+1,

ie., a,(F)=0.
Thus, in both cases we have 4 | #E(F,).

c. Create a computer program that does the following: given a prime p € Z" and
an elliptic curve Eg, : y* = 2° + Az + B, it returns the set F(F,), as well
as the size #F(F,). What patterns do you notice for F : y* = 2* + r when
p =1 (mod 4), beyond part a.? Based on your calculations, make a reasonable
conjecture — and prove it if you can!

104 points (infinity not shown) Y2 =x*3 + 1x + 0 mod 103

1
0 5 10 15 20 25 30 3 40 45 50 55 60 65 70 75 8 8 9 95 100

FIGURE 5.1.1. The elliptic curve E : y?> = 23 4+ 2 over Fyo3.

Exercise 5.1.3. Let E/, be an elliptic curve. This exercise explores the structure of
E(k)[tors] over various fields.

a. Prove there exist m,n € Z* with m | n, such that
E(k)[tors] 2 Z/mZ x Z/nZ.
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b. Show that if K = F' is a real number field, then there exists n € Z" such that

~ JZ/nZ
E(F)[tors] = {Z/QZ X Z/2nZ.

c. Show that if k = T, is a finite field, then there exist m,n € Z* with m | n and
g =1 (mod m), such that
E(F,) = Z/mZ x Z/nZ.
d. Show that if ¥ = Q, then

E(Q)[tors] = (Q/Z) x (Q/Z).
Exercise 5.1.4.
a. Suppose that F/, and E;k are k-rationally isogenous elliptic curves. Prove that
their k-endomorphism algebras are isomorphic, i.e., Endy(E£) ® Q = Endi(E") ®
Q.

b. Let E/p, and E;]Fq be elliptic curves, and suppose there exists an [F,-rational
isogeny ¢: E — E'. Prove that #E(F,) = #E'(F,) for all » > 1. (The
converse is also true, see [Sil09, Exercise 5.4] or [Tat66].)
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7. ErLLirTic CURVES OVER LocAL FIELDS

In this chapter, we will study rational points on elliptic curves over local fields. As
we will see, this will allow us to determine information about elliptic curves over global
fields, which for us will be number fields. A key idea we will explore is that of reduction
of an elliptic curve. See Appendix [A] for a brief review of local fields.

A theorem we will work towards proving is the Néron-Ogg-Shafarevich criterion,
which will connect the reduction type of an elliptic curve to its Galois representations.
Note that we are black-boxing results on formal groups in these notes. Throughout this
chapter, we will use the following notation and assumptions:

e K is a perfect local field, complete with respect to a discrete valuation v: K —»
Z U {oo}.
e R is the discrete valuation ring of (K, v), i.e.,

R:={x € K :v(zx) > 0}.

e R* ={x € K :v(zx) =0} is the unit group of R.

o M :={z € K :v(x) >0} is the maximal ideal of R.

e 7 is a uniformizer of R, i.e., (m)R = M.

e k:= R/M is the residue field of R. We assume that k is perfect.

Note that each element x € K* has the form z = un™, where n € Z and v € R*. Our
canonical example of a local field is the field of p-adic numbers, denoted Q,, which is
complete with respect to the p-adic valuation v,: Q — Z U {o0}.

7.1. Minimal Weierstrass equations. Ultimately, in this chapter we are interested
in reducing elliptic curves defined over local fields into curves over finite fields. Different
types of equations for an elliptic curve will give different reduced equations, some of
which can be singular. However, with minimal equations, the reduction type will be a
well-defined invariant of the curve.

Let E/k be an elliptic curve in Weierstrass form:

E y2 + a1y + azy = x3+a2x2+a4x+a6,

where each a; € K. By §3.1, for u € K™ the change in variables z — w2z and

y — u 3y gives a new Weierstrass equation where each a; is replaced with u’a; (and A
is replaced with u'2A). Thus, if we choose u € R to be sufficiently divisible by , then
we can “clear denominators” and assume that each a; is in R, so that our equation is
R-integral. We call such an equation an R-Weierstrass equation.

Since our equation is R-Weierstrass, we can check with the formula in §3.1 that the
discriminant A := Ag g satisfies v(Ag k) > 0, i.e., Ag x € R. By well-ordering, there
exists an R-Weierstrass equation for F with v(A) minimal in Zso. We call such an
equation a minimal Weierstrass equation for £ with respect to v, or a min-
imal R-Weierstrass equation. The value v(A) is the valuation of the minimal
discriminant of E at v.

Remark 7.1.1. One way to spot whether you have a minimal equation is the following.
By Figure (see §3.1), we know that a change of variables z + u?z’ + r and
y — udy' +u?sx’ +t, where r,s,t,u € K and u # 0, will change the discriminant into
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A’ = u™2A; in particular, v(A) changes by adding or subtracting multiples of 12. We
conclude that

a; € R and v(A) < 12 = the equation is minimal.

Also recall there are invariants ¢4 and ¢g in terms of the a;, where a change of variables
gives new values ¢} = u"*cs and ¢ = u~%cs. One can use this and the relation 1728A =

¢ — ¢ to show that

a; € R and v(cy) < 4

4

the equation is minimal,

a; € R and v(cg) < 6 = the equation is minimal.

If char(k) # 2,3, then the converse holds: i.e., if the equation is minimal, then v(A) <

12 or v(cy) < 4. “Tate’s algorithm” also determines whether an equation is minimal,
see e.g. [Sil94, Chapter 1V, §9].

Example 7.1.1. Fix a prime p, and consider the elliptic curve
E:y+aoy+y=a>+2>+220 -9

over Q,. Then A = —2' .52 Thus, if p > 2 then this is a minimal equation by the
remark above, since v,(A) < 12. One checks that ¢, = —5-211, and so it is also minimal
when p = 2 by our remark.

For another example, consider

E:y*=a23+3.
Then A = —2%. 3%, which means that F is minimal for all p.

We summarize some observations concerning minimal Weierstrass equations (which
essentially follow from Weierstrass equation facts, combined with K being a local field).

Proposition 7.1.1. [Sil09, Proposition VII.1.3]

a. Every elliptic curve E/x has a minimal R-Weierstrass equation.
b. A minimal equation is unique up to change of coordinates

z=u?r +r and y =3y + ust’ +t,

where r, s, t,u € R and u € R*.
c. The invariant differential

dz
W=
2y+a1x+a3

for a minimal equation is unique up to multiplication by an element of R*.
d. Conversely, any change of coordinates

x=ulr +r and y = uy + ulsy’ +t,

between two minimal R-Weierstrass equations satisfies r,s,t,u € R.
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7.2. Reduction modulo 7. Given an elliptic curve £,k with an R-Weierstrass equa-
tion

E:y? + aixy + asy = 2° + aox® + aux + ag,

we can obtain a new curve E over the residue field k := R /M by reducing the coefficients
modulo 7:

E: Y+ dizy + dgy = 23 + dox® 4 dyx + dg.

This curve E is called the reduction of F modulo 7. If we assume the equation of
E is minimal, then this equation for F is unique up to change of coordinates over k by
part b. of Proposition [7.1.1] ([Sil09, Proposition VII.1.3]). Furthermore, two R-minimal
equations £y and Es for E will have equal discriminant valuation v(A) when v(A) < 12.
Therefore, E; is nonsingular if and only if E, is nonsingular, iff v(A) = 0.

It is important to note that F might not be an elliptic curve, since it could be singular.
For example, for prime p > 2, the elliptic curve

Ejg, 1y =’ +3

is Z,-minimal since, as noted in the previous section, we have A = —2% 3% and so
vp,(A) < 12. However, if p = 3, then reducing the coefficients modulo 3 gives the
singular (cuspidal) curve

E:? =23

Despite this, any curve given by a Weierstrass equation will still have a group law via
the chord and tangent method, as long as we exclude the singular points.

Notes Exercise 7.2.1. Show that for a field & with char(k) # 2, a curve in short
Weierstrass form,

C:y* =2+ Az + B,

has at most one singular point, and it must have the form (a,0). Also show that the
point at infinity is always nonsingular.

Let us review some of §3.2 on singular Weierstrass equations. Here is a proposition
from §3.1 that we partially stated, see Proposition |3.1.1]

Proposition 7.2.1. [Sil09, Proposition I11.1.4] Let C' be a curve in Weierstrass form
over a field k.

1. C s nonsingular if and only if A # 0.
1. C s singular with a node if and only if A =0 and ¢4 # 0.
1. C is singular with a cusp if and only if A =0 and ¢4 = 0.

In cases 1. and ., there is exactly one singular point.
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5 5
5 5 10 -5 0 5 10
5 5

(A) (B)

FIGURE 7.2.1. The curves C} : y* = 2® + 22 (nodal) and C : y* = 27
(cuspidal).

As mentioned, the chord and tangent method still gives a group law on nodal and
cuspidal Weierstrass equations, so long as we exclude the single singular point. For a
curve C, we write C)s to denote the set of nonsingular points on C.

Proposition 7.2.2. [Sil09, Proposition 111.2.5] Let C be a curve given by a singular
Weierstrass equation, i.e., assume that A = 0. Let S € C be its singular point; then
Chs :== C ~{S} is a group under the chord and tangent method.

a. Suppose that C' has a node, i.e., suppose that ¢y # 0. Let
y =mix + by and Y = MoX + by
be the distinct tangent lines to C' at S. Then the map
_ — —b
CHS_>k><7 (x’y)'_> %
Yy — maox — by

is an isomorphism of groups.
b. Suppose that C has a cusp, i.e., suppose that ¢, = 0. Let

y=mx+b
be the tangent line to C' at S. Then the map
CHS _> E) (:L'7 y) H x_—m
y—mz—>b

s an isomorphism.

Remark 7.2.1. It is worth noting that for a singular curve C);, in Weierstrass form,
there is an analogous description of C'(k) — see Exercise ([Sil09], Exercise 3.5]).
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Back to §7.2, with local field notation. We observed that an elliptic curve E/x given
by an R-Weierstrass equation
By +ayxy + asy = ° + a2 + agr + ag
can be reduced modulo 7, to obtain a new curve over k,
E: Y+ dizy + dgy = 23 + dox® 4 dyx + dg.
We have a reduction map from E to E: given a point P € F(K), we can write P =

[0 : Yo : z0] Where xg, 40,20 € R and at least one of g, yo or zp is in R* (multiply all
terms by the appropriate power of 7). It follows that

P = [7 9o : %0) € E(k).
This gives the reduction map
red: E(K) — E(k)
by P — P. This is a special case of an identically defined reduction map
red: P"(K) — P"(k).

We know that E, is a group under the chord and tangent method; thus, it is natural
to ask whether reduction is a group homomorphism. As it turns out, it is if we change
t}le domain to the subgroup of F(K) of points which reduce to nonsingular points on
E. In fact, we can show more: let us define both

Eo(K):={P € E(K): P € Ey(k)}
and o
E\(K):={P € E(K): P=0}.
Proposition 7.2.3. [Sil09, Proposition VII.2.1] The sequence of maps

0= E\(K) = Eo(K) 2% E(k) — 0

15 a short exact sequence of abelian groups.
Proof. Tt is clear that if Eo(K) is a subgroup of E(K), and if red: Eg(K) — Eng(k) is

a surjective homomorphism, then the sequence is an exact sequence of abelian groups.
Let us first prove that reduction is surjective. Choose a minimal R-Weierstrass equation

E: f(z,y) =0.
It follows that £ has equation

E: f(z,y) =0,
where f € k[z,y] is the polynomial obtained by reducing the coefficients of f(z,y)
modulo 7. Let ¢ = («,8) € Eys(k) be a point; we must show there exists ) =

(20, y0) € E(K) with @ =q,le, (folgo) = (a, B).
Since ¢ is a nonsingular point on E, we have

% £0 or —| #0.

q q
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Assume that the second partial is nonzero (the other case is similar). Fix a representa-
tive g of o in R; thus Tp = a. Consider the single-variable equation g(y) := f(zo,y) €
R[y]. Since (a, ) € E, we have §(3) = f(a, ) = 0; however, by the second partial
condition, we know that g'(B) # 0. It follows by Hensel’s Lemma (Exercise that
there exists a lift yo € R of 8 to a root of g(y); thus, 7o = 5 and g(yo) = 0. The latter
condition implies f(zo, o) = 0, and thus (z¢,yo) € Eo(K) maps to (a, 8) € E(k). We
deduce that the reduction map is surjective.

Next, we must show that Ey(K) is a group (i.e., the sum of two points which reduce
to nonsingular points, also reduces to a nonsingular point), and that reduction is a
homomorphism. These can be shown simultaneously: that is, one can show that if
P,Q € Fy(K) and R € E(K) are collinear points on a line L, then P,Q and R are on
the line L with the correct multiplicities. This follows through checking several cases
for P,Q and R.

We describe the easier case: suppose that P, Q and R are distinct. Then this forces

LNE={P,Q,R}.

Since P and Q are in Fy(k) by assumption, so is R by the collinearity theorem (Theorem
0.7.4, which also applies to Eyg), since —R = P+Q and (k) is a group by Proposition
7.2.2| ([Sil09, Proposition II1.2.5]) (alternatively, note that singular points on curves
have intersection multiplicity > 2, see e.g. [Sil09, Exercise 3.28]). We deduce that
R € Ey(K). The main thing checked in this case was that the third point R lies in
Ey(K), and not just E(K).

The next case to check is where P = Q #* R. This is where the subtlety appears: it
is reasonable to expect that since P = @, one could have L N Epg D {P R}, ie., that
L is not a tangent line at P. However, additional work shows that this L must be such

a tangent line, and that R € Ey(K) and not just R € E(K). The other cases are also
left as an exercise, see [Sil09, Exercise 7.15]. O]

Remark 7.2.2. We note that for an elliptic curve E,x in Weierstrass form, if v(A) = 0,

then A # 0, and thus Eis nonsingular. Therefore, £y = E and E,. = E, and our short
exact sequence in Proposition becomes

0— B(K) = B(K) 2% E(k) — 0.
This gives more direct information about F(K). This is the case of good reduction.
This is discussed in more detail in the upcoming sections.

Can we make better sense of the groups in our short exact sequence of Proposition
When £ is a finite field, by Proposition ([Sil09), Proposition II1.2.5]) and the
Hasse-Weil bound, we have a decent understanding of the size of Eyg(k). As it turns out,
we also have a good understanding of £ (K). This group is the group associated to the
formal group associated to E. Chapter 4 of [Sil09] is devoted towards understanding
formal groups and their connection to elliptic curves. However, in the interest of time,
we have opted not to go over this topic. Thus, we will content ourselves to stating the
necessary properties of this formal group.
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Proposition 7.2.4. [Sil09, Proposition IV.3.2] Let F/g be a formal group. Then writing
p := char(k), the associated group F(M) has that F(M )[tors| = F(M)[p>], i.e., every
torsion element of F(M) has order a power of p.

Proposition 7.2.5. [Sil09, Proposition VII.2.2] Let E/k be an elliptic curve given by

a minimal R-Weierstrass equation, let E/R be the formal group associated to E as in
[Sil09], Section 4.2], and let w(z) € R([[z]] be the power series from [Sil09, Section 4.1].
Then the map

E(M) — Ey(K), S (ﬁ’_w(lz))

is an isomorphism of groups (where 0 — O ). For the definition of E(M), see [Sil09L
Section 4.3].

We will soon see that knowing E;(K) is a formal group over R immediately implies
more information about the reduction SES from Proposition [7.2.3]

Exercise 7.2.1. [Sil09, Exercise 3.5] Let k be a perfect field, and let £/, be a singular
curve in Weierstrass form.

a. Suppose that £ has a node, and let the tangent lines at the node be
Yy =mix + b and Y = Mox + by.
i. If my € k, prove that msy € k and
Es(k) =2k~

(This is the split case, see Section 7.5.)
ii. If my & k, prove that ¢ := k(my, mz) is a quadratic extension of k. Note
that i. tells us that E.s(k) C Ens(¢) = £*. Prove that

Eus(k) = {a € 0 : Nyjp(a) = 1}.

(This is the nonsplit case, see Section 7.5.)
b. Suppose that E has a cusp. Prove that

Bus(k) 2 (k, +).

Exercise 7.2.2. [Sil09, Exercise 7.1] Assume that char(k) # 2, 3.

a. Let E i be an elliptic curve given by a Weierstrass equation with coefficients
a; € R. Prove that the equation is minimal if and only if either v(A) < 12 or
v(ey) < 4.

b. Let £,k be given by a minimal Weierstrass equation of the form

E:y* =2+ Az + B.

Prove that E has
i. good reduction, i.e., E is nonsingular, <= 44 + 27B? € R*,
ii. multiplicative reduction, i.e., E has a node, <= 443 + 27B% € M and
AB € R*,
iii. additive reduction, i.e., E has a cusp, <= A € M and B € M.
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7.3. Points of finite order. Given an elliptic curve /i in minimal R-Weierstrass
form, we proved in Proposition ([Sil09, Proposition VII.2.1]) there exists a short

exact sequence
0= Ey(K) = Eo(K) =% En(k) — 0.
We also noted that E;(K) was a formal group, and thus E;(K)[tors] = E;(K)[p™]

where p := char(k). This lets us prove the following,.

Proposition 7.3.1. [Sil09, Proposition VIL.3.1] Let E/k be an elliptic curve and n > 1
an integer coprime to char(k).

a. The subgroup E1(K) has no nontrivial points of order dividing n.

b. If E/k 18 nonsingular, then the reduction map

red: E(K)[n] — E(k)
1S injective.
Proof. Part a. follows by our remark on F;(K) being a formal group, so it suffices to
prove part b. Suppose that P € F(K) has order dividing n. If P is in the kernel of

reduction, then P € F;(K); however, by part a. we know that E)(K)[n] = {O}, which
forces P = O. O

This proposition gives us a nice way to compute the torsion group of an elliptic curve
E over a number field F'. For a nonzero prime ideal ¢ C F', one has a natural embedding
F — Fy where Fy is the completion at (the discrete valuation on F' associated to) ;
thus, we also have an injection E(F') — E(Fyg). The idea is then to show that for some
n € Z*, one has

E(F)[tors| = E(F)[n™] :={ P € E(F) : |P| =[]
pln
by embedding E(Fy)[tors] into one of its reductions E(k)[tors], which has a finite size.
Then E(F)[n*] can be analyzed separately, e.g. by embedding F(F')[n*] into another
completion E(Fy) and then applying the same techniques, and/or by computing the

number of rational points of reductions E,(,./q) and comparing them to the remaining
possible orders of torsion points over F.

Example 7.3.1. Consider the elliptic curve
E/@:y2+y:x3—x+1.
See its LMFDB page: 611.al. We compute A = —611 = —13 - 47. For each prime

p € Z*, we have v,(A) < 12, and thus this is a Z,-minimal model. For any prime
p # 13,47, since v,(A) = 0 we also see that E/p, is nonsingular. In particular, when
p = 2 we have by Proposition ([Sil09, Proposition VIIL.3.1]) that for each odd
nezr,

E(@Q)n] € B(Q,)[n] = E(F).
It is easy to check that E(Fy) = {O}. We deduce that

E(Q)[tors] = E(Q)[27].


https://www.lmfdb.org/EllipticCurve/Q/611/a/1
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On the other hand, one can show that E(Q)[2] = {O}, e.g. by noting that order
two points on E have vertical tangent lines, see Exercise We conclude that

E(Q)[tors] = {O}.
Example 7.3.2. Consider the elliptic curve
Eig:y*=1°+3.

See its LMFDB page: 3888.i2. We compute A = —3888 = —24.3% thus F is nonsingular
mod p for every prime p > 5. We check that

We claim that E(Q)[tors] = {O}. To see this, first observe that for P € E(Q)[tors],
if n := | P| is coprime to 35, then by Proposition we have F(Q)[n] — E(Fg)) and
E(Q)[n] — E(F;), which implies that n | gcd(#E(F5), #E(F;)) = 1. We deduce that
E(Q)[tors] = E(Q)[35]. On the other hand, given P € E(Q)[7°], setting n := |P| we
have E(Q)[n] < E(Fs), and so n | #E(F5) = 6, forcing P = O; thus, E(Q)[7] = {0},
ie., E(Q)[35%] = E(Q)[5*]. A similar argument shows that E(Q)[5*] = {O}.

We conclude that E(Q)[tors] = {O}. However, we visibly spot the rational point
(1,2) € E(Q); we conclude that (1,2) has infinite order on E, and so #F(Q) = oc.

Example 7.3.3. Consider the elliptic curve
E/Q : y2 :l’g‘i‘ﬂf.

See its LMFDB page: 64.a4. We have A = —64 = —26. We find that #E(Fs) = 4
and #E(F5) = 4, and thus deduce that E(Q)[tors] = E(Q)[2°]. We also find that
#E (F7) = 8, so it is not immediately clear whether the previous techniques will work.
(In general, for this elliptic curve we have 4 | #E(F,) for each odd prime p, see Exercise
5.1.2

Hov)vever, the group structure of the reductions mod p tells us a bit more. For
example, we can check that E(Fs) = Z/27 x Z./2Z. Thus, for each e > 1, we know that
E(Q)[2°] embeds into Z /27 x Z/2Z, which forces E(Q)[2*°] = E(Q)[2] (group exponent
argument). We check that E[2] = {0, (0,0), (i,0), (—,0)} (see Exercise[0.7.6)), and thus
conclude that E(Q)[tors] = {O, (0,0)}.

Here is a theorem which further describes torsion points on elliptic curves over local
fields (and consequently applies to number fields). The proof of this in [Sil09] uses
formal groups, so we will not describe it here.

Theorem 7.3.2. [Sil09, Theorem VII.3.4] Assume that char(K) = 0 and p := char(k) >
0. Let E/k be an elliptic curve given by an R-Weierstrass equation. Let P € E(K) be
a point with exact order n > 2.

a. If n is not a power of p, then x(P),y(P) € R.
b. If n = p°, then

7 x(P), ™ y(P) € R with r= L#?)—UJ :


https://www.lmfdb.org/EllipticCurve/Q/3888/i/2
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Application. Suppose that E/qg is an elliptic curve given by a Weierstrass equation
whose coefficients lie in Z, and let P € E(Q) be a torsion point of order n > 2. If n
is not a prime power, then for all primes p € Z*, part a. of this theorem says that
vp(n) > 0; it follows that P is integral, i.e., P € E(Z). If n = p° is some prime power,
then letting v, denote the usual p-adic valuation (so v,(p) = 1), part b. implies that

palP) 2 2|l P 2 3|

pHp—1) pHp—1)
These floor values equal 0 unless p® = 2, in which case we only have vy(z(P)) > —2
and v,(y(P)) > —3, i.e., we have

Lo Yo
p-(2 )
for some xg,yg € Z where 0 < a < 2 and 0 < b < 3. This is best-possible in terms of
integrality of torsion points, since the elliptic curve

E:y+ay=a3+40+1

has the 2-torsion point (—1,1) € E(Q) (see its LMFDB page: 65.a2).

This application is summarized in the following corollary.

Corollary 7.3.3. Let E/g be an elliptic curve given by a Weierstrass equation with
coefficients in Z. Then for any torsion point P € E(Q) of order n, if n > 3 then
P € E(Z). If n = 2, then P = (x,y) with vy(x) > —2 and vy(y) > —3. This is

best-possible in terms of integrality.

Remark 7.3.1. It is worth noting that if £,q is in short Weierstrass form over Z, then
in fact all rational torsion points on E are integral. This is a consequence of a theorem
of Nagell and Lutz, see §8.7 of [Sil09).

Here is a useful consequence of our integrality results, applied towards understanding
torsion groups of rational elliptic curves (it also has an analog for general number fields).
Given an elliptic curve E/g with an equation over Z, and a prime p € Z*, say that £
has good reduction at p if the reduced curve for F/q, is nonsingular.

Theorem 7.3.4. Let E/g be an elliptic curve. If p > 3 is a prime of good reduction
for E, then the torsion reduction map

red: F(Q)[tors] — E(F,)
1S 1njective.
Proof. Suppose that E has good reduction at p. Then we know by Proposition [7.3.1]
([Sil09 Proposition VIL.3.1]) that red: E(Q)[p) — E(IF,) is injective, where E(Q)[p]’

is the subgroup of E(Q) of torsion points whose orders are coprime to p.

It thus suffices to show that red: F(Q)[p>®] — E(F,) is injective. If P € kerred N
E(Q)[p>] is nontrivial, then writing P = (z,y) = (%, ﬁ) where a,b,c,d € Z, we have
[Z,9:1]=[0:1:0], ie.,

lad : be: bd] = [0:1:0).


https://www.lmfdb.org/EllipticCurve/Q/65/a/2
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It follows that p | ad,p | bd and be =1 (mod p), whence we have p | d. However, by the
Application following Theorem , this is impossible unless |P| = p = 2. We conclude
that if F has good reduction at p > 2, then ker(red: E(Q)[p>®] — E(F,)) = {O}. (This
also shows that if £ has good reduction at p = 2, then ker(red: E(Q)[2>] — E(F,)) C
E[2].) O

Exercise 7.3.1. [Sil09, Exercise 7.3] Describe all Weierstrass equations

E:y? + aizy + asy = 2° + aox? + aux + ag

with a; € Z and A # 0 such that E(Q) contains a torsion point P with z(P) ¢ Z.
(Hint: see the Application in §7.3.)

Exercise 7.3.2.

a. Prove that the elliptic curve
E:y+y=2°—2
has trivial torsion subgroup, but positive rank over Q. (This is the first elliptic
curve of minimal conductmﬂ and positive rank. See its LMFDB page: 37.al.
See also [Sil09, Exercise 9.13].)
b. Prove that the elliptic curve
E:y?—y=2a®—2?
has E(Q)[tors] = Z/5Z. (This is “the first elliptic curve in nature”: it has
minimal conductor and is a model for the modular curve X;(11). See its LMFDB
page: 11.a3.)
c. Prove that the elliptic curve

E:y+oyt+y=a>—2>—5z+5
has E(Q)[tors| = Z/3Z. (This curve corresponds to a sporadic point of degree 3

on the modular curve X;(21). Up to Q-isomorphism, it is the only elliptic curve
which has the torsion group Z/217Z over a cubic number field, namely Q((o)™.

See its LMFDB page: 162.c3.)

7.4. The action of inertia. In this section, we will connect ramification of elliptic
curve torsion groups to the Galois action of inertia.

Let K™ denote the maximal unramified extension of K: this is the compositum of
all unramified extensions of K. Recall by Exercise that an unramified extension
L/K is Galois, with Galois group isomorphic to the Galois group of its residue field ¢/k
(essentially Hensel’s Lemma). It follows that

Gal(K™/K) = Gy

in fact, this isomorphism is given by reduction of automorphisms, just like in the case
of inertia groups over number fields. More precisely, for a finite unramified extension
L/K with residue field ¢ := S/(II) (where S is the discrete valuation ring for L and II

12The conductor of an elliptic curve E/q is a specific integer divisible precisely by the primes of
bad reduction for E, i.e., the primes p for which E’/Fp is singular.


https://www.lmfdb.org/EllipticCurve/Q/37/a/1
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is its uniformizer), for o € Gal(L/K) we have ¢: £ = { via 6(a + (II)) := o(a) + (II).
Thus, we have a short exact sequence

1 Gal(K/K™) = G 25 G, — 1.

The Galois group I, := Gal(K/K™) is called the inertia group of K. Thus, the SES
above becomes

(12) 151, > G =5 G — 1.

To reiterate, the inertia group of K is the subgroup of G of automorphisms which act
trivially on k.

Remark 7.4.1. Observe that the short exact sequence above mimics the usual short
exact sequence of inertia and decomposition groups for number fields: given a Galois
extension M /F of number fields, for primes p C F' and 8 C M where P | p, one has

1= Iy = Doy % Gal(Our/B)/Op/p) = 1.
Here, the decomposition group of B | p is

Dyjp :={o € Gal(M/F) : o('B) = B}
and the inertia group of B | p is
[‘WP L= {J S Gal(M/F) 0= 1(0M/q3)}
={o € Gal(M/F) :VYa € Oy, o(a) =a (mod P)}.

In fact, one can show that Dy, = Gal(My/F}), and the local SES is a generaliza-
tion of this one.

Definition 7.4.1. Let G act on a set X. Say that X is unramified (at v) if the
action of I, on X is trivial.

The following proposition connects good reduction to ramification of elliptic curve
torsion groups; it is part of the Néron-Ogg-Shafarevich criterion, which we will prove
at then end of this chapter.

Proposition 7.4.1. [Sil09, Proposition VIL.4.1] Let E/x be an elliptic curve with good
reduction, i.e., such that E/k 18 nonsingular.
a. Let n > 1 be an integer coprime to p := char(k), i.e., v(n) = 0. Then E|n| is
unramified at v.
b. Let { # char(k) be a prime. Then T;(E) is unramified at v.

Proof. Part b. quickly follows from part a., since T;(F) is the inverse limit of the /-
primary torsion groups E[(¥] for k > 1. To prove part a., let us set L := K(E[n]) to
be the n-division field of F over K. Let w be the unique extension of v to L: this is
given by w(z) := - v(Npk(z)) (see the appendix for a citation of this fact). say II is
a uniformizer of L at w, let S be the associated DVR of II, and let ¢ := S/(II) be its
residue field. We will use that F(L)[n| = F[n] to show E[n] is unramified at v.

Since E has good reduction at v, any minimal R-Weierstrass equation of E satisfies
v(A) = 0. It follows that w(A) = 0 (since w|x = v), and thus such an R-equation is
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also S-minimal, and E/;, has good reduction at w. Propositionm ([Si109, Proposition
VII.3.1]) then implies that

(13) red: E(L)[n] = E[n] — E({)

is injective.
We want to show that I, acts trivially on E[n], i.e., Vo € I, and VP € E[n], one has
P? = P. By definition of the inertia group (see Equation ((12))),

I, = {0 € Gk : V¥ subextensions k C £ C k, & = 1,}.

In particular, & acts trivially on E (¢), which means

(P)” = P;

however, by definition (lf’)‘~7 = pPo , i.e., the reduction of sigma applied to the reduction
of P is the reduction of [¢ applied to P]. Thus we have P° = P. Since reduction
of points is a homomorphism (see Proposition [7.2.3] [Sil09, Proposition VII.2.1]), this
means that
Pr=pP=0.

However, since P € £ [n], it follows that P°—P € E[n], and so P°—P € ker(red: E[n] —
E(k)), which is trivial by (13)). Thus P° = P, whence we conclude that E[n] is unram-
ified at v. OJ

The Néron-Ogg-Shafarevich criterion says that the converse of this proposition is also
true. We will prove this in Section 7.

Remark 7.4.2. Let us make more clear the connection between Proposition and
ramification in division fields and Galois representations. Given an elliptic curve E/k,
for each n € Z* we have the mod-n Galois representation

PEn: GK — GLQ(Z/RZ)

By definition, E[n] is unramified at v if and only if pg ,(I,) = 1. Furthermore,the kernel
of this representation is Gal(K /K (E[n]), where K(E|n]) is the n-division field of £,
le.,

K(E[n]) = {=(P),y(P) : P € E[n]}.
Thus K(E[n])/K is Galois, and modding out by the kernel gives a faithful representa-
tion
pen: Gal(K(E[n])/K) < GLy(Z/nZ).
Therefore, E is unramified at v if and only if the inertia group of K (E|n|)/K is trivial;

here, the inertia group is like the usual finite one from algebraic number theory, just
for a local field instead.
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7.5. Good and bad reduction. In this section, we describe the various reduction
types of an elliptic curve, culminating in the semistable reduction theorem. As noted
previously, for an elliptic curve /g, the reduction E being nonsingular is independent
of choice of R-minimal Weierstrass equation.

Definition 7.5.1. Let E/x be an elliptic curve given by an R-minimal Weierstrass
equation; let £ denote the curve given by the reduction of this equation.

a. E has good (or stable) reduction if £ is nonsingular.
b. E has multiplicative (or semistable) reduction if F is singular with a node.
c. F has additive (or unstable) reduction if £ is singular with a cusp.

These three cases are called the reduction types of F. In the latter two cases, we say
that F has bad reduction. If £ has multiplicative reduction, we say the reduction is
split if the slopes of the two distinct tangent lines at the node of E are in k; otherwise,
we say it is nonsplit.

The following proposition summarizes some of our previous results on the reduction
type. It also explains why “additive” and “multiplicative” reduction are named so.

Proposition 7.5.1. [Sil09, Proposition VIL5.1] Let E/x be an elliptic curve given in
R-minimal Weierstrass form

E:y? + a1xy + asy = 2° + asx”® + asx + ag.
Let A be the discriminant of this equation, and cy its other invariant.

a. E has good reduction if and only if v(A) =0, i.e., A € R*. In this case, E/k is
an elliptic curve.

b. E has multiplicative reduction if and only if v(A) > 0 and v(cy) = 0, i.e.,
A€ M and ¢y € R*. In this case, Ens is the multiplicative group,

En(k) 2%
c. I/ has additive reduction if and only if v(A) > 0 and v(cs) > 0, i.e., A cqs € M.
In this case, E,g is the additive group,

Eo(k) = (k,+).
Example 7.5.1. Over Q,, consider the elliptic curves

Ei:y? =23 +pa? + 1, Ey:y?=a3+22+p and Ey:y* =23+ p.

Assuming that p > 5, we have that F; has good reduction since Ap, = —4p® — 27;
similarly checked, F> has multiplicative reduction (Ag, = —16p(4 + 27p) and ¢, = 16),
and F3 has additive reduction (Ag, = —2*-3% - p? and ¢4 = 0). However, over the

finite extension Q,(p*/%), we find that E3 attains good reduction, with a new minimal
equation given by the substitution

2 p Py p2 ey
this new equation over Q, is explicitly

py/Q — p(l’,)3 +p,
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ie.,

y/? — (x/){% +1.
On the other hand, F5 will always have multiplicative reduction over algebraic exten-
sions of Q, (we will see why in a moment).

The example above gives a moral explanation for the terms stable, semistable and
unstable: additive reduction can turn into good or multiplicative reduction, whereas
good and multiplicative reduction do not change. This also prompts the following
definition.

Definition 7.5.2. Say that an elliptic curve E/x has potential good reduction if
there exists a finite extension L/K such that E,; has good reduction over L.

Remark 7.5.1. A CM elliptic curve E/k always has potential good reduction, see
[Sil09), Exercise 7.10].

The next proposition shows how reduction type can change upon base extension.

Proposition 7.5.2 (Semistable Reduction Theorem). [Sil09, Proposition VII.5.4] Let
E/k be an elliptic curve.

a. If L/K is an unramified extension, then the reduction type of E over L (good,
multiplicative or additive) is the same as the reduction type of E over K.

b. If L/K is a finite extension, then if E has good or multiplicative reduction over
K, then the reduction type stays the same over L.

c. There exists a finite extension L/K such that E,;, has good or (split) multiplica-
tive reduction over L.

Proposition 7.5.3. [Sil09, Proposition VIL.5.5] Let E/k be an elliptic curve. Then E
has potential good reduction if and only if its j-invariant is integral, i.e., j(E) € R.

Exercise 7.5.1. [Sil09, Exercise 7.3] Show that the following elliptic curves have good
reduction over a field of the indicated form by writing down a minimal equation for
over that field.

a. E1y2:$3+£€, @2( 72) 77 :_1
b. E:y2+y:x37 (71'777)’71' = \/ 77 _2
c. B:yP=a%+2%—3x—2, Qs(m), m* =

Exercise 7.5.2. Let F' be a number field and E/r an elliptic curve. For a nonzero
prime ideal ¥ C O, say that I has good reduction at B if E/g, has good reduction,
where Fy is the completion of I at the discrete valuation vy associated to B. We also
use Opgy to denote the discrete valuation ring in Fiy associated to vg.

a. Assume that F is given by a Weierstrass equation over O that is minimal over
Fy. Prove that E has good reduction at ‘B if and only if P 1 Ag p.

b. Prove that no elliptic curve E/g has good reduction at every prime p € Z*.
(Hint: see [Sil09, Exercise 8.15].)

Note that a Weierstrass equation of an elliptic curve E,p with coefficients in O need
not be a minimal equation over each completion Fi; in fact, such a “global minimal
equation” for F is not guaranteed to exist unless F' has class number 1 — see §8.8 of
[S1109]. Thus, a global minimal equation always exists when F' = Q.
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7.6. The group E/E,. Recall that for an elliptic curve E/ g, we have a short exact
sequence

0 — B (K) = Eo(K) — Ey(k) — 0.

We know that Ey(K) = E(M) is a formal group, which lets us describe its torsion
points; we also know the structure of Ey(k). Thus, we can describe Ey(K); to better
understand F(K), we are left to then study E(K)/Eq(K).

As it turns out, the index [E(K) : Eo(K)] is finite, which is what we need to know
towards proving the Néron-Ogg-Shafarevich criterion. In fact, one can say more about
this quotient.

Theorem 7.6.1 (Kodaira, Néron). [Sil09, Theorem VIL.6.1] Let E,x be an elliptic
curve. If E has split multiplicative reduction over K, then E(K)/Ey(K) is cyclic of
order v(A) = —v(j). In all other cases, the quotient E(K)/Eq(K) is finite of order at
most 4.

The usual proof for this theorem involves Néron models and their classification. How-
ever, if k is a finite field, then finiteness of [F(K) : Ey(K)] can be proven using topo-
logical methods; see [Sil09, Exercise 7.6].

There is an interesting application of this theorem which uses formal groups to further
describe the Mordell-Weil group E(K).

Proposition 7.6.2. [Sil09, Proposition VIL.6.3] Let K = Fy be a finite extension of
Qp. Then E(K) contains a finite index subgroup that is isomorphic to (Ops, +), where
Orsyp denotes the discrete valuation ring of Fy associated to v,.

7.7. The criterion of Néron-Ogg-Shafarevich. We have previously shown that if
E/k has good reduction, then for all integers n € Z* coprime to p := char(k), one
has that E[n| is unramified. The converse is also true, and is part of the Néron-Ogg-
Shafarevich criterion. This can be considered the main result of this chapter.

Theorem 7.7.1 (Néron-Ogg-Shafarevich criterion). Let E/x be an elliptic curve. Then
the following are equivalent.

a. E has good reduction.

b. Eln] is unramified at v for all integers n € Z* coprime to p, i.e., v(n) = 0.
c. Ty(E) is unramified at v for all primes € # p.

d. E[n] is unramified at v for infinitely many integers n € Z* coprime to p.

Proof. a. = b. was Proposition [7.4.1] ([Sil09, Proposition VIL.4.1]). b. = c¢. = d. is
clear. Thus, it suffices to show that £ has good reduction if infinitely many E|[n| are
unramified at v.

This proof is slightly different than that in [Sil09], since that proof is incorrect. There
is a correction in the errata Whicll\ we will follow, see https://www.math.brown.edu/
~jhs/AEC/AECErrata.pdf. Let K™ denote the completion of the maximal unramified
extension of K. By the proof of the semistable reduction theorem (this is where the
correction is made), since K™ has the same value group as K™ (i.e., w(I/(E) = w(K™)

where w extends v to K™ )), we can deduce that the reduction type of E over K™ is
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the same as that of F over K™, which is the same as that of E over K (this latter part
is also by the semistable reduction theorem!).
Since we are assuming part d., we can fix an integer n € Z* such that the following
holds:
Lptn;
i n > [E(K™) : Eo(K™)];
ili. E[n] is unramified at v.
(Note that the index in ii. is finite since K™ is a complete local field, so the results of
the previous section apply to it.)
Let us consider two short exact sequences:

0 — Eo(K™) — B(K™) — E(K™)/Ey(K™) — 0

and
red ~ -

0 — Ey(K™) — Ey(K™) 2% (k) — 0
(note that the residue field of both K™ and K™ is k). By assumption, F[n] is unramified
at v, and so -
Eln) € B(K™) C E(K™),
In particular, E(I/(B) contains a subgroup isomorphic to (Z/nZ)?>. However, since

n > [E([/(E) : Eo(@)], from the first SES this forces the left term EO(I/(E) to contain
F? for some prime / | n,

In the second SES, we know that the formal group El(?H ) has no nontrivial {-torsion
by Proposition IE ([Sil09, Proposition VII.3.1]). Therefore, since EO(}/(B ) contains
%, this forces EnS(E) to also contain F2. However, if F has bad reduction, then by
Proposition ([SiI09, Proposition VIL5.1]) we know that E,(k) is either & or
(k,+), neither of which contains F2? (since & [¢] = ju, which is cyclic of order ¢, and
(k,+)[{] = 0, since £ # p). We conclude that E has good reduction over K™, which
concludes our proof by our initial comments on K, 0

This criterion has a number of interesting applications, the first of which concerns
rationally isogenous elliptic curves.

Corollary 7.7.2. [Sil09, Corollary VII.7.2] Let E/x and B be K-rationally isogenous
elliptic curves. Then E has good reduction if and only if E' has good reduction.

Proof. Let ¢: E — E’ be a K-rational isogeny. For any integer n € Z* coprime to both
p := char(k) and deg(¢), we have an isomorphism of G -modules,

¢: E[n] = E'[n].

13To see this claim, it might help if we do it in more generality. Suppose that 0 — A — B — B JA —
0 is a SES of abelian groups such that B has a subgroup H that is isomorphic to (Z/nZ)?. Let us write
HNAXZ/mZ x Z/moZ for some my | mg | n. If my # 1, then taking any prime £ | my, it follows
that FZ2 C H N A, and we are done. Suppose to the contrary this is not the case: thus, we can write
HNA=Z/mZ for some m | n. It follows that [H : HNA] =n- = thus, [H : HNA] >n > [B: Al
However, for a subgroup K C B, we always have [K : K N A] < [B : A] (check it directly with coset
representatives). We deduce that n < [H : H N A] < [B : A] < n, which is impossible.
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This implies that E[n] is unramified if and only if E’[n] is unramified (compare mod-n
Galois representations). Since there are infinitely many integers n coprime to both
p and deg(¢), we conclude by the Néron-Ogg-Shafarevich criterion that £ has good
reduction if and only if £’ has good reduction. O

Corollary 7.7.3. Let E)g and E;Q be Q-rationally isogenous elliptic curves. Then for

any prime p € Z, one has that E has good reduction at p if and only if E' has good
reduction at p.

The above corollary technically uses the fact that a global minimal model exists for
elliptic curves over Q. In general, such a model exists for elliptic curves over number
fields of class number one — see §8.8 of [Sil09].

Here is one more corollary to finish this chapter.

Corollary 7.7.4. [Sil09, Corollary VII.7.3] Let E/x be an elliptic curve. Then E has
potential good reduction if and only if for some (all) prime(s) € # p := char(k), the
inertia group I, acts on T,(F) through a finite quotient, i.e., the kernel of its (-adic
Galois representation intersects I, in a finite index subgroup of I, i.e., [K™(E[(>]) :
K™] < 0.

Exercise 7.7.1. [Sil09, Exercise 7.9] Let £,k be an elliptic curve with potential good
reduction. Let n € Z' be an integer coprime to p := char(k), and let K(FE[n]) be the
n-division field of E, obtained by adjoining to K the coordinates of points in E|[n].
a. Prove that the inertia group of K(E|n])/K is independent of n. (Hint: for
each prime ¢ # p, let ¢/ := £ if £ > 3 and let ¢ := 4 if £ = 2. Show that
pege: I, = GLa(Z,) has trivial intersection with the kernel of the map

Aut(Ty(E)) — Aut(Ty(E) /0'Ty(E)) = GLo(Z/U'Z,).
Characterize the inertia group of K(FE[n|)/K in terms of the kernels of the
various pg ge.)
b. Prove that K (F[n])/K is unramified if and only if £ has good reduction at v.

c. If p > 5, prove that K(E[n])/K is tamely ramified, i.e., the ramification index
is coprime to p.
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8. ErrirTic CURVES OVER GLOBAL FIELDS

The goal of this chapter will be to prove the Mordell-Weil Theorem over number fields;
describing the group E(F') can be considered the penultimate goal of these notes.

Theorem (Mordell-Weil). Let F' be a number field and E;p an elliptic curve. Then
E(F) is finitely generated.

The proof of this theorem breaks into two parts: the “weak Mordell-Weil theorem”
(88.1) and “infinite descent” using height functions (§8.3,8.5,8.6). Note that once we
prove E(F) is finitely generated, we get a decomposition

E(F)=7Z" x E(F)ltors].

For a given elliptic curve, we can use the local techniques we developed in Chapter 7 to
compute E(F)[tors]; however, computing the rank part Z" of E(F) is generally more
difficult. In Chapter 10, we will discuss some techniques to do this.

This chapter uses the following notation:

e F'is a number field.

e Op is the ring of integers of F'.

e Y is the set of inequivalent absolute values on F: this includes both the
Archimedean and non-Archimedean absolute values.

— Recall that an absolute value |- | € ¥ induces a valuation v(x) := —In |z|,
and vice versa. Given this correspondence, we will use both terms inter-
changeably; we will also call them the places of F.

— Archimedean: given by an embedding of F' into C.

— Non-Archimedean: given by a nonzero prime ideal 8 C Op. These are
discrete valuations.

e Y2 is the set of (inequivalent) Archimedean places of F'.

e YA is the set of (inequivalent) non-Archimedean places of F.

e Any discrete valuation v € L3¥* we consider is normalized, i.e., surjects onto Z.
(This is a given with our definition of discrete valuation.)

e One can write Op = {z € F : Vv € XF4 v(z) > 0}.

e One has the unit group Oy = {r € F : Vv € 33 v(z) = 0}.

e [, is the completion of F' at v € ¥p. When v = vy is discrete, we will often
write Fy instead.

e For v := vy € ZIEA, we let Op, := Opg denote the discrete valuation ring of
Fi.

e For v := vy € XFA, we let M, := My denote the maximal ideal of Fy.

e For v := vy € XFA, we let k, := kg denote the residue field of Fy.

8.1. The weak Mordell-Weil theorem. The goal of this section is to prove the
following.

Theorem 8.1.1 (Weak Mordell-Weil). Let E/p be an elliptic curve and n > 2 an
integer. Then

1S a finite group.
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To prove this, we will first prove the following lemma, which lets us change the base

field F'.

Lemma 8.1.2. [Sil09, Lemma VIII.1.1.1] Let L/F be a finite Galois extension. If
E(L)/nE(L) is finite, then so is E(F)/nE(F).
Proof. From E(F) C E(L), we have a natural map

Let @ be the kernel of this map; since the codomain is finite, we have that ® is finite
if and only if E(F')/nE(F) is finite.

We will show that & is finite by embedding it into a finite set of maps. Observe that
E(F)NnnE(L)

@ pu—
Let P € ®; thus, there exists Qp € E(L) with nQp = P. This gives a map
Ap: Gal(L/F) — E[n), Ap(0) = Q% — Qp.

(This is an example of a 1-cocycle from a certain cohomology group; more on this later.)
Note that indeed Q% — @, € E[n], since

’I’L(QOP—QP):(HQP)U—HQPIPO—PIO

(we used above that P € E(F) = P = P).

We thus have a map

® — Map(Gal(L/F), E[n]), P — Ap.
We claim this map is injective: if A\p = Ap/, then for all o € Gal(L/F) one has
Q% — Qr = Q% — Q.
ie.,
(@p —Qp)" = (Qr — Qp).

This implies that Qp — Qp € E(F), and thus n(Qp — Qp) = P — P' € nE(F), i.e.,
P =P (mod nE(F)). We conclude that ®, and thus E(F)/nE(F), is finite. O

The lemma above lets us assume that E[n] C E(F), which we will do for the rest of
this section. Next, we will connect finiteness of E(F')/nE(F') to a certain extension of

F having finite degree. This extension will arise once we consider the elliptic Kummer
pairing, which is similar to what we considered above.

Definition 8.1.1. The (elliptic) (n-)Kummer pairing
k: E(F) x Ggp — E[n]

is defined as follows. For a point P € E(F'), choose any () € E such that n@QQ = P.
Then

k(P,o) :=Q% — Q.
Here are some properties of this Kummer pairing.

Proposition 8.1.3. [Sil09, Proposition VIII.1.2]
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a. The Kummer pairing is well-defined, i.e., k(P, o) is in Eln] and is independent
of choice of Q with nQ) = P.

b. The Kummer pairing is bilinear.

The left kernel of the Kummer pairing is nE(F).

d. The right kernel of the Kummer pairing is G = Gal(Q/L), where

L= F([n] " (E(F)))
is the compositum of the fields F(Q) for all Q € E where n@Q € E(F).

Thus, the Kummer pairing induces a perfect bilinear pairing
E(F)/nE(F) x Gal(L/F) — E[n]
where L := F([n]| "' (E(F))).

o

Remark 8.1.1. In the above, under the assumption that E[n| C E(F), we “adjoined
all n’th roots of points in E(F) to F” to construct L. This is analogous to the classic
Kummer extension: under the assumption that u, C F', one adjoins all n’th roots of
elements from F* to F' to construct a field extension L/F, and gets a perfect bilinear
pairing

o(a'/™)

al/m

F*X/(F)" x Gal(L/F) — pn, (a,0) —

(Our elliptic Kummer pairing was x: (P,0) — Q% — @, where nQ = P.)

Proof. Most of this proposition can be proved using basic Group cohomology — we will
touch on this in the next section. Let us give a more direct proof here.
For part a., fixing n() = P, we observe that

n-k(Po):=n-(Q°-Q)

=nQ’ —nQ

— Q)" ~nQ

—p°_p

=0 (since P € E(F) = P° = P).
Thus,  takes values in E[n|. Additionally, x is well-defined: if nQQ = n@Q’ = P, then
Vo € Gp,onehas Q7 —Q = Q7 —Q',ie., (Q—Q') =Q—Q'. Since E[n] C E(F), it is
enough to show that Q — Q" € E[n|; however, this follows from n-(Q—Q') = P—P = O.

This proves part a.
For part b., we want to show that for all P, P’ € E[n] one has

k(P + P' o) =k(P,o)+ k(P o),
and for all o, 7 € G one has
k(P,oT) = k(P,0) + k(P,T).

The first linearity condition is clear, since if nQ = P and nQ’ = P’, then n(Q + Q') =
P+ P’, and we also have (Q + Q")° = Q° + Q. For the second condition, we check
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that if nQ) = P, then
K(PoT):=Q7 —Q
(@ -+ (@ - Q)
=k(P,0)" + k(P T)
= k(P,0) + k(P,T) (since E[n] C E(F) and k(P,0) € E[n]).

We conclude that x is bilinear.

For part c., observe that for P € E(F), one has k(P,0) = O for all 0 € G if and only
if for all @ € E with n@QQ = P, one has Q € E(F). Thus, if k(P,o) = O, then choosing
any @ € E(F) with nQQ = P, we have P € nE(F); and conversely, if P € nE(F),
then we can choose some @) € FE(F) with n@Q = P, and thus for any ¢ € G we have
B(Po)=Q° —Q=Q—Q=0.

For part d., observe that for ¢ € G, one has k(P,0) = O for all P € E(F) if and
only if for all ) € E with n@)Q = P, one has Q? = @), which is iff o fixes all points
in [n]"Y(E(F)), iff 0 € G where L := F([n]"Y(E(F))). We also note that L/F is
Galois, since automorphisms in G take F([n|™'(E(F))) to itself: if Q € E satisfies
n@ € E(F), then Vo € G, one has n(Q7) € E(F).

Modding out by the left and right kernel gives the desired perfect pairing. O

To reiterate: we are interesting in showing that E(F')/nE(F) is finite; we can assume
that E[n| C E(F) (re-set F' := F(FE|n])). The Kummer pairing x above is a perfect
bilinear map

E(F)/nE(F) x Gal(L/F) — Eln],
which means that it induces an injection
E(F)/nE(F) — Hom(Gal(L/F), E[n]).

Thus, it suffices to show that Gal(L/F) is finite, i.e., that [F'([n]"*(E(F))) : F] < oc.
This might seem surprising at first, since E(F') can have infinitely many points. This
will be shown using classical Kummer theory from algebraic number theory, as well as
our results from Chapter 7 on reduction types. We recall the notion of good reduction.

Definition 8.1.2. Let £/ be an elliptic curve and v = v, € X3* a discrete valuation.
Say E has good reduction (resp. bad reduction) at ‘B if E/p, has good (resp.

bad) reduction. We use E /ky tO denote the reduction of E/py; in particular, it is the
reduction of a minimal equation over Fi.

Remark 8.1.2. It might be worth re-noting that an elliptic curve E,r might not have
an equation over Op that is simultaneously minimal over all Fiy — however, it is possible
when F' has class number one (this includes F' = Q), see §8.8.

Remark 8.1.3. Let E/r have a Weierstrass equation
E y2 + a1y + asy = 3+ a2x2 + a4 + ag,

with discriminant A. Then for all but finitely many primes 8 € £3*, one has that each
vgp(a;) =0, as well as vp(A) = 0. In particular, such an equation will automatically be
minimal over Fy with good reduction for all but finitely many 8. Thus, E has good
reduction at all but finitely many primes of F.
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Here is a proposition which describes the extension L := F([n]| '(E(F))), which we
want to eventually show has finite degree. These properties will imply that [L : F]
must be finite, by pure algebraic number theory.

Proposition 8.1.4. [Sil09, Proposition VIII.1.5] Let L := F([n]"Y(E(F))). Assume
that Eln| C E(F).
a. L/F is abelian with group exponent dividing n, i.e., Gal(L/F) is an abelian

group whose elements have orders which divide n.
b. Let

S := {P € ¥NA : F has bad reduction at P} U {P € R4 P | n} U nHreh,

Then L/F is unramified away from S, i.e., for all valuations v = vy & S, one
has that L/ F is unramified at 3.

Remark 8.1.4. We have included the Archimedean places in the definition of .S, since
there is a notion of a ramified Archimedean place of an extension L/F: this is an
Archimedean absolute value |- | on F' induced from a real embedding F' < R, such that
any extension of | - | to L is strictly complex. For example, for odd prime p € Z*, we
know that Q(¢, + ¢ 1) is the maximal totally real subfield of Q((,); the former field is
totally real, i.e., all embeddings of Q((, + ¢, ') into C embed it into R; whereas Q((,)
is strictly complex, i.e., no embeddings of Q((,) into C realize it as a subfield of R. In
particular, all Archimedean places of Q(¢, + ¢ ) must ramify in Q(¢,).

Proof. Part a. follows from the elliptic Kummer pairing properties in Proposition [8.1.3]
([Sil09, Proposition VIII.1.2]), since we have an injection

Gal(L/F) — Hom(E(F)/nE(F), E[n]), o~ k(- 0),

and Hom(E(F)/nE(F), E[n]) is an abelian group with exponent dividing n.

For part b., observe that L is the compositum of F(Q) where Q € [n] '(E(F)); thus,
if each F'(Q) is unramified away from S, then so is L. To this end, fix Q € [n] ' (E(F)),
and let P € IFA U S; we want to show that F(Q) is unramified above B.

Since P ¢ S, we know that E has good reduction at 3, and by Proposition [7.5.1]
([Sil09), Proposition VIIL.5.1]), we know that for any minimal model of E over Fi, one
has vp(A) = 0. Let P’ be any prime in F(()) which divides 3; then E also has good
reduction at P’, and with the same minimal equation over Fy since vy (A) = 0.

To reiterate, we want to show that F(Q) is unramified at ', ie., e(P'|P) = 1.
This is equivalent to K/ Fy being an unramified local extension, where K := (F(Q) )y .
In particular, we want to show that the local inertia group Iy for K/Fy is trivial,
which is equivalent to the following: for any automorphism o € Aut(K/Fy) which acts
trivially on the residue field ky of K, one has that o acts trivially on F(Q), which is
equivalent to Q7 = Q).

To this end, let o € Iy y; then o acts trivially on E/km" so under the reduction map

red: E(K) — E(ky), we have (Q)” = Q, i.e.,

Q" -Q=0.
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Thus Q7 —(@ is in the kernel of reduction. On the other hand, by definition of (), we know
that n@Q) € E(F), from which it follows that Q7 — @ € E|[n|. However, by Proposition
([Sil09, Proposition VIL.3.1]), since B { n, we know that red: E(K)[n] — E(ky)
is injective. We deduce that Q7 = (). Since o € Iy p was arbitrary, we conclude that
F(Q) is unramified at ’. Since P’ | P in F(Q) was arbitrary, we conclude that F(Q)
is unramified above B, and thus F'(Q))/F is unramified away from S. O

Now we will prove that that [L : F] is finite, where L := F([n]"*(E(F))). This proof
utilizes finiteness of the ideal class group, Kummer theory and finite generation of the
group of S-units of a number field.

Proposition 8.1.5. [Sil09, Proposition VIII.1.6] Let S C ¥p be a finite set of places
with E?mh C S, and let n > 2 be an integer. Let L/F be the mazimal abelian extension
of F' having exponent dividing n that is unramified away from S. Then L/F is a finite
extension.

Remark 8.1.5. Recall that for an algebraic extension F/Q and an integer n € Z7,
Kummer theory describes abelian extensions of ' whose Galois groups have exponent
dividing 7, in terms of subgroups of F*/(F*)". More precisely, suppose that u, C F.
Then for any subgroup G C F*/(F*)", one can check that F(G'Y")/F is Galois, with
an abelian Galois group of exponent dividing n; here,

GYm .= {a/" :a e GY.

Conversely, Kummer theory says that for any abelian extension L/F' of exponent di-
viding n, there exists a subgroup G C F*/(F*)" such that L = F(GY"); explicitly,
one has

G = (F= 0 (L)) (F7)".

Thus, when p,, C F, we have a correspondence between abelian extensions of F' with
exponent dividing n, and subgroups of F*/(F*)".

Proof. First, some simplifications are in order. Suppose that for the extension F’ :=
F((,) and the set S” of primes in F’ above S, including those in F” that divide n,
the maximal abelian extension L'/F’ with exponent dividing n that is unramified away
from S’ satisfies [L' : F'] < co. We claim this implies [L : F] < oo. To prove this, we
will show by maximality of L' that LF" C L’. Thus, we will show that:

1. LF'/F" is abelian with exponent dividing n.
2. LF'/F" is unramified away from S’

To see the first part: since L/F is Galois, it follows that LF'/F’ is Galois, with
Gal(LF'/F') = Gal(L/LNF"). Since Gal(L/LNF') C Gal(L/F), we find that LF'/F’
is abelian of exponent dividing n. For the second part, fix a prime 3’ € X . S’. Then
writing B := P' N F, as well as P” | P in LF'/F and Q | B in L/F, we have the
diagrams
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\ / \

Note that /9 is unramified since L/F is unramified away from S, and /P is
unramified since F'(¢,)/F can only ramify above primes in F' which divide n. It follows
that e(P"|B') = e(P"|Q). Thus, if P’ ramifies in LF’, then it follows that LF' = L((,)
is ramified above £, which forces Q | n — however, since Q N F' = P, this implies that
B | n and thus P’ | n, which is impossible. We deduce that LF’/F’ is unramified away
from S’. Therefore, maximality of L'/F" implies that LF’ C L'. Since [L' : F] is finite,
so is [L : F]. This proves the claim; in particular, we can assume that pu, C F.

Towards proving finiteness of L, we can also add primes to .S, since this only enlarges
L (note that L ramifies at most at S; enlarging S means we allow more ramification).
In particular, let Iy, I5, ..., I;, € Op be distinct integral ideal class representatives of
the ideal class group Cl(Op). Adjoining to S all prime ideal divisors of each I;, we
claim that the ring of S-integers

Opgs:={a € F :vg(a) >0 for all vy € Xp \ S},

which is the subring of algebraic numbers in F' which are integral away from S| is a PID.
To see this, note that any ideal I C Opg is a fractional Op-ideal, and so [/] € Cl(Op)
— thus, there exist 1 < j < k and o € F'* such that I = a - I;. Since the class number
k = hp of F is finite, for each prime divisor B | I; we know that B* is a principal
fractional Op-ideal; we can write % = ByOp for some By € Op. We observe that
B;gl € Ors since va(By) = 0 for all Q # P € XFA. In particular, POrg contains
a unit, and thus POrs = Opg. Since this is true for every B | I;, we deduce that
I = aOp g, whence we conclude that Opg is a PID.

Since p, C F', the fact that L/F is abelian of exponent dividing n implies by Kummer
theory that L is the maximal subfield of

F({a*™:a € F*})

that is unramified away from S["| For a € F*, consider the polynomial 2" —a € F[z]. Its
discriminant equals +n"a™"! (see e.g. Exercise. Thus, for any prime B € Xp\.S,
from vy (n) = 0 we find that 9B is unramified in F(a/") if and only if P  £n"a" "1, iff
vgp(a) = 0. Therefore, setting

Ts:={aec F*/(F*)":vgp(a) =0 (mod n) for all P € Xp \ S},

/
\

YFor a proof that F({a'/™ : a € F*}) is the maximal abelian extension of F of exponent dividing

n, see Exercise ([Sil09), Exercise 8.4]).
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it follows that F(Té/ ")/F is abelian with exponent dividing n, and is unramified away
from S By maximality of L/F, this implies that F(T&™) C L, which by L C
F({a'™ : a € F*}) forces
L= F(T¥™).
Therefore, if Ty is finite, then so is [L : F].
Consider the natural map

(14) Ors — Ts, a—a:=a(F)".

We claim this map is surjective: to this end, let @ € Ts. Then by definition of T, for
all P € X p S one has vyp(a) = 0. It follows that a is a unit in Op g, whence we deduce
that is surjective. In fact, since this map contains (Of )", we have a surjection

Oks/(Opg)" = Ts.

(This is an isomorphism, in fact!) Finally, Dirichlet’s S-unit theorem says that O g is
finitely generated. It follows that O ¢/(Of )" is finite, thus so is Ts. O

Proof of weak Mordell-Weil. Let L := F([n]"'(E(F))). Then Proposition [8.1.3 ([Sil09,
Proposition VIII.1.2]) shows that E(F)/nE(F) is finite if and only if [L : F] is finite.
From Proposition [8.1.4] ([Sil09, Proposition VIIL.1.5]), we know that L/F is abelian
with exponent dividing n, unramified away from a specific set S. Thus, the previous
proposition implies that [L : F] is finite. O

Remark 8.1.6. While the above proof highlights how Kummer theory can be used to
show that L := F([n|"'(E(F))) has finite degree over F, there is a shorter proof using
the Hermite-Minkowski theorem, which states that for any finite subset S C X, there
are finitely many extensions of F' of bounded degree that are unramified away from S.
By Proposition ([Sil09, Proposition VIII.1.5]), we know that L/F is unramified
away from a specific S; thus, writing L = HQE[H],I(E(F)) F(Q), it follows that each F(Q)
is also unramified away from S. However, each F(Q) satisfies [F(Q) : F] < n?. To see
this, first note that for each o € G, we have Q7 — @ € E[n], and since E[n] C E(F),
this means we can write Q7 = @ + T, for some T, € E[n] = E(F)[n]. It follows that
the orbit Op(Q) of @ under the action of G on E(Q) has size at most #FE[n] = n?,
which proves the claim since [F(Q) : F] = #Or(Q). Therefore, there are finitely many
possibilities for F(Q) when Q € [n]7'(E(F)), and thus [L : F] is finite.

Remark 8.1.7. Can we effectively compute E(F)/nE(F)? This is of interest if we are
trying to compute E(F'). Recall that we have an injection from the Kummer pairing:
E(F)/nE(F) — Hom(Gyr/r, En]), P+nE(F)— (0~ Q7 —Q).

The proof of Proposition ([Sil09, Proposition VIII.1.6]) can be made explicit,
and thus we can explicitly compute G/, see Exercise ([Si109, Exercise 8.1]); in
particular, we can explicitly compute Hom(Gp p, E[n]). Thus, the remaining question

511 the definition of Ts, we have the condition vs(a) = 0 (mod n) instead of vy (a) = 0 to guarantee
that this set is well-defined, since elements are cosets modulo (F*)™, and changing representatives can
increase/decrease the P-adic valuation. However, if Op is a UFD/PID (such as F' = Q), then this
congruence can be taken as an equality.
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is which elements of this Hom group correspond to elements of E(F)/nE(F). As it
turns out, there is no known effective way to determine this; we will discuss this more
in Chapter 10. Note, however, that this is the only ineffective part in computing E(F):
given generators of E(F)/nE(F), we can effectively compute generators for E(F'), see
[Sil09), Exercise 8.18].

Exercise 8.1.1. [Sil09, Exercise 8.1] Let E,r be an elliptic curve, let n > 2 be an
integer, let Cl(OF) be the ideal class group of F', and let

S := {vy € 2} : F has bad reduction at B} U {vgp € 3 0B | n} U Za.

Assume that E[n] C E(F). Prove the following quantitative version of the weak
Mordell-Weil theorem:

ranky /,z E(F)/nE(F) <245 + 2 - ranky,,z(Cl(OFp))[n].

Exercise 8.1.2. [Sil09, Exercise 8.2] For each integer d > 1, let E;/Q be the elliptic
curve
Eq:vy* =2 — d*x.
Prove that
E Q) =Z" x T,
where T is a finite group and r > 0 is an integer satisfying
r < 2v(2d),

where v(N) denotes the number of distinct primes dividing N. (Hint: use Exercise
([Sil09], Exercise 8.1])).

Exercise 8.1.3. [Sil09, Exercise 8.3] Let E/p be an elliptic curve and let L/F be an
(infinite) algebraic extension. Suppose that the rank of E(M) is bounded as M ranges
over all finite subextensions of L/F, i.e., assume that
sup rank(E(M)) < oc.
FCMCL:
[M:F]<oco
a. Prove that E(L) ® Q is a finite-dimensional Q-vector space.
b. Assume further that L/F is Galois and that F(L)[tors| is finite. Prove that
E(L) is finitely generated.

8.2. The Kummer pairing via cohomology. In this section, we will reinterpret
the Kummer pairing from the previous section in terms of Galois cohomology. Galois
cohomology will not be used again until Chapter 10.

For a review of group and Galois cohomology, see Appendix B of [Sil09]. We will
re-state some definitions and results here, focusing on the zeroth and first cohomology
groups.

Definition 8.2.1. Let M be an abelian group, and G a group acting on M on the
right. Thus, we have:

1. m'¢ = m, where 1¢ € G is the identity.
2. m°T = (m?)" for all 0,7 € G.

Say that M is a (right) G-module if one also has
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3. (m+m)7 =m+m".
Both together are equivalent to putting a Z[G]-module structure on M.

For G-modules M and N, a G-module homomorphism is a group homomorphism
¢: M — N that commutes with the action of G on both, i.e.,

¢(m)” = ¢(m?).

Thus, G-module homomorphisms are equivalent to Z|G]-module homomorphisms.

Example 8.2.1. There are numerous examples of G-modules. One of the more relevant

ones for these notes is the G p-module structure on £(Q) for an elliptic curve E/p. In
this setup, for two elliptic curves E/r and E;F, an F-rational isogeny ¢: E — E’

induces a G p-module homomorphism ¢: E(Q) — E'(Q).

Definition 8.2.2. Given a G-module M, the G-invariant submodule of M is the
G-submodule

M :={me M :Voec G m’=m}
We sometimes call the elements in M¢ “G-rational”.

Notes Exercise 8.2.1. Show that for a G-module M, one has a group isomorphism
M = Homyg)(Z, M)
(where Z is considered a G-module with trivial action).

As it turns out, “taking G-invariants” is a left exact functor on the category of
G-modules. In particular, a short exact sequence of G-modules

0=-MLNS P 0

induces an exact sequence

0— MY L NG 2, pe
(check it!). However, this is not necessarily right exact: that is, a surjective G-module
homomorphism N — P need not induce a surjective homomorphism N¢ — P, i.e.,
preimages of G-rational elements need not be G-rational. However, one can use coho-
mology to extend this latter SES on the right, to attempt to better describe the map
N¢ — PY.

The following describes how to understand the cohomology groups of a G-module via
cochains. Since we are only concerned with the zeroth and first cohomology groups for
these notes (which we also describe later), this digression can be skipped. A nice
textbook for learning about group and Galois cohomology is [Har20].

Recall that a cochain complex of R-modules is a sequence of R-modules and homo-
morphisms

10 f! f?
C*=Cy—C, —Cy— ...
such that fif*"1 = 0 for all i > 1. From this, we can define the i’th cohomology of

C* as .
ker f*

im fi-1

H'(C*) =
(where f~1: 0 — M,).
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Cohomology groups of a G-module can be constructed with the following free resolu-
tion of Z. Observe that for each i > 0, G acts freely on G**!, hence the free Z-module

P, = @ Z(og,...,0;)

is also a free Z|G]-module, with rank #G**!; it will have a basis of orbit representatives
of G**! under G. We have maps d;: P, — P,_; via

7

di(cg,...,00) = Z(—l)j(ao, ey Oy, 07) (delete 7'th entry).

J=0

We also have a map e: Z[G] — Z via

€ (Z nj0j> = an,
the augmentation map. Then

B Y Y YA
is a free Z[GJ-resolution of Z. Then applying the contravariant Z[G|-functor Homgq (-, M)
to the augmented chain complex
.PB PSP,

we have a new chain complex
(15) 0 2% Homye)(Py, M) <25 Homge)(Py, M) 22 Homye)(Py, M) 225 ..

where od; denotes precomposition of maps in Homgg (P, M) with d;, ie., p: P, —
M ~» pod;: P.y; — M. As it turns out, the cohomology of this chain complex is
isomorphic to the one given by the “G-invariants” functor (-)¢. That is to say, the i’th
cohomology group H'(G, M) satisfies

ker(od;)
im (Odi—l) ‘
This interpretation of H'(G, M) is more explicit. For each i > 0, writing K; :=
Homyc)(F;, M) and 0; := od;_;, our cochain complex becomes

H'(G, M) =

17) 9] 19)
O—>K0—0—>/C1—1—>IC2—2—>....

We can check that ‘

K; = {G-maps f: G — M},
where for two G-modules M and N, amap f: M — N is called a G-map if it commutes
with the action of G, i.e., f(m?) = f(m)? (it need not be a homomorphism). The
elements of IC; are called homogeneous i-cochains with values in M.

On the other hand, one checks that for an element f € K;, i.e., for a homogeneous
i-cochain f: G — M, one has
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where the hat denotes exclusion. We can also write
ker 8@
im 8,'_1 7

H'(G, M) =

where 0_; := 0.

There is one more simplification to be made here. Observe that a homogeneous
i-cochain f: G*™' — M, being a G-map, is completely determined by its values on
elements in G of the form (1,0y,...,0,). Noting this, there is an isomorphism of
abelian groups K; and K;, where

K; :={G-maps f: G' — M},

given by (f: G"*' — M)~ (f: G* = M, f(oy,...,0,) := f(1,01,...,0,)). Elements
of K; are called inhomogeneous i-cochains with values in M. We set G° := 0, so that
Ky= M.

By the commutative diagram

0;
Ki —— Kina

K; Ki
we can define a new differential map
di Ki — Ky

via transport of structure. More precisely, if f: G* — M is an inhomogeneous i-cochain,
then d;f: G"™' — M is an inhomogeneous ¢ + 1-cochain via

dif(o1,...,0u1) = f(o2, ... 7Ui+1)01+2<_1)jf((717 c0 050541 - - L o) (1) f(o, . 00).
j=1

It follows that in computing H*(G, M), we may compute cohomology of the chain
complex

0— Ko 2 K & K, &
instead. The 7-cocyles are
Z'G, M) :=kerd; = {maps f: G" — M | d;f =0},
and the i-coboundaries are
BY(G,M) :=imd;_y = {d;_1f | f: G"' — M is a map}.
From this, we write the ¢’th cohomology group as
, Z"(G, M
HI(G, M) = W

One checks that H'(G, M) is a G-module.
Here are some examples of cohomology groups. Observe that for any map f: 0 — M,
we can write f = m for some m € M. Then dyf: G — M is defined by dof(c) = m? —
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m, and thus H°(G, M) = M®. To compute H'(G, M), we observe that d;: K; — Ko
is defined as follows: for a G-module homomorphism f: G — M, we have
di(f(o,7)) = f(1)” = floT) + f(0).
Thus, the set of 1-cocyles is
ZY(G, M) = {G-module homomorphisms f: G — M :Vo,7 € G, f(o7) = f(1)"+f(0)}

(these are also called crossed homomorphisms). We also check that the set of 1-
coboundaries is

BY(G, M) = {G-module homomorphisms f: G — M|3Im € M such that Vo € G, f(o) = m°—m}

(these are also called principal crossed homomorphisms). We can check directly that
BY (G, M) C Z'(G, M). Therefore, the first cohomology group of M is crossed homo-
morphisms modulo principal crossed homomorphisms.

It is worth noting that if M and N are G-modules, and there exists a G-module
homomorphism ¢: M — N, then ¢ induces a map between each of their cohomology
groups. More precisely, for each i > 0, we have a G-module homomorphism

HI(G, M) % H'(G, N)

given by post-composition of i-cocycles.
End of digression. In our setup, we saw that a short exact sequence of G-modules

0-MLNL PO
gave an exact sequence

0— M¢ L NG po.
To measure the failure of this latter sequence being exact, it is extended using cohomo-
logical groups. Let us define the zeroth cohomology group as

HY(G, M) := M€,

A map &: G — M is called a I-cochain; the set C'(G, M) := Maps(G, M) is called the
group of 1-cochains. The group of 1-cocycles is

ZNG, M) = {maps £ € CY(G, M) : &, = £ + &, for all 0,7 € G}
(here, &, :=&(0)). The group of 1-coboundaries is
BYG, M) :={¢ € C'(G,M) : Im € M such that & = m’ —m for all o € G}.
Then the first cohomology group is

HY (G, M) = %

You can check that this agrees with the definitions in the digression.

Notes Exercise 8.2.2. Show that for a G-module M, one has B'(G, M) C Z'(G, M).
Then argue that H'(G, M) is a G-module.

Notes Exercise 8.2.3. Show that if M is a G-module for which G acts trivially, then
one has H' (G, M) = Z'(G, M) = Homyz(G, M).
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The following fundamental result illustrates a natural place for cohomology to appear.

Proposition 8.2.1. [Sil09, Proposition B.1.2] Given a short exact sequence of G-
modules,

0o-MLNZ PO
There exists an exact sequence of G-modules,

0— M% L NG & pe s gia, M) LS HYG, N) L HY(G, P),
with connecting homomorphism §: P¢ — HY(G, M) defined as follows. For p € PY,
choose n € N such that g(n) = p, and define a 1-cochain £: G — N by
(o :=n% —n.
Then the values of € lie in f(M), so that £ € ZY (G, P). We then define
5(p) = [€] € HI(G, M).

We are interested specifically in Galois cohomology, which is the case where our
abelian group M is a Galois module. This is where M is a Gi-module where Gy, :=
Gal(k/k) is the absolute Galois group of a perfect field k. In this case, we want our
action to be continuous for the profinite topology on G and the discrete topology on
M:; this is equivalent to requiring that for each m € M, its stabilizer

Stab(m) := {o € G, : m? =m}

is a finite index subgroup of Gy, i.e., its fixed field is finite degree over k.
The previous discussion on group cohomology essentially ports over for Galois co-
homology. However, there are important results on Galois modules that we should

mention. We have natural Galois modules (k,+), & and p, := p.(k). What do we
know about their cohomology?

Theorem 8.2.2. [Sil09, Proposition B.2.5] Let k be a perfect field.
a. HY(Gy, (k,+)) = 0.
b. H Gy, k) = 0. (This is Hilbert’s Theorem 90.)
c. If char(k) = 0 or is coprime to n, then
HY (G i) 2 B/ (K"

Now we move on from Appendix B and return to §8.2. Given our observations above,

for an elliptic curve E,p, what do we know about the Galois cohomology of E(Q)? Fix
an integer n > 2; then we have a short exact sequence of Galois modules,

0= E[n] — BQ) % @) —o.
We take Galois cohomology to get an exact sequence
0= B(F)[n) = B(F) % B(F) & H'(Gp, E[n)) > H'(Gr, BQ) 5 H'(Gr, EQ)

where co, induced from the inclusion ¢: E[n] — E(Q), takes maps {: Gp — Eln| to

¢: Gp — E(Q). Since im [n] = ker d, we have
0~ E(F)/nE(F) % H'(Gr, Elnl) > H'(Gr, EQ)) 2 H'(Gr, E@)).
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We also check that
im (10) = ker([n]o) = {l-cocycles £: Gr — E(Q) : né = O} = H' (G, E(Q))[n).
However, we also have im § = ker(co). We conclude from the SES
0 — ker(t0) — H'(Gp, E(Q)) — im (t0) — 0
and E(F)/nE(F) = imd = ker(c0) that we have
(16) 0— E(F)/nE(F) LN HY(Gp, En)) = HY (Gr, E(Q))[n] — 0.

This is called the Kummer sequence for E/p.

The connecting homomorphism §: E(F)/nE(F) — H'(GF, E[n]) in the short exact
sequence above is explicitly determined by Proposition ([S1109, Proposition B.1.2]).
Let P € E(F), and choose Q € E(Q) with nQ = P. then §(P) is represented by a
I-cochain : Gp — E[n] via &, := Q7 — Q. However, this 1-cochain is precisely induced
by the Kummer pairing on P, i.e., {, = k(P,-). Thus, the connecting homomorphism in
the Kummer sequence is given by the Kummer pairing, and embeds E(F)/nE(F)
into H'(GF, E[n]). This gives an important way to understand the weak Mordell-Weil

group.

Remark 8.2.1. If E[n] C E(F) (this was a running assumption in Section 8.1), then
E[n] is a trivial Gr-module, and so by Notes Exercise we have H'(GF, E[n]) =
Homy(GF, E[n]). This implies by that the connecting homomorphism ¢§ induces
an injection

§: E(F)/nE(F) = Homgz(Gp, E[n]), P k(P,-).

This provides an alternate proof to part c. of Proposition ([Sil09, Proposition
VIIL1.2)).

There is an essentially identical Kummer sequence associated to the subgroup p, of
n’th roots of unity in Q. We have a short exact sequence

(17) 1—>,unﬁ@xi>@x—>1,
which induces a Kummer sequence similar to :
1= FXJ(F)" 2 HY(Gp, pn) S HY (Gp, Q) n] — 1.

However, in this case, Hilbert’s Theorem 90 (Theorem ([Sil09, Proposition B.2.5]))

says that H'(G F,@X) = 1, which implies this connecting homomorphism ¢ is not only
an injection, but an isomorphism. This means the “Gp-invariants” functor is exact
on (17), and thus elements of F*/(F*)™ are in 1-1 correspondence with elements of
HY(GFp, u,); furthermore, by Notes Exercise , when p,, C F' this cohomology group
is just Homy (G, p1,,). The simplicity in describing F*/(F*)" is in marked contrast to
describing E(F)/nE(F'), where the connecting homomorphism does not necessarily tell
us which elements of H'(GF, E[n]) come from E(F)/nE(F). We will discuss this more
in Chapter 10.
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Proposition 8.2.3. [Sil09, Proposition VIIL.8.2] There is an isomorphism
§: F*/(F)" = HY (Gp, i)
given by

(o}

d(a) = cohomology class of the map o a—,
e

where o € Q" is any element satisfying " = a.

Remark 8.2.2. By the Weil pairing, we know that if E[n|] C E(F) then p, C
F. In this case, we have both H'(GF, E[n]) = Homz(GF, E[n]) and H (Gp, p,) =
Homy(GF, Eln]). The assumption that E[n| C E(F) will be used in our first practical
example for computing F(F') for a specific example in Chapter 10.

To summarize: from the SES of Gr-modules
0 Eln] 4 E@ ™ BE@) — o,
we get the SES
0 — E(F)/nE(F) %5 HYGr, E[n]) > HY(Gr, E(Q))[n] — 0

where 0g: E(F)/nE(F) < H'(GF, E[n]) is the connecting homomorphism from gen-
eral group cohomology. This turns out to be the Kummer pairing, in the sense that

0p(P) = [r(P,-)].

This means we can describe the weak Mordell-Weil group E(F)/nE(F) if we know which
elements of H'(Gp, E[n]) are in im 5. When E[n] C E(F), we have H'(GF, E[n]) =
Homy(GF, Eln|), which can simplify our analysis.

Similarly, we have a SES

TR g LNy (NS |
which induces the SES
1 — FX/(F*)" 25 HY(Gr, ) = H(Gr,Q")n] — 1.
However, in this case the group H'(Gp, Q") is trivial (by Hilbert’s Theorem 90), and

thus 0 is an isomorphism:

o

Sp: F*/(F*)" = HY(Gp, iin), 0p(a@) := |the map o a—, where a" = a| .
a
Finally, if E[n] C E(F) then p,, C F, and so we have both H'(GF, E[n]) = Homz(GF, E[n])
and H'(GF, u,) = Homz(Gp, E[n]).
Exercise 8.2.1. [Sil09, Exercise 8.4] Assume that p, C F. Prove that the maximal

abelian extension of F' of exponent n is the field

F({a"":a € F}).
(Hint: use [Sil09, Proposition VIII.2.2], which says that every homomorphism x: Gg —
[t has the form x (o) = < for some « € Q" satisfying a™ € F*.)
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8.3. The descent procedure. As noted previously, the weak Mordell-Weil is neces-
sary to prove that E(F) is finitely generated. However, it is not enough on its own —
for example, for any integer n > 2, the quotient R/nR is finite, yet R is not finitely
generated. However, F/(F') will be finitely generated because there will be finitely many
points in E(F") of a bounded height, and multiplication-by-n will generally increase the
height of a point.

The following theorem will illustrate what type of height function is necessary to
know that if E(F')/nE(F) is finite, then F(F) is finitely generated. We state and prove
it in more generality.

Theorem 8.3.1 (Descent Theorem). Let G be an abelian group. Suppose there exists
a height function

h: G—R
with the following 3 properties:

1. For any element Q) € G, there exists a constant Cy := C1(Q) such that for all
P e,

WP + Q) < 2h(P) + C1(Q).

2. There ezists an integer n > 2 and a constant Cy := Co(G) such that for all
P e@q,

n*h(P) < h(nP) + Cy(Q),
1.€.,
h(nP) > n*h(P) — Co(G).
3. For any constant C3 > 0, the set
{PeG:h(P)<C(Cs}
is finite.

Then if G/nG is finite, then G is finitely generated.

Proof. Let Q1,Qs, . ..,Q, € G represent the distinct cosets in G/nG. Let P € G; then
there exists 1 < iy < r such that P = @);, (mod nG). Thus we can write

P= nP1 + Qil
for some P; € G. Similarly, for some 1 < iy <r we have P = Q;, (mod nG), and so
Py =nP, + Qy,

for some P, € G.
It follows that for k£ > 1, from a given point P € G, we can produce a list of points

Py =nP, + Qi

P,y =nP, + Qi
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(we also set Py := P). Observe that for any 1 < j < k, we have

h(P;) < %(h(npg) + () (by Property 2. of h)
1
= E(hujjfl —Qy;) + ()
1
< E(Zh(Pj—l) + C1(—Qi;) + Cy) (by Property 1. of h)
1
<

ﬁ@h(Pj—l) + C1 + Cy),

where C] := C1(G, n) := max;<;<, C1(—Q);) depends on the chosen coset representatives
of G/nG. Thus, the constant C] + Cy is independent of P. This inequality inductively
connects h(FPy) to h(P):

1 /
h(Py) < ﬁ(%(P,H) + C1+ Cy)

1 /2 ) )
— <ﬁ[2h(Pk2> +Cl+Co) +C + Cg)

IN

n

4 12
= Fh(PM) + (ﬁ + ﬁ> (C1+ Cy)

(2)
e o £(2) =2

1
2k

Thus, for k sufficiently large, we have the uniform bound

IN

< —h(P)+ (C” + Cy) (since n > 2).
h(Py) <1+ = (C’ + Cy).

On the other hand, by we know that P is a linear combination of P} and the
Qla Q27 B 7Q7‘: eXpliCitIY)

k
P =nkP, + Z nj_lQij.
We conclude that G is generated by the set

{Q1,Q2,...,Q.}U{ReG :h(R) <1+ = (C’+(J2)}

However, this latter set {R € G : h(R) < 1+ 3(C{ + C5)} is finite by Property 3. of h.
We thus conclude that G is finitely generated. 0
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With the descent theorem proven, the goal for the rest of this chapter is to prove
there exists such a height function on E(F).

Remark 8.3.1. Given a height function h on G, this descent theorem will effectively
determine generators for GG if we can do the following:

1. Determine coset representatives Qq, @2, ..., Q, for G/nG, and their constants
C1(—Q).

2. Calculate the constant Cy(G).

3. For any constant C3, determine the elements in the set {R € G : h(R) < C3}.

By [Sil09, Exercise 8.18], given the height function for elliptic curves (which we describe
in Sections 8.5 and 8.6), all of these constants are effectively computable if we can find
generators for E(F)/nE(F'). However, there is no known procedure to give generators
of this quotient. This will be discussed more in Chapter 10.

8.5. Heights on projective space. In this section, we will describe height functions
on projective space, and in the next section we apply them to elliptic curves. Ultimately,
we need a height function which satisfies the necessary properties for the descent theo-
rem to apply to E(F'). Note that section 8.4 of [Sil09] provides a simpler description of
such a height function on elliptic curves in the special case where F' = Q, using explicit
equations.

Example 8.5.1. We start with defining a notion of height in the case F' = Q. Given
a point P € P*(Q), we can write
P=lxg:xy:...: 2,

where each x; € Z and ged(xg, x1, ..., x,) = 1; this is unique up to multiplying by +1
(check it!). Then the height of P is

H(P) := max |z;|.

0<i<n
This function satisfies Property 3 on boundedness: for any constant C' > 0, the set
(PeP(Q): H(P) < C)
is finite, bounded in size by (2C 4 1)"*! (when P is in integral form, each coordinate
has < 2C' + 1 options).

When F' # Q, we might not have that Op is a PID, and thus our definition involv-
ing GCD’s might not make sense (note that UFD is equivalent to PID for Dedekind
domains). We are thus led to an alternate definition which works for all number fields.

Definition 8.5.1. Given an absolute value | - | € Xg, we say | - | is standard if the
following holds:

e |- | =] | is the usual Archimedean place on Q; so |a| = max{«, —a}.

e | - | is equivalent to a non-Archimedean place |- |, on Q (so p is prime), and is

normalized such that

‘OC‘ — pivp(a)’
where v,(p) = 1. (See Exercise for discrepancies between equivalent
norms. )
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We let Mg denote the set of standard norms on Q. For a number field F', we let Mp
denote the set of standard absolute values on F, which are those absolute values
in ¥ whose restriction to Q is one of the standard absolute values in Mg.

Each (standard) absolute value |- | in Mg corresponds to a valuation v on F'; we will
often interchange | - | with v.

Definition 8.5.2. Let v € Mp. The local degree at v, denoted by n,, is

Ny 1= [Fv : Q'U]a
where F, and Q, are the completions of F' and Q at |- |, and | - |,|g, respectively.

Here are results from algebraic number theory on local degrees and products of norms;
see e.g. [Lan94l IT §1 and V §1].

Theorem 8.5.1 (Extension formula). Let L/F/Q be a tower of number fields, and let

v € Mp. Then
Z Ny = [L: Fln,

wEML:
wlv

(here, w|v means that w|p = v). Written differently, we have
> [Lw:Qu = [L: Fln,.

weMp,:
wlv

Theorem 8.5.2 (Product formula). Let o € F*. Then
I lely =1
vEMp

Example 8.5.2. Here is some intuition for the product formula over Q. The standard
absolute values on Q are the usual Archimedean absolute value | - |, and the p-adic
absolute value ||, := p~*(®). We check that the product

IT lab= I »"“=lald,

prime peZ+t prime peZ+t
which agrees with what the product formula tells us.

We will now define the height of a projective point.
Definition 8.5.3. Let P € P"(F), and write

P=lxg:xy:...: 2,
with each z; € F. Then the height of P (relative to F') is
Hp(P) := max |z;],".
0<i<n
vEMp
Remark 8.5.1. Note that by our definition, for a point P € P"(F'), a choice of coor-
dinates P = [zg : @1 : ... : x,] will have that each vy(z;) = 0 for all but finitely many

primes B € SF¥A. Thus, the height Hp(P) is a finite value. It is worth remembering
that a smaller 3-adic norm corresponds to a higher B-adic divisibility.
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Remark 8.5.2. We can check that this height function relative to Q agrees with our
notion of height in P*"(Q). For P € P*(Q), let us write P = [z : @1 : ... : z,)],
where each z; € Z and ged(xg,x1,...,2,) = 1. Then our first notion of height is
H(P) = maxo<;<n |%i|w. On the other hand, we observe that for each prime p € My,
we have each |z;|, := p~*@) < 1, with at least one |z;|, = 1 by the coprimality
condition; it follows that maxo<;<, |x;|, = 1. Therefore,

Ho(P) = || max |z:l, = max |zile
”UGM@

(only the Archimedean place contributes to the product). We deduce that H(P) =
Hg(P), so the two heights coincide. Consequently, Hq satisfies property 3 for height
functions.

Let us prove some properties of this relative height function.

Proposition 8.5.3. [Sil09, Proposition VIIL.5.4] Let P € P"(F).

a. The height Hp(P) does not depend on the choice of projective coordinates for
P

b. The height satisfies

Hgp(P) > 1.

c. Let L/F be a finite extension. Then

Hp(P) = Hp(P)EF,

Proof. To prove part a., suppose that P = [z : 21 : ... : x,] where each z; € F'. Then
any other choice of coordinates has the form [Azg : Ay : ... : Ax,] where A € F'*. We
check that
max |Az;|[0v = max |A[nY - |x;|0
0<i<n 0<i<n
vEMFE vEMF
= max |[A[}" - max |z; |,
0<i<n 0<i<n
vEME vEMF
= max |z;|n° (product formula).
0<i<n
vEMFE

Thus, Hr(P) is independent of the choice of coordinates for P.
Part b. follows from the fact that we can find a choice of coordinates for P such that
at least one coordinate is 1. For part c., the idea is to partition the places in My by
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which prime in Mg they lie over:

Hi(P):= [] max f];”
weMy —
Nw

= max |T;
H H OSiSnl tw

’UGMF wEML:
wlv

=11 max [oifjr (since |- Julr = |- |r)
vEMp weMy,:
w|v

th} Nw
= | | <Or£1‘a%x |xz|v) (the terms in the product over w | v depend only on v)
N
veEMp -

[L:Fny

= H (max \xllv) (Product formula)

0<i<n
vEMFE

— Hp(P)WEF, O

We can also define a height function that is not relative to any particular number
field.

Definition 8.5.4. Let P € P"(Q). Then the absolute height of P is the positive
root

H(P) = Hp(P)/F),
where F'is any number field for which P is F-rational. By the previous proposition,
this is well-defined, and we always have H(P) > 1.

The next three theorems are towards showing that Property 3 holds for our absolute
height function — namely, that there are finitely many points of bounded height. We
will determine how heights can change under morphisms between projective spaces,
which will be important when we study heights on elliptic curves. Recall our definition
for morphisms of projective varieties.

Definition 8.5.5. For varieties V; C P™ and V5, C P", a morphism of degree d from
V1 to V5 is a map

¢ Vi — Vo, ¢(P) = [Fo(P): Fi(P):...: F,(P)],
where each F; € Q[Xo, X1,..., X,,] is a homogeneous polynomial of degree d with no
common zeros other than (0,0,...,0). If the F; can be chosen with coefficients in F

then say that ¢ is defined over F'.
Theorem 8.5.4. [Sil09, Theorem VIIL5.6] Let
¢: P 5 P"
be a degree d morphism. Then there exist constants Cy := C1(¢), Cy := Co(¢) > 0 such

that for all P € P*(Q), one has
C,-H(P)* < H(¢(P)) < Cy- H(P)™.
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We will skip this proof. Let us record a corollary for isomorphisms of projective
space.

Corollary 8.5.5. [Sil09, Corollary VIIL.5.8] Let A € GL,,+1(Q), so that multiplication
by the matriz A induces an automorphism A: P™ — P". Then there exists constants

Ch := C1(A),Cy := Cy(A) > 0 such that for all P € P™(Q), one has
Cy-H(P)' < H(A-P) < Cy- H(P)".

Next, we state a result which relates the coefficients of a polynomial to the height of
its roots. Given a € Q, we define the height of o as the height of the projective point
[ : 1]

H(a) := H([« : 1]).

Theorem 8.5.6. [Sil09, Theorem VIIL5.9] Let
f(z) :=ag(r —ay)(x —ag) - (x — o) = apa™ + arz™ ' + ... +ay

be a polynomial over Q. Then

9" H H(oq) < H(lag:ar: ... : ay)) < 2" ' [] Hew).

=1 =1

We will not prove this one either; however, we will prove boundedness property 3 for
this height function, by applying these two theorems.

Finally, the following theorem shows that points in the same Galois orbit have equal
height.

Theorem 8.5.7. [Sil09, Theorem VIIIL.5.10] Let P € P*(Q) and o € Gg. Then
H(P?)=H(P).

Proof. Let F' be a number field with P € P*(F') and 0 € Gg. Then we claim it suffices

to show that the relative heights Hpo(P?) and Hp(P) are equal, where F7 := o(F)

is the image of F' under o. From the isomorphism o: F = F°, we have a bijection
between the set of standard places for F' and F:

o: Mr — Mpo by v +— v7,
where for f = a? € F? we define |5|, := |a,. Since ¢ also induces an isomorphism

o: F, = F%, we have the local degree equality n, = n,: for example, if v is non-
Archimedean and lies above p € Z, then [Fyo : Q)] = [F, : Q0] (note that o fixes Q,

and thus Q,). Writing P = [z : z1 : ... : x,] with each z; € F', we then compute
Hpo (P7) : = foax |7,

wEMpo

_ O | Nyo

= 11 max la7ls
’UEMF

= max | ;| (each nyoe = n,, and |27 |0 = |2i]y)

0<i<n

'UEMF
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We can now prove the boundedness property for H. Recall that for a point P €

P*(Q), its field of definition, denoted Q(P), is the least extension F' of Q over which P
is F-rational. Writing P = [xo : 1 : ... : x,] with some x; = 1, this field is explicitly

Q(P) = Q(xo, 1, ..., xp).

Theorem 8.5.8. [Sil09, Theorem VIIL.5.11] For constants C,d > 0, one has that the
set

{PeP(Q): H(P) < C and [Q(P) : Q] < d}
18 a finite set. In particular, for any number field F', the set
[P eP'(F): Hp(P) < C}
18 finite.

Proof. The idea for this proof is to reduce to the case n = 1, which is precisely the case
where we are computing heights of algebraic numbers via the projective line. Then we
can use the previous two theorems to conclude our proof.

Let P € P*(Q), and write P = [zg : z; : ... : x,] with some x; = 1. Then
Q(P) = (xg,x1,...,T,), and we have the following lower bound on the height of P in

terms of the heights of its coordinates:

Hop)(P) : = max |z}
vEMyp)

= | | max {|z;|,, 1} (from some xrj=1)
0<i<n
’UGM@(P)

> max H max{|x;|,, 1}
0<i<n
vEMqg(p)

=: ax Ho(p)(2i)

(Recall that for o € Q, we have H(a) := H([a : 1])). In particular, if H(P) < C and
[Q(P) : Q] < d, then from the definition H(P) := Hgpy(P)Y2) U we deduce that

max Hopy(z;) < C* and max [Q(x;) : Q] < d.

0<i<n 0<i<n
Thus, it suffices to prove that the set
(19) {a€Q: H(a) < C and [Q(a) : Q] < d}

is finite, where we have replaced C' with C¢. Note that this is the case where n = 1. -
Let « be in this set; set e := [Q(«) : Q], so that e < d. Let o := a,ag,...,0, € Q
be the Galois conjugates of . Then then write the minimal polynomial m(z) of a as

m(z) = (z — )@ —ag) - (. —ae) = 2°+ a1zt + ...+ a;
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we have m(x) € Q[x]. We estimate an upper bound on the point corresponding to the
coefficients of m(x):

H([l:ay:...:a)]) <2¢7° HH(O&Z') (by Theorem ([Sil09, Theorem VIII.5.9]))
i=1
=2°1H(a) (by Theorem [8.5.7] ([Sil09, Theorem VIIL5.10]))
< (20)¢ (since H(a) < C and e < d).

Therefore, we have a bound on the coefficients of the minimal polynomial of « in
terms of C' and d, since « is in . We deduce that the minimal polynomial of any
element from has bounded degree and coefficients, and thus there are finitely many
options for such polynomials. We conclude that is a finite set, which concludes our
proof. O

8.6. Heights on elliptic curves. In this section, we apply the theory of heights be-
tween projective spaces towards developing the notion of heights on an elliptic curve. A
key idea is that for an elliptic curve E/r and a nonconstant rational function f € Q(E),
we have a morphism f: E — P!, which lets us define the height in terms of heights of
projective points.

Definition 8.6.1. For a set S and functions f,g: S — R, say that f — g is big-oh of
1, and write

f=9+0(Q),
if there exist constants C7, Cy such that for all P € S,
C1 < f(P) —g(P) < Cy.
In particular, f — g is a bounded function.

For an elliptic curve E/p, a nonconstant function f € Q(E) induces a morphism

[1:0] if P is a pole of f,

_ 1
fE—>]P)7 PH{[f(P)l] otherwise.

We can try to define a height function H;: F(Q) — R via H;(P) := H(f(P)); however,

it is more convenient to have a function which behaves additively, so we take an alternate
definition.

Definition 8.6.2. The (absolute logarithmic) height on project space is the func-
tion

h: Q) — R, h(P) :=In H(P).
Note that Proposition ([Sil09), Proposition VIIIL.5.4]) implies that hA(P) > 0 for

all P € P*(Q).

Definition 8.6.3. Let E,r be an elliptic curve, and let f € Q(E) be a nonconstant
function. Then the height on E (relative to f) is the function

hy: E— R, h¢(P) :=Inh(f(P)).
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Finiteness of points of bounded height in projective space, implies finiteness of points
of bounded height on our elliptic curve with respect to our new height function:

Proposition 8.6.1. [Sil09, Proposition VIIL.6.1] Let E/p be an elliptic curve and f €
F(E) a nonconstant function. Then for any constant C > 0, the set

{Pe€ E(F):hyP)<C}
is finite.

Proof. Since f is defined over F, it induces an F-rational morphism f: F(F) — PY(F)
in the usual way. In particular, f maps the set in question to the set

{Q eP!(F): H(Q) <}

However, this latter set is finite by Theorem [8.5.§ ([Sil09, Theorem VIIL.5.11]); thus,
since the morphism f: E — P! has finite fibers, we conclude that the set in question is
also finite. O

The next theorem relates the height function on an elliptic curve to its group law.

Theorem 8.6.2. [Sil09, Theorem VIIL6.2] Let E/p be an elliptic curve, and let f €

F(E) be an even function, i.e., fo[—1] = f. Then for all P,Q € E(Q), we have
he(P+ Q)+ hy(P — Q) = 2hs(P) 4+ 2hs(Q) + O(1),
where the implicit constants in O(1) depend only on E and f.

Similar to the proof of part c. of Theorem [3.6.2] ([Sil09, Theorem III.6.2]), the proof
involves algebra with coordinates that is not very pleasant, so we will forgo it. Since we
are only considering even functions, the proof reduces to taking f := z, the Weierstrass
coordinate (since F'(x) is the subfield of F'(E) of even functions).

Here is a corollary of this theorem, which shows that h; will satisfy the first two
properties we require to show that E(F) is finitely generated by the descent theorem.

Corollary 8.6.3. [Sil09, Corollary VIIL.6.4] Let E/p be an elliptic curve, and let f €
F(E) be an even function.

a. Let Q € E(Q). Then for all P € E(Q),
he(P+ Q) < 2hs(P) + O(1),
where O(1) depends on E, f and Q.

b. Let n € Z. Then for all P € E(Q),
hs(nP) = iy (P) + O(1),
where O(1) depends on E, f and n.

Proof. Part a. is immediate by the previous theorem, which says that hy(P + Q) +
hi(P — Q) = 2hs(P) + 2hs(Q) + O(1), where O(1) depends on E and f (note that
hy(P—@) > 0). For part b., it suffices to consider n > 0 since f is even. This is clearly
true for n = 0,1, and we proceed by induction for the other n.
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Suppose this result is true for n—1 and n. Then we wish to show that h;((n+1)P) =
(n+1)2hs(P) + O(1). Taking P :=nP and @ := P in the theorem above, we have

hf((n + 1)P> = 2hf(nP) + th(P) — hf((n — 1)P) + O(l)
= 2n*h;(P) + 2hs(P) — (n — 1)*hy(P) + O(1) (by inductive hypothesis)
=(2n*+2— (n—1)*)hs(P) + O(1)
= (n+1)*hs(P) + O(1).

This completes the proof by induction. O

Remark 8.6.1. It is worth noting that this theorem and corollary also hold for odd
functions f € F(E), since f? is even and hy2 = 2h;.

We are now able to prove the main theorem of these notes: the Mordell-Weil theorem.

Theorem 8.6.4 (Mordell-Weil). Let F' be a number field and E/p an elliptic curve.
Then E(F) is finitely generated.

Proof. Fix e.g. n := 2. We know by the weak Mordell-Weil theorem (Theorem [8.1.1)
that E(F)/2E(F) is finite. By the descent theorem (Theorem [8.3.1)), E(F) is finitely
generated if there exists a function h: E(F) — R such that the following holds:

1. For Q € E(F), there exists a constant C; := C1(E(F), Q) such that for all
P e E(F),

h(P + Q) < 2h(P) + C;.
2. There exists a constant Cy := Cy(E(F)) such that for all P € E(F),
h(nP) > n?h(P) — C,.
3. For every constant C5 > 0, the set
{P € E(F):h(P) <Cs}

is finite.

However, for the associated height function h,: E(F) — R, we know by Corollary
([Si109, Corollary VIIL.6.4]) that Properties 1 and 2 hold for h,, and Property 3 holds
by Proposition [8.6.1] ([Sil09, Proposition VIIL6.1]). This concludes the proof of the
Mordell-Weil theorem! O

Corollary 8.6.5. For any elliptic curve E/p, one has
E(F) = 7" ® E(F)[tors]
for somer :=rgp > 0.

In the next and final chapter for us (Chapter 10 of [Sil09]) we will focus on techniques
for computing the Mordell-Weil group of an elliptic curve (in special cases).
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8.9. The canonical height. Before wrapping this chapter up, there is one more inter-
esting result to highlight. Given that our construction of the height function uses any
even function, a natural question is whether there exists a “canonical” height function
for an elliptic curve to study (possibly h,). The height functions we described are more
or less quadratic forms “up to O(1)” (see Section 3.6 for the definition of a quadratic
form). However, the following height function is indeed a quadratic form on the free
part of an elliptic curve Mordell-Weil group E(F’). This result is due to Tate.

Proposition 8.9.1. [Sil09, Proposition VIIL.9.1] Let E/p be an elliptic curve and f €

F(FE) a nonconstant even function. Then for a point P € E(Q), the limit

1
lim 4~"h (2" P
deg(f) n—oo s(@2°P)

exists and is independent of f.

This result lets us define a canonical height function.

Definition 8.9.1. The canonical (or Néron-Tate) height on E/p, denoted by h or

iLE, is the function A
h: BE(Q) — R

defined by
. 1

h(P) = lim 47 "h (2" P),
(P) = oy Jim 47" hs(27P)

where f € F(F) is any nonconstant even function.

Theorem 8.9.2. [Sil09, Theorem VIIL.9.3] Let E/r be an elliptic curve, and let h be
the canonical height on E.

a. For all P,Q € E(Q), we have
WP + Q)+ h(P — Q) = 2h(P) + 2h(Q) (parallelogram law).

b. For all P € E(Q) and alln € Z,
h(nP) = n*h(P).
c. The canonical height his a quadratic form on E, i.e., h is an even function and
the pairing B o
(,): E(Q) x E(Q) - R
(0 . R .
(P,Q) == h(P+ Q) — h(P) - h(Q)
is bilinear. .
d. Let P € E(Q). Then h(P) > 0, and
h(P) =0 < P is a torsion point.
e. Let f € F(E) be an even function. Then
deg(f) - h = hy + O(1),
where O(1) depends on E and f.
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Furthermore, if ' E(Q) — R is any other function satisfying part e. for some non-
constant even function f and satisfying part b. for some integer n > 2, then h' = h.

For more details on the canonical height, see §8.9 of [Sil09).
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10. COMPUTING THE MORDELL-WEIL GROUP

While one of the main goals for these notes was to prove the Mordell-Weil theorem,
another goal is to have techniques to compute the structure of the Mordell-Weil group.
As seen in Chapter 8, given an elliptic curve E over a number field F' and an integer
n > 2, if we determine generators for E(F')/nE(F) then we can effectively compute
generators for E(F'), see [Sil09, Exercise 8.18]. However, there is no known algorithm
to compute E(F)/nE(F) in a finite amount of time. For the remainder of these notes,
we will illustrate how one can make explicit the proof of the weak Mordell-Weil theorem
to compute the quotient E(F')/nE(F) in special cases, thus giving us the structure of
E(F). The specific case we will do an example for is where F[2] C FE(F'); note that
E[n] C E(F) was a running assumption for most of §8.1.

Following this, we will discuss how the auxiliary spaces which show up in our tech-
niques are twists of our starting elliptic curve, how the techniques can go wrong when
the local-global principle fails for these twists, and how the Selmer and Shafarevich- Tate
groups measure this failure.

For the rest of this chapter, we will adopt the same notation as in Chapter 8. It is

worth noting that much of the content of Section 10.1 can be generalized to a perfect
field k.

10.1. An example. Let E,r be an elliptic curve and n > 2 an integer. We will
assume throughout this section that F[n| C E(F); thus, we have from Section 8.2 that
HY(GF, E[n]) = Homz(GF, E[n]). Recall that there exists a short exact sequence

0 — E(F)/nE(F) 2% Homy(Gr, E[n]) < H(Gr, E@Q))[n] — 0
where
dp: E(F)/nE(F) — Homy(GF, E[n))
is given via the elliptic Kummer pairing:
6p(P) = Kk(P,—), with (P, 0) := Q7 — @ where nQ = P.
Since E[n| C E(F) implies that u, C F, by Hilbert’s Theorem 90 we also have an
isomorphism
(SFI FX/(FX)n :> Homz(GF,[Ln)
via

dr(a)(o) = % where o = a.

One way to understand im dg, and thus E(F)/nE(F), is to connect it to the better-
understood 0 via the Weil pairing. Recall that the n-Weil pairing
en: E[n] x Eln] — p,

is a perfect bilinear pairing with a slew of nice properties, see Proposition m ([Si109,
Proposition II1.8.1]). We spent some time going through its construction, which we
summarize here:

1. Fix S, T € E|n|; we would like to compute e, (S,T).
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2. We can write n(T) — n(O) = div(fr) and [n]*((T) — (0)) = div(gr) for some
rational functions fr, gr € F(E) which depend on T'. (Note that fr, gy can be
chosen to be defined over F' by [Sil09, Exercise 2.13].)

3. Thus (up to constants) we have fr o [n] = ¢7. It follows from this that the
rational function ¥ € Q(E) is constant with a fixed value in p, (recall that
T is the translation-by-S morphism on E). We set e,(S,T) := % for any

point X € E where this rational function is defined and nonzero.

Remark 10.1.1. Note that n(7) — n(O) = div(fr) implies fr is unique up to scalar.

However, fro[n] = g} with g} € F(F) implies that fr is well-defined up to scalar from

(F*)"™. In particular, for any point X € F where fr is defined, we know that fr(X) is

well-defined modulo (F*)", regardless of scalar.

Given that g: E(F)/nE(F) — Homgz(GF, E[n]), we have the following. For any point
P € E(F), we have a group homomorphism dg(P): Gp — FE[n|; then for any torsion
point T' € E[n|, we get a map

en(05(P)(=),T): Gp — fin.

This is a homomorphism since §z(P) is a homomorphism, and e, is linear in the first
coordinate. On the other hand, we have an isomorphism

Sp: F*/(F*)" = Homgz(Gr, fin);
thus, e,(6z(P)(—),T) can be identified with the element

05 (en(0p(P) (=), T)) € F* /(F*)".

To summarize the above, we have a map
b: E(F)/nE(F) x E[n] — F*/(F*)"

via

b(P.T) := o' (ea(0p(P)(=), 1)),
i.e., via the equivalence of homomorphisms

en(0p(P)(=),T) = dp(b(P, T))(-)
as maps Gp — p,. We will show that this map is a bilinear pairing and is nondegenerate
on the left, and has an explicit description via the definition of e,. This will give us

another way to describe E(F')/nE(F). To ease notation, for the rest of this section
we will write elements @ € F'*/(F*)" simply as a.

Theorem 10.1.1. [Sil09, Theorem X.1.1] Define the map
b: E(F)/nE(F) x E[n] — F*/(F*)"

(20) en(0p(P)(=),T) = dp(b(P,T))(~)
as maps Gp — [iy, i.€.,
(21) b(P,T) := 05" (en(0p(P)(—),T))-

a. This pairing is bilinear.
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b. This pairing is nondegenerate on the left.
c. Let

S = {P € XA : E has bad reduction at P} U {P € A P | n} U nih,
Then the image of b lies in the subgroup
F(S,n)={ae F*/(F*)":¥Be€Xp~Suvp(a) =0 (modn)}

of F*/(F*)™.
d. Explicitly, when P # O,T we have

(22) b(P,T) = fr(P) mod (F*)".

We can also compute b(T,T) using linearity. For example, if T # O and 2T #
0, then_b(T, T) = fr(=T)~Y. More generally, let Q € E(F) satisfy Q # O,T;
then (T, T) = fr(T + Q) - fr(Q)~".

Remark 10.1.2. The pairing b in Theorem [10.1.1] is a special case of the Tate-
Lichtenbaum pairing where we assume E[n| C FE(F); this more general pairing has
applications in cryptography. To read more about its applications, see §11.9 [Sil09].

Proof. For part a., we want to show that
b(P,+ P, T) =b(P,,T)-b(P,,T).

This follows from , since dg is a homomorphism, e,, is linear in its left coordinate,
and 05" is a homomorphism (in that order). We also want to show that

b(P, T, +Ty) = b(P,Ty) - b(P,Ty).

Similarly, this follows from since e, is linear in its second coordinate, and d5" is a
homomorphism.

For part b., we need to show that b is injective in its left coordinate. To this end,
suppose for P € E(F)/nE(F) that for all T € E[n] we have b(P,T) = 1(F*)". Then
by , this says that

0p (en(0p(P) (=), T)) = 1(F*)",
ie.,
en(5E<P)(_)7T) = lay
where 1g,: Gp — F*/(F*)" is the constant homomorphism. This implies that for all
o € G, we have

en(05(P)(0),T) = 1;

since e,, is nondegenerate on the left (also on the right), this forces §z(P)(0) = O for
all ¢ € Gp; thus 65(P) is the zero map. Since 6p: E(F)/nE(F) < Homg(Gp, E[n]) is
injective, this forces P = O. This proves that b is nondegenerate on the left coordinate.

For part c., let us choose 8 € Q such that 8" = b(P,T). Then by definition of &,
we have for all 0 € G that

50 (0(P. T))(0) = %
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We claim that 8 € L := F([n]"'(E(F))), the extension we considered in Section 8.1. If
this is the case, then from the proof of Proposition ([Sil09, Proposition VIII.1.6))
it follows that for all p € Sp S, we have vy (b(P,T)) =0 (mod n).

To show that 8 € L, it is equivalent to show that for all o € GG, we have 57 = f.
Fix 0 € G, and fix Q € F(Q) with nQ = P; then by definition, we have 05 (P)(c) :=
Q° — (). As noted above, we have

However, we also check that
en(0p(P)(0),T) = e,(Q7 — Q,T)  (since 0 is the elliptic Kummer pairing)
=e,(0,7) (since @ is L-rational)
=1.
We deduce by that 5% = 3, whence we conclude that $ € L, which proves part c.
by our previous discussion.

For part d., let us fix Q € E(Q) and 8 € Q with nQ = P and " = b(P,T),
respectively. Then we expand :

0r(b(P,T))(0) = en(0£(P)(0),T)

=e,(Q7 —Q,T) (by definition of dg)
_gr(X+Q7—-Q) .

— () (by definition of e,,)
_9r(Q7) : ._

= (@) (taking X := Q)

_ Q)

(since gr is defined over F).

97(Q)
Note that we can take X := @ above, since from div(gr) = [n|*((T") — (O)) we know
that:

1. g7 has zeroes precisely at preimages of 7" under [n]. Thus @ is not a zero of gr,

since nQ =P #T.

2. g7 has poles precisely at points in F[n]. Thus @ is not a pole since n@) = P # O.
(See Definition for our description of [n]*((T") — (0)).) Since gr(Q)" = fr(nQ) =
fr(P), we have by definition of ép that ép(fr(P))(0) := %. This and the calcula-
tions above implies that

0r(b(P,T))(0) = dr(fr(P))(0),
for all ¢ € Gp. Since dp: Gp — F*/(F*)" is an isomorphism, we conclude that
b(P,T) = fr(P) mod (F*)" when P #T.
We can also use linearity to compute b(T,T) when T # O (of course, b(O,0) =
L(F*)™). For example, if 27" # O then —T # T, and thus

b(=T.,T) = fr(=T) mod (F*)";
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however, bilinearity of b implies that b(—1',T) = b(T,T)~!, which gives us the formula
WT,T)= fr(=T)"' mod (F*)".
More generally, with an element Q # O, T, bilinearity implies that
WT,T)=bT+Q—-Q,T)
=0T +Q,T)-b(-Q,T)
= fr(T+Q)- fr(Q)™" mod (F*)". 0

Let us see how we can use this theorem to compute E(F') when E[n] C E(F'). Since
b is nondegenerate on the left and has its image contained in F(S,n), it induces an
embedding

E(F)/nE(F) — Homg(E[n], F(S,n)), P b(P,—).

Furthermore, when P # T we have b(P,T) = fr(P) mod (F*)". Therefore, fixing a
basis {11, T} of E[n], if we want to determine the distinct elements of E(F)/nE(F),
we can range over pairs (by, by) € F(S,n) x F(S,n) and search for solutions (P, 21, z3) €
E(F)x F* x F* to

bt = fr,(P) and boh = fru(P).

Assuming F is in Weierstrass form, we can give coordinates P = (z,y) and equivalently
look for (x,y, z1,22) € F x F' x F* x F* which satisfies

y2 + a1y + asy = >+ a2x2 + a4 + ag,

blz? = f'ﬁ(‘ray) and bQZ;l = sz(x7y)'

This technique should be feasible since F'(S,n) is finite and relatively easy to compute,
and the auxiliary functions fr,, fr, € F[n] should also be relatively easy to compute.
Note that these 3 equations will define a new called curve a homogeneous space for E/p,
which is covered in §10.3 of [Sil09].

Remark 10.1.3. As noted in the beginning of the chapter, if we compute E(F)/nE(F),
then we can effectively compute E(F) by [Sil09, Exercise 8.18]. However, even without
this exercise, we can often compute the abstract group structure of E(F') by using
Theorem and a computation of E(F)[tors] (the latter of which can be done with
the local techniques described in Chapter 7). Observe that if we write E(F) = Z" x
E(F)[tors] with r > 0, then we have E(F)/nE(F) = (Z/nZ)" x E(F)[tors]/nE(F)|[tors].
One of our running assumptions is that E(F)[tors| D E[n]; if E(F)[tors] = E[n], then
it follows that E(F)[tors|/nE(F)[tors] = E[n]. Therefore, since rankz,zE[n| = 2, if
we find that rankyz,,z(E(F)/nE(F)) = s, then it follows that r = s — 2, so that we
have E(F) = Z*~% x E|n).

For the remainder of this section, we focus on the case where n = 2; since we are
assuming that E[n] C E(F'), this is the case with the most mild assumption. There
exists an equation for E of the form

E:y’ = (z—e)(z—e)(z—es),
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where each e; € F'; note that E[2] = {O, (ey,0), (e2,0), (e3,0)}. We can choose any two

nonzero elements of F[2], and they will be a basis for E[2], so let us set each T; := (e;,0).
We next compute fr, and fr,, since they can be used to compute the image of b.

Observe that for each 1 < ¢ < 3, for the function fr, ==z —¢; € F(E), we have

div(fr,) = 2(T) — 2(0)

(see Example and Notes Exercise from Section 2.3). We can also check that

x? — 2e;x — 2e? + 2(e1 +ea +e3) - e; — (e1e + e1e3 + 6263))2
2y ’

ot = (

using e.g. the duplication formula. Thus, taking gy, to be the inner function on the
right hand side, we have fr,0[2] = g7., and as can be checked, div(gr,) = [2]*((T;)—(O)).
Thus, we can take fr, :=x — ey and fp, := 2 — es.

Therefore, our problem of determining E(F)/2E(F) reduces (in part) to the fol-
lowing: for each (by,be) € F(S,2) x F(S,2), we must find all points (z,y, 21, 22) €
F x F x F* x F* such that

y2 = (z —e1) (7 — e2)(z — e3),

blzf =z —e and bgzg =T — es.

(This will work if P = (x,y) # T, T» — we’ll deal with the excluded cases in a moment.)
We can transform this into just two equations. Let us define a new variable z3 via
y = bibez12023 (note that bibyzize # 0). Substituting this into the elliptic curve
equation and then canceling terms with the latter two equations, we get the three
equations

b1b22’§ =X — €3,

blzf =z —e and bgzg = — es.
Then substituting x out gives just two equations
(23) bz — byzs = ey — €3 and bizi — bibyzs = e3 — ey.

This defines a curve in P3, where (z1, 29, 23) = [21 : 22 : 23 : 1]. To summarize, for each
pair (by,by) € F(S,2) x F(S,2), we are looking for solutions (z1, 22, 23) € F* X F* x F’*
to . If we find such a solution, then we can recover a corresponding point P €
E(F)/2E(F) by taking P := (z,y) = (b12? + €1, bibaz12023).

Note that the above technique implicitly assumes that we have b(P,T;) = fr,(P)
mod (F*)?; however, this is not true if our solution P satisfies P € {O,T}. In particu-
lar, it cannot be used to compute b(Ty, T1) and b(Ty, Ts) (which is important to know if
we are analyzing values of b). However, these values can be computed with bilinearity
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of b: for example, we compute that
b(Ty, Tv) = b(Ty, Ty + Ty) - (T, —T3)
=b(Ty, Ty +Ty) - b(Ty, Tp) !
=b(Th, T3) - b(Th, T) ™
= fr,(Th) - fr,(Th)™" mod (F*)?
(z —e3)(T1)

= mod (F*)?
(et
=975 hod (F)2.
€1 — €
Similarly, we can show that
b(To,Tp) = 22 mod (F¥)2.
€y — €1

This procedure is described as complete 2-descent.

Theorem 10.1.2 (Complete 2-descent). Let E/p be an elliptic curve with equation
E:y*=(z—e)(x—ey)(w—e3)

where ey, e9,e3 € F'; thus, E[2] C E(F). Let us set

S = {P € XA : E has bad reduction at P} U {P € FA P | 2} U npreh,
as well as
F(S,2):={ac F*/(F*)*: ¥R € Zp \ S,vp(a) =0 (mod 2)}.

Then there exists an injective homomorphism
E(F)/2E(F) — F(S,2) x F(S,2)

defined by

(x —e,x—eg) ifxF#ep e

€1—€3 y .
— . €1 — €2 if v = e
P .= (.%,y) — 2’ ) ’
ex—e, o) if v = e,
(1,1) if v =00, t.e., if P=0.

Let (by,bs) € F(S,2)x F(S,2) be a pair that is not the image of the points O, (e1,0), (ez,0)
under this map. Then (b, by) is the image of an element P = (x,y) € E(F)/2E(F) if
and only if the equations

(24) bz — bibozd = e3 — e and bz — bozd =g — €1
have a solution (z1, z2,23) € F* X F* x F*. If such a solution exists, then we can take

P = (z,y) = (blzf + e1,bibaz12023).
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Remark 10.1.4. The above theorem reduces the computation of E(F)/2E(F) to a
matter of checking for rational solutions to the equations in (24). This can be done
with any techniques at our disposal, such as a v-adic point check (with v Archimedean
or otherwise), or a computer calculation. We emphasize that once we have computed
E(F)/2E(F), we can then effectively compute E(F') using [Sil09, Exercise 8.18]. How-
ever, even without this exercise, we can often compute the structure of E(F); see

Remark [10.1.3

Example 10.1.1. Here is an example of using complete 2-descent to compute the
structure of the Mordell-Weil group of a rational elliptic curve. Let us consider the
curve

E:y* =2"—122% + 202 = z(z — 2)(z — 10).
We calculate its discriminant as A = 409600 = 24 - 52.

We know that E[2] C E(Q). We claim this is the entire torsion group, i.e., F(Q)[tors] =
E[2]. To prove this, we cite Theorem m since E has good reduction at 3, we have
that E(Q)[tors] — FE(Fs). However, it is easy to check that #E(F3) = 4; we con-
clude that E(Q)[tors] = E[2]. In particular, by Remark [10.1.3] if we can compute
#E(Q)/2E(Q), then we know the structure of E(Q) as a finitely generated abelian
group.

Let us work towards determining E(Q)/2E(Q) explicitly with complete 2-descent.
Our associated set S is

S = {p € Z" : E has bad reduction at p} U{p € Z* :p| 2} U {cc}
= {2,5, 00};
here, co denotes the usual absolute value on Q. In particular, we have
Q(S,2) = {a € Q/(Q*)? 1 ¥p & {2,5,00},1,(@) =0 (mod 2)}.
Any element of Q(S,2) has a squarefree representative; thus, we see that
Q(S,2) = {&1,+2, £5, +10}.

Let us set e; := 0,e5 := 2 and e3 := 10. By complete 2-descent, we know that
0,(0,0),(2,0) and (10,0) in F(Q)/2E(Q) map to (1,1),(5,—2), (2, —4) = (2,—1) and
(10,8) = (10, 2) in the image of b, respectively. It thus remains to determine which of the
remaining pairs (by, b2) € Q(S5,2) x Q(S,2) come from elements of £(Q)/2E(Q) under
the 2-descent embedding. Since #Q(S,2) = 8, there are 64 pairs in Q(S,2)xQ(S,2). By
([24), the pairs which come from elements of F(Q)/2E(Q) will correspond to solutions
(21, 29, 23) € Q° x Q* x Q* to the system of equations

(25) bz} — byzy = 2 and biz; — bibyz3 = 10.

Once we have found such a solution for the pair (b, by), we get a corresponding element
F S E(Q)/QE(@) given by P = (blzf, b1b221222’3).

We will perform several techniques to determine the image of b and the corresponding
points from F(Q)/2E(Q); this is recorded in Figure In this figure, we enumerate
each box with a circled number, which will correspond to a technique below that we
applied to analyze the pair(s) in that box.
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Before we begin our analysis, we note that not all pairs (b, bs) need to be checked
with a particular technique: this is because b induces a homomorphism E(Q)/2E(Q) —
Q(S,2)xQ(S,2). For example, if (b, be) and (b], b5) both come from E(Q)/2E(Q), then
so does their product (b1}, beby). On the other hand, if (by, b2) comes from E(Q)/2E(Q)
and (b),0,) does not, then (b1}, bebly) does not.

@ (R-adic): if by < 0 and by > 0, then the first equation in has no real

solutions. This eliminates 16 possible pairs (b1, by).

@ (R-adic): if by < 0 and by < 0, then the second equation in has no real
solutions. This eliminates 16 more possible pairs (b1, by).

@ As noted earlier, the four 2-torsion point elements O, (0,0),(2,0) and (10,0)
map under b to the pairs (1,1),(5,-2), (2, —4) = (2,—1) and (10,8) = (10,2),
respectively. (See Theorem for the map to Q(S,2) x Q(S,2).)

@ Let us try (by,bs) := (1,—1): our equations in become

22 =2 and 2 + 23 = 10.

By inspection, these have the solutions (z1, 29, 23) = (+1, £1,£3). All of these
solutions will induce the same element of F(Q)/2E(Q), so we will simply choose
(1,1,3) and get the point P = (z,y) = (0122, bibaz12223) = (1,-3) € E(Q).

We can multiply (by,bs) := (1,—1) from @ with the pair representatives for the

2-torsion points from @; this corresponds to adding (1, —3) with the 2-torsion
points modulo 2F(Q). This gives new pairs (by,b2) = (5,2),(2,1) and (10, —2)
in Q(S,2)xQ(S, 2), which correspond to the points (20, 60), (18, —48), (130, %) €
E(Q).

@ (5-adic): fix a pair (by,be) € Q(S,2) x Q(S,2) where by Z 0 (mod 5) and 5 | by;
these pairs are (by,be) = (£1,+5), (£1,£10), (£2,+5) and (£2,+10). We will
show that no solution (21, 22, 23) € Q* x Q* x Q™ exists to for such (by, by).

For the sake of contradiction, suppose we have such a solution. Then by com-
puting the 5-adic valuations of the first equation, one can show that vs(z1), vs(22) >
0 (check it, noting the domination principle, see Notes Exercise [2.1.1]). From
this, the second equation implies that v5(z1) > 0; however, this implies in the
first equation that vs(2) > 0, which is absurd. We conclude that no solutions
exist for such (by,bs). This implies 8 new non-solution pairs.

@ (5-adic): if we multiply the non-solution pair from @ with e.g. the solution
pair (b1, be) = (5,2) from @, then we get 8 new non-solution pairs.

(5-adic): let us try (b1, be) := (1,2). Then becomes

2l — 222 =2 and 27 — 222 = 10.
Suppose that such a solution (z1, 22, 23) € Q* x Q* x Q* exists; clearing de-
nominators, we may assume instead that z1, 2o and z3 are integers which satisfy
2P — 223 =2k and 27— 222 = 10m

for some nonzero k,m € Z. The latter equation implies z; = 222 (mod 5); since
2 is not a square modulo 5, this forces z3 = 0 (mod 5), and thus 5 | z;. However,
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this implies from the first equation that 1 = 0 (mod 2), which is absurd. We
conclude that (by,by) is a non-solution pair.

@ (5-adic): taking the non-solution pair (b, bs) := (1,2) from (8 ) and multiplying
it with the 8 solution pairs from the previous parts gives 7 new non-solution
pairs, which fills up the rest of the table.

b1 1 2 5 10 1 -2 -5 —10
ba
1 0 (18, -48) @ Q2
2 @5@ @5@ (20! 60) ® (lo O) [©)] R @
5 &) @
: Qs Qs
1 (1,-3)% | (2,00® Q2
-2 Q,® (0,09 | (4,-52)" R?
-5 8 @
M Qs

FIGURE 10.1.1. Table of pairs (b, b2) € Q(S,2) x Q(S,2), and their cor-
responding point representatives from E(Q)/2E(Q), if they exist [Sil09).

Tallying up the number of solution pairs in the chart shows that #E£(Q)/2E(Q) = 8;
since E(Q)[tors| = E[2], we conclude that

E(Q) 2 Z x Z)27 x 7./ 2Z.

Given that we have explicitly computed the distinct elements of F(Q)/2E(Q), we can
also use [Sil09, Exercise 8.18] to effectively compute E(Q), if desired.

Remark 10.1.5. Let us remark that, as illustrated in this example, we can translate
the problem of determining elements of E(F)/nE(F), to the problem of determining
the existence of rational solutions to a finite set of systems of equations, each of which
defines a curve. One issue that can arise with this procedure is that one of these curves
can have a point over every v-adic completion of F, and yet no F-rational points.
This possible failure of the Hasse principle is what makes the Mordell-Weil theorem
ineffective. We will discuss this more in Section 10.4.

10.2. Twisting—general theory. Most of the rest of these notes on Chapter 10 were
written after the class ended. They will often omit proofs from [Sil09]. To better analyze
the homogeneous spaces which appear when we compute the Mordell-Weil group of an
elliptic curve over a number field, we develop the theory of twists of curves, which
allows an alternative description of these spaces. For this section and the next, we let
k denote a perfect field.
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Definition 10.2.1. Let C); be a smooth projective curve. Then the isomorphism
group of C, written as Auty,, (C) (or Isom(C') in [Sil09]), is the group of k-isomorphisms
from C to itself. We write the product of elements in Auty,,(C) as ¢1) instead of ¢ o).

Definition 10.2.2. A twist of (), is a smooth curve C’;k that is k-isomorphic to C.
Say two twists are equivalent if they are k-isomorphic. The set of Twists of C' modulo
k-isomorphism is denoted Twists(C, k).

Since a twist C;k of a curve Cy; implicitly has an isomorphism ¢: ¢’ = C, we
often write (C’,¢) € Twists(C'). For each such twist, we have an associated map
&: G — Autye (C) defined as follows: for o € Gy, we set

£ = ¢7¢

In a sense, this map measures the failure of ¢ to be k-rational (and thus the failure of
C" to be k-isomorphic to C').

Remark 10.2.1. Intuitively, the 1-cocyle £ from a twist (C’, ¢) transforms field au-
tomorphisms ¢ € G} into curve automorphisms of C' in the following way. Given a
point P € C, we have ¢~'(P) € C’. Then we send it back to C under ¢°, which
is not necessarily ¢ unless o fixes ¢. A key point to remember is the definition of
¢7: for example, if we write ¢ with coordinate functions as ¢ = [fo : f1 : fo], then
o7 (Q) == [f§(Q) : f7(Q) : f9(Q)], where f7 is o applied to the coefficients of f (see
§1.3 of [Sil09]). On the other hand, we have (¢(Q))? = ¢?(Q7), which can be different
from ¢7(Q) unless Q € C(k).

Theorem 10.2.1. [Sil09, Theorem X.2.2] Let C, be a smooth projective curve. For
each twist (C', ¢) € Twists(C, k), define a map &, := ¢7¢p~1 € Autyor(C) as above.

a. The map & s a 1-cocyle, i.e.,
Eor = E0&, for all o, 1 € GY,.

The associated cohomology class in H' (G, Autyo: (C)) is denoted by {£}.
b. The cohomology class {£} is determined by the k-isomorphism class of C', and
in particular is independent of the choice of ¢. We thus obtain a natural map

Twists(C, k) — H (G}, Autyo(C)).

c. The map in part b. is a bijection. In other words, the twists of Cj, up to
k-isomorphism, are in 1-1 correspondence with elements of the cohomology set

Hl(Gk, AutMor(C')).

Remark 10.2.2. The construction given to prove surjectivity of the map Twists(C, k) —
H' (G, Autyor(C)) in the theorem above is worth detailing out. Given a 1-cocyle
o € HYG}, Autye(C)), how can we construct a twist (C;k,qﬁ) of C' such that its
associated 1-cocyle &, = ¢7¢~! is equal to @,?

Given the function field k(C) of C, we define a p-twisted action of G} on k(C) as
follows. To clarify which action we are considering in any given situation, we let L
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denote an abstract field isomorphic to k(C), say by (k-isomorphism) Z: k(C) = L.
We define a twisted G-action on L as follows: for g = Z(f) € L, we set

97 =2(f) =Z(f"¢q).
(Recall that ¢, is in Auty(C), and that f and f? can be regarded as morphisms

C — P!, so that this composition makes sense.) This is a group action since ¢ is a
1-cocyle:

Of course, we also have Z(f)'% = Z(f).
Let ¢ C L denote the subfield fixed by this twisted action: i.e.,

C:={Z(f)e L:No e Gy, Z(f'v,) = Z(f)}
={Z(f) e L:Vo € Gy, f7p, = [}
This fixed field will be the function field which corresponds to the desired twist (C’, ¢) €
Twists(C) such that ¢7¢~! = ,.
The first observation we make about ¢ is that Nk = k (keyword: defined over k). To

see this, let b = Z(a) € £N k. From b € ¢, for all o € G, we have a®p, = a. However,
since a € k, we know that a is constant, and thus a” = a; it follows that a € k, and
thus b = Z(a) € k. We conclude that £ Nk = k. The second observation is that k¢ = L
(keyword: transcendence degree one). This follows from [Sil09, Lemma I1.5.8.1], with
respect to the twisted action on L.

By the correspondence between function fields of transcendence degree one and curves
(more specifically, [Sil09, Theorem I1.2.4.c]), the first observation implies there exists a
smooth curve C;k, unique up to k-isomorphism, with k(C’) = ¢; thus, k(C”) admits this
twisted action. We then check via the second observation that we have an isomorphism

Z:k(C) = L =kt =k(C).
Thus by [Sil09, Theorem I1.2.4.b] and [Sil09, Corollary I1.2.4.1], there exists a unique
k-isomorphism ¢: C’ — C such that its pullback is given by Z:
9" = Z: k(C) = k(C").

We claim that for all ¢ € G}, one has ¢?¢p~ = ¢,. To see this, first note that
from ¢* = Z, the twisted action Z(f)? := Z(f?¢,) can be rewritten as follows: for all
f € k(C) and o € Gy, one has

(6 (1) = 6" (F70).
N (F6) = [ 0ut,

ie.,

f797 = f7pq0.
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Fixing ¢ € G}, the above is true for all f € k(C), which forces equality of the inner
terms, i.e.,
7 = pot,
ie.,
¢ = o
We conclude that &, = ¢?¢~!, which shows that the map Twists(C, k) — H*(G},, Autyo: (C))

is surjective.

Example 10.2.1. [Sil09, Example X.2.4] Here is an important example, in which we
compute the quadratic twist of an elliptic curve in Weierstrass form. Assume that
char(k) # 2; fix a number d € k \ k%, and let

x = x%: Gy — {£1}
be the quadratic character associated to v/d. In particular, for o € Gj, we have
x(0) = oVd)
Vd
For an elliptic curve E/;,, we always have a 1-cocyle associated to x, given by
f: Gk — AUtMor(E)a 50’ = [X(U)]7

where [n] denotes multiplication-by-n. By the previous theorem, there exists a twist
(C)k, @) of E which satisfies ¢7¢~! = [x(0)].

In our construction of the twist (C, ¢) in Remark [10.2.2] we defined a twisted action
on k(E) with £, and then computed the fixed subfield £ of k(E) under this twisted action.
By abuse of notation, we will write Z :=id: k(E) = k(FE) for our k-isomorphism, and
the twisted action as

fo= f7x(o) = ()] (f)
Giving E a Weierstrass equation makes this more explicit. Let us assume that F is
given in the form
E:y® = f(x).
We then have k(E) = k(z,7) (see §3.3 of [Sil09]), and every element f € k(E) can be

expressed as a rational function in the Weierstrass coordinates z,y. It follows that each
f(z,y) € k(F) satisfies

(f(z,y)7" = fo(a7" y™") = [7 (2, x(0)y)

o,t
(recall that [—1](z,y) = (x, —y)). We can check that (\%) = 75 It follows that the

functions 2’ := z and y' := = lie in ¢, which forces { = k(z',y") (both fields have equal
).

transcendence degree over k and equal field of constants). Furthermore, we observe the

relation

dy* = f(2'),
which defines an elliptic curve over k. We deduce that our twist C’ =: E’ is an elliptic
curve; our k-isomorphism ¢: E/ = E is then determined by ¢* = Z. It suffices to take

&(,y) = (z, Vdy)
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(so we take Z(z) := x, Z(y) := V/dy at the start). The inverse ¢—: £ = E' is

¢~ (a,y) = (x %) :

We can double-check directly that for all o € Gy, we have
¢7¢~" = [x(0)] :
this follows from ¢(a',y') = (z, Vdy) = ¢° (', ¢/) := (x,0(Vd)y) = (z, x(0)Vdy).

The curve E' above is called the quadratic twist of E (by d or x). These are the
canonical examples of an elliptic curve twist: when j(E) # 0, 1728, any twist of £ must
be a quadratic twist.

10.3. Homogeneous spaces. In this section, we study the auxiliary spaces which
came up in analyzing E(F) for an elliptic curve E/p via 2-descent, which we called
homogeneous spaces. These systems of two equations end up each defining particular

twists of E. Recall in Theorem [10.2.1| ([Sil09, Theorem X.2.2]) that for a curve C);,, we
have a bijection

Twists(C, k) — H' (G, Autnio: (C)),

where for a twist ¢: C! — C, we have the 1-cocycle

(Clrr @) = (0> ¢797).

With this identification, we will see that homogeneous spaces are the twists whose
associated 1-cocycle’s values are translation automorphisms. We will then wrap this
section up with an important example of computing homogeneous spaces for an elliptic
curve with a rational order two point, which will be important for describing descent
via 2-isogeny.

Definition 10.3.1. Let E/; be an elliptic curve. Then a (principal) homogeneous
space for E/ is a smooth curve (), with a k-rational, simply transitive algebraic
group action of E on C. Thus, a homogeneous space for E is a pair (C/, it), where C),
is a smooth curve and

w: C x E—C
is a k-morphism of varieties with the following three properties:

a. u(p,O) =pforallpeC.
b. u(p(p, P),Q) = p(p, P+ Q) for all p € C and P,Q € E.
c. For all p,q € C, there exists unique P € E with u(p, P) = q.

We often write p + P instead of u(p, P), and if u(p, P) = ¢, then we write ¢ — p := P.
Then these properties are:

a. p+ P forall pe C.
b. (p+P)+Q=p+(P+Q)forallpe C and P,Q € E.
c. For all p,q € C, there exists unique P € E with ¢ —p = P.

Principal homogeneous spaces for E/, are also called k-torsors under FE.
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Based on the above, we have an analogous “subtraction map” on C', written as

v:OCxC—=FE
via
v(q,p) := q — p := (the unique P € F satisfying u(p, P) = q).
As it turns out, subtraction on C'is a k-morphism, and using + and — signs for these
maps provides the right intuition.

Lemma 10.3.1. [Sil09, Lemma X.3.1] Let C;, be a homogeneous space for Ej,. Then
for all p,q € C and all P,Q) € E:

a. p(p,0) =p and v(p,p) = O.
b. u(p,v(q,p)) = q and v(u(p, P),p) = P.
c. v(ple,Q), u(p, P)) = viq,p) +Q — P.

Written with + and — instead, these become:
a.p+0O=pandp—p=0.
b.p+(q—p)=qand (p+P)—p=P.
¢. (q+Q)—(p+P)=(g-p)+Q—-P.
The next lemma shows that a homogeneous space of E/;, is a twist of £/, and further
describes subtraction on C' in terms of a k-isomorphism E = C.

Proposition 10.3.2. [Sil09, Proposition X.3.2] Let E/; be an elliptic curve and C), a
homogeneous space for Ej,. Fiz a point py € C, and define a map

0: F— C, ¢(P) :==po+ P.

a. The map 0 is a k(po)-isomorphism. In particular, the curve C is a twist of E.
b. For allp e C and all P € F,
p+P=00"(p) +P)

(the first + is the action of E on C, and the second + is addition on E.)
c. Forallp,qeC,

g—p=0""(a) =07 (p).
d. The subtraction map
v:Cx(C—F, v(g,p) =q—p
1$ a k-morphism.

Definition 10.3.2. Two homogeneous spaces C); and C’;k for E/, are equivalent if

there exists a k-isomorphism #: C' = C’ compatible with the action on E on C and
' ie.,

O(p+ P)=06(p) + P.
The equivalence class of the homogeneous space Ej, acting on itself by translation
is called the trivial class. The set of equivalence classes of homogeneous spaces for
E) is called the Weil-Chatelet group for £/, and is denoted by WC(E, k). Since
homogeneous spaces for E are twists for £, we have a map WC(FE, k) — Twists(E, k).
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Proposition 10.3.3. [Sil09, Proposition X.3.3] Let C), be a homogeneous space for
Ei. Then Cyy is trivial in WC(E, k) if and only if C'(k) # 0.

Theorem 10.3.4. [Sil09, Theorem X.3.6] Let E/; be an elliptic curve. Then there is a
bijection
WC(E, k) — H*(Gy, E(k))
as follows. Let Ci, be a homogeneous space for Ey, and choose any point pg € C. Then
the map
o= Dy — Do
induces a 1-cocyle in H'(Gy, E(k)).

From the theorem above, we now have a group structure on WC(FE, k) given by the
group structure on H'(Gy, E(k)). It is worth proving surjectivity here, since this will
allow us to construct homogeneous spaces from elements of H'(Gy, E(k)) — not unlike
constructing twists from elements of H'(Gy, Autyo(C)).

Remark 10.3.1. To show that the map WC(FE, k) — H'(Gy, E(k)) above is surjective,
we utilize surjectivity of the map Twists(C, k) — H' (G, Autyor(C)) from [Sil09), The-
orem X.2.2], which we explained in Remark [10.2.2| Let ¢ € H' (G}, E(k)) be a 1-cocyle.
Then ¢ induces an element Ee HY (G}, Autyo (E)) via SU = T¢,, where T € Autyor(E)
is translation by R. We double-check that E is a 1-cocyle:

5077 - = Tévn

— Tea+ey

=T T Ty

= Tey + &

= (&) + &n-
(To see the last step, note that for any point P € E(k), (&,)"(P) applies n only to the
coefficients of the morphism, not to P.) 3

With the above in mind, from —¢§ € H*(Gy, E(k)) there exists a twist (C, ¢) €

Twists(E, k) such that for all o € Gy, one has

(26) 7o =T, for all o € Gy

On the level of points, this says that for all X € F(k) we have
¢ (¢71(X)) =X - &
Let us define a map
p:CxE—C, plp, P) = ¢~ ((p) + P).

We claim that this map makes C' a homogeneous space for E; intuitively, this map gives
an action of F on C' by taking points in C' to E, adding them in E, and then taking
them back to C.

First, we check that u is simply transitive. Observe that for p,q € C, taking P :=
—o(p) + ¢(q) gives u(p, P) = ¢q. Furthermore, if ) € E is another point for which
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w1(p, Q) = q, then by definition of u we have ) = P as above. This proves that p is
simply transitive.

Next, we claim that p is defined over k. This is equivalent to showing that for all
peC, Pe FE and o € G, we have

p(p, P)” = p(p?, P?).
We first check that

On the other hand, we have
p(p?, P7) : = ¢~ (o(p7) + P7)

= ((¢7) " oTg,)(0(7) + P7)  (from (26))

= (¢") " (o(p") + P = &)

= (¢ ")7(o(p°) + P7 — &) (since (¢~1)7 is the inverse of ¢7).
Thus, showing that u(p, P)” = u(p®, P7) is equivalent to showing that

97 (p7) = (p7) — &
This follows from : taking X := ¢(p”), we know that
@7 (X)) =X =&,
i.e.,
@7 (¢~ (0(p7))) = o(p°) — &,
ie.,
o°(p7) = o(»7) — &
We conclude that the twist (Cy, ) of E whose associated twist 1-cocyle is ¢7¢~! =
T_¢,, is a homogeneous space for E via u(p, P) :=p+ P := ¢ (¢(p) + P).
It remains to show that the associated homogeneous space 1-cocyle of (Cyi, ¢, 1)
under our map WC(E, k) — H'(Gy, E(k)), which is
o= D5 — Do

where py € C(k) is any fixed point, is equivalent to ¢ modulo 1-coboundaries. As it
turns out, these two cocycles are equal if we take py := ¢~ 1(O): we check that

Py —po:=¢"(0)7 —¢~(O)
=(¢7)7(0) = ¢71(0)

= (¢7)71(0) = ¢71(0)

((¢7) " o7¢,)(6) — &7 (0)

¢~(&) = ¢7'(0) (from (26))).

Recall that ¢~(&,) — ¢~ H(O) = v(¢7 (&), ¢~ H(O)) := Q is the unique point in E(k)

which satisfies
¢ (&) = 67 0) + Q== u(¢671(0), Q).

(since O € E(k))
(since (¢7)7" = (¢71)")
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Since by definition of p we have

w6710),Q) =97 (¢(¢7(0)) + Q) = ¢ (Q),
we deduce that Q) = &,, and conclude that

Py — Po = &o-

Therefore, the l-cocyles o — pj — py and § are equal, whence we conclude that
WC(E, k) — H'(Gy, E(k)) surjects. (Had we instead used the condition that ¢°¢~! =
Ty, then our space (C, ¢, 1) would map to —§.)

Example 10.3.1. In the following example, we will construct homogeneous spaces
for an elliptic curve with a rational point of order two. This is a key construction for
homogeneous spaces which arise through calculating E(F") via descent from 2-isogenies,
which will be described in the next section.

Assume that char(k) # 2. Let Ey; be an elliptic curve. Fix an element d € k ~\ k?;
recall from §10.2 [Sil09] that there exists a quadratic character

x: Gy — {£1}, x(o) =

Suppose there exists an order two point 7' € E(k). Define a map

& Gr — E(k), So 1= {g ii iEZ; z 1_1'

This is a homomorphism, and thus induces a I-cocyle in H'(Gy, E(k)). We can con-
struct a homogeneous space for y through our analysis in Remark [10.3.1]
We need to construct a twist (C, ¢) of E for which

-1
7P = T—¢,5

once we have this, we then have our homogeneous space, with an action u: C'x E — C
given by u(p, P) := ¢ *(¢(p) + P). Pointwise, this cocycle condition says that for
X € E, one has
o/ X if xq(o) =1
o7 (67 (X)) = e
X+T if ylo)=-1

(note that —T = T'). After a change of variables, we can assume that F is given by the
equation

E:y* =2 + ax® + ba,
and that T' = (0,0). We have k(E) = k(x,y), and the twisted action for elements
f(z,y) € E(E) is then

(z,) if xa(o) =1

ot . _ O’xU,t oty fa ’
fle = e {f”(T%(:v),T%(y)) i a(o) = 1.
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Let us compute 75 (x) and 7;(y); to do this, it is equivalent to describe 77 on the level of
points (z,y) € E. We check using the chord and tangent method that for (x,y) # O, T,
we have

e, y) = () + (0,0) = (9 —b_y) |

22
We deduce that 7(z) = £ and 75(y) = =%.

Now let us compute ¢, the fixed field of k(z,y) under this twisted action. Through
observation, we see that

f::@GE and g:z\/ﬁ(a:—é>€€.
Y x

Consequently, we also have
2 2
z::f:@€€ and w::M:\/c_l(x—é)(f) el
Yy

These two functions z and w satisfy
dw? = d* — 2adz* + (a® — 4b)2*.

This equation defines a hyperelliptic curve, which we denote by Cy. As it turns out,
Cy is an affine piece of a smooth curve in P?, which is C,; with two points at infinity

[0 :0: £ % : 1|. By abuse of notation, we also use Cy to denote this smooth curve.

Given our definitions of z and w, there is a rational map ¢~': E — C given by

¢ (z,y) = (2,w) = (%’\@ (x N g) (5)2)

(it will soon be clear why we're using ¢ ' here). Using that 2= % = o
can also define ¢~1(0,0) := (0, —v/d) and ¢~*(0O) = (0,v/d). Thus, ¢! extends to
a morphism (which we already knew by [Sil09, Proposition II.2.1]). We also find its

inverse ¢: C' — F by expressing z and w in terms of x and y from their definition:

bz w) = (\/aw—az2+d dw—a\/d22+d\/3>

we

222 223

We conclude that ¢~ is an isomorphism defined over k(v/d).

By Remark [10.3.1} we know that the hyperelliptic curve C';, is a homogeneous space
for E. We can also double-check directly that its associated 1-cocycle in H'(Gy, E(k),
via

o= Py — Do for any fixed py € C(k),
is equivalent to ¢ modulo 1-coboundaries. In fact, by our work in Remark [10.3.1] this
is an equality if we take po := ¢~1(O) = (0,v/d). With this po, we check that

pg — Po = (07Xd(0->\/3) - (07 \/E)
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Thus, x4(o) = 1 if and only if p§ — py = O. When x4(0) = —1, to compute p§ — py =
(0, —v/d) — (0,/d), we need to find Q € E(k) with u((0,vd), Q) = (0, —/d). We check
directly that such a @ satisfies

1((0,Vd), Q) :

o~ (6(0,Vd) + Q)
¢~ 1(0+Q)
=¢"(Q)-
Thus, to have u((0,v/d),Q) = (0, —V/d), we must have Q = ¢((0, —v/d)) = (0,0). We
conclude that p§ — py = & .
These hyperelliptic curves C,; will be the homogeneous spaces which show up when

analyzing the Mordell-Weil group of elliptic curves E,r with an F-rational order two
point in the next section.

10.4. The Selmer and Shafarevich-Tate groups. As noted in the final remark of
Section 10.1, complete 2-descent for an elliptic curve £/r might not work if we find a
particular pair (b1, be) € F'(S,2) x F(S,2) for which the associated system of equations
(which in fact defines a homogeneous space for E) has solutions over each completion
F,, but no F-rational solution. This is an instance of the failure of the Hasse principle,
or local-global principle, for said homogeneous space. To give this some more context:
recall from the introduction of these notes the Hasse-Minkowski theorem, which stated
that the local-global principle succeeds for quadratic equations:

Theorem 10.4.1 (Hasse-Minkowski). For a quadratic equation
Q:ar® +bry+cy® +drv+ey+ f=0

with a,b,c,d, e, f € Q, there exists a Q-rational solution (x,y) € Q* to Q if and only if
there exists a real solution, and for each prime p € Z* a solution over Q,.

Recall that the homogeneous spaces which show up in complete 2-descent were given
by two quadratic equations, which means the Hasse principle can fail for them. Thus, in
attempting 2-descent on an elliptic curve £, p, we might have a pair (b1, bs) € F(S,2) x
F(S,2) for which the associated homogeneous space has a local solution over every
completion of F', but no F-rational solution. Despite this, there is a way to quantify
which of these homogeneous spaces are curves that will satisfy the local-global principle,
and that is with the Shafarevich-Tate group of E;r. We will define this group, along
with the ¢-Selmer group, and describe an alternative method of descent to compute
a weak Mordell-Weil group for E which involves a more relaxed rationality condition
than E[2] C E(F).

Let us state what we can for a perfect field k, as some of this will be applied to
local fields. As in the number field case, for an elliptic curve £/, and an integer n > 2
coprime to char(k), we have a short exact sequence of Gi-modules

0= E[n] % E(k) 2 B(k) >0,
which induces by cohomology the SES
0 — E(k)/nE(k) 2 HY(Gy, E[n]) > H'(Gy, E(Q))[n] — 0.
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Here, the connecting homomorphism 6, := dg,: E(k)/nE(k) — H'(Gy, E[n]) is de-
fined as follows: fixing any point Q € E(k) with n@Q = P, we define

0,(P)(0) == Q7 = Q.
When E[n] C E(k), we get H'(Gy, E[n]) = Homg(Gy, E[n)), as well as §,(P) =

K(P, —), the usual elliptic Kummer pairing.

There is a more general version of the short exact sequence above with which we can
analyze the Mordell-Weil group, allowing for a weaker requirement than E[n] C E(k).
Suppose that E/; and E;k are two elliptic curves and ¢: E — FE’ is a k-rational isogeny

of degree d € Z* coprime to char(k). Then for E[¢] := ker ¢, we have that E[¢] is a
Gr-module. We thus have a SES of GGj-modules

0= El¢| = E(k) S E'(k) — 0,
which by cohomology induces the SES

/ J, LO =
0~ E(0)/6(E(K) 2 H'(Gy. Elo]) > HY (G ER)Io] - 0]
The connecting homomorphism is defined as d,(P’)(0) := Q° — @, for any fixed Q €
E(k) with ¢(Q) = P’. By [Sil09, Theorem X.3.6], we can identify H'(G}, E(k)) with
WC(E, k) via the bijection

WC(E, k) — H'(Gy, E(F)),  [(C,p)] = [0 = p§ — po] for any fixed po € C (k).
Thus we have the SES

, 5

(27) 0 — E'(k)/¢(E(k)) = H'(Gy, E[¢]) = WC(E, k)[¢] — 0.
Taking F' = F and ¢ = [n], this generalizes the previous SES.

Remark 10.4.1. Note that understanding ¢, in the short exact sequence above gives
information about the weak Mordell-Weil group E'(k)/¢(FE(k)) for E'; however, this
and the corresponding SES from the dual isogeny q%: E' — E gives information about
the Mordell-Weil group E(k) through the SES

E'(k)[9] E'(k) 4 E(k) E(k)
— 5 — = —
o(EMR)]) — ¢(EK)  dEK)  ¢(E'(k))
This gives a way to understand F(k) and E’(k) through understanding their homoge-
neous spaces.

0—

For the rest of this section, we assume that k& =: F' is a number field. For each place
v € X, we have a completion F, and an inclusion G, C G given by extending each
v € Yr to Q (note that G, is the decomposition group of v in Gr). There is an
analogous short exact sequence to (27)) given by

0= B'(F,)/6(E(F,) % H(G,, E[¢]) - WC(E, F,)[¢] — 0.

6Note that we have defined H'(Gy, E(k))[¢] := {¢€ € H (G, E[¢]) : Yo € Gy, ¢(&) = O}. We
have H'(Gy, E[¢]) # H*(Gy, E(k))[¢] since the coboundary set of the first group is strictly smaller
than the coboundary set of the second group.
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This implies we have the commutative diagram

0 ——— E'(F)/$(E(F)) ———— H'(Gp, E[¢]) ———— WC(E, F)[¢] —— 0

| | |

0 —— [lien, E'(F)/0(E(F,)) LN [Lies, H(Gr,, E[9]) — 1 WC(E, F,)[¢] —— 0

vVEX R

where the vertical maps are induced from each inclusion F' C F,. We know by
that we can compute E'(F)/¢(E(F)) by analyzing the image of d,: it shows that
im (0y: E'(F)/¢(E(F)) — H' (Gp, E[¢])) = ker(H' (GF, E[¢]) — WC(E, F)[¢)]).

However, the diagram shows that this latter kernel is contained in

ker (Hl(GF,E[¢]) - 11 WC(E,FU)> :

VEX R

This leads us to the following definitions.

Definition 10.4.1. Let E/F,E}F be elliptic curves and ¢: F — E’ an F-rational

isogeny. Then the ¢-Selmer group of E,r is the subgroup of H'(Gp, E[¢]) defined
by

SO(E,F) = ker{Hl(GF,E[qﬁ]) - [[ wee. Fv)}.

VEX R

The Shafarevich-Tate group of E/r is the subgroup of H(Gr, E(Q)) defined by

III(E, F) := ker{WC(E, F)— [ WC(E, Fv)}.
VEX R

Remark 10.4.2. By Proposition ([Sil09, Proposition X.3.3]), the Shafarevich-
Tate group can be interpreted as the subgroup of WC(E, F') of homogeneous spaces of
E which are locally soluble everywhere, up to equivalence; these are the homogeneous
spaces C)p of E such that for each place v € X, one has C(F,) # . The ¢-Selmer
group S (E, F) can be interpreted as the subgroup of H'(Gp, E[¢]) of ¢-coverings
of E defined over F', which are twists of the isogeny ¢: £ — FE’ (in an appropriate
sense) which are locally soluble everywhere. For more on ¢-coverings, see the discussion
surrounding Theorem 8 of these notes.

On a less formal level, the commutative diagram above lets us understand the weak
Mordell-weil group E'(F)/¢(E(F)) through understanding the ¢-Selmer group, which
is the kernel of the “middle-down-right” map. In fact, this is connected to the ¢-torsion
subgroup of the Tate-Shafarevich group, which is the kernel of the “rightmost-down”
map.

Theorem 10.4.2. [Sil09, Theorem X.4.2] Let ¢: E — E’ be an F-rational isogeny.
a. There is a short exact sequence

(28) 0— E'(F)/¢(E(F)) — SY(E,F) — II(E, F)[¢] — 0.
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b. The Selmer group S'9(E, F) is finite.

Remark 10.4.3. The proof of part a. is a quick consequence of the commutative
diagram above. For part b., a key step is to show that all cocyles in S®(E, F) are
unramified away from a fixed finite set S of places. For a Gp-module M and a place
v € X, we say that a l-cocyle & € H(Gp, M) is unramified at v if £ = 0 on an(y)
inertia group I, of v. One shows that elements of S)(E, F) are unramified away from

(29) S := {P € =¥ : E has bad reduction at L} U {P € IFA : P | deg(¢)} U TaD,

see [Sil09, Corollary X.4.4]. One then shows that for a Gp-module M, the subset
HY(Gp, M;S) of cocycles unramified away from S is finite if S is finite, see [Sil09]
Lemma X.4.3]; this is done using the inflation-restriction sequence from Appendix B of
[S1109]. This then proves part b.

Remark 10.4.4. Remark shows that S (E, F) is effectively computable. To
see this, first note that S®)(E, F) is contained in H' (G, E[¢]; S), and H' (G, E[¢]; S)
is finite. Then to check which elements ¢ € HY (G, E[¢]; S) lie in S (E, F), one lifts
¢ under the bijection WC(E, F) — H'(Gr, E(Q)) to a homogeneous space (C, ¥, 1)
as in Remark ([Sil09, Theorem X.3.6]) and checks for the finitely many v € S
whether C'(F,) # (). By Hensel’s lemma, this last part is a finite amount of computation.

Example 10.4.1. [Sil09, Example X.4.5.1] Let us rephrase the complete 2-descent
example (Example [10.1.1)) in terms of the 2-Selmer group and III. Recall that we
wanted to determine the structure of the Mordell-Weil group E(Q) of the elliptic curve

E:y? = 2% — 1227 4+ 202.

We had E[2] C E(Q), so the theory of Section 10.1 applied. We reduced the problem to
checking the following: with Q(S,2) := {+1, 42,45, +10} (in Q*/(Q*)?), we checked
for each pair (b1, b2) € Q(S,2) x Q(S,2) whether the homogeneous space defined by

blzf — ng% =2 and blz% — blbgzg = 10,

which defines a curve in P3, had a rational solution; and if it did, we gave one. We were
lucky in our analysis, in that each of these homogeneous spaces either had a solution
over Q that we spotted, or provably had no solution over e.g. R or QQ5, and thus no
solution over Q. This shows that there is no nontrivial order two element of III(E, Q),
i.e., no homogeneous space with local solutions everywhere but no global solution:

II(E,Q)[2] = 0. By (28), this also shows that S@(FE,Q) = E(Q)/2E(Q) ~ F3.

Let us explain how one can “systematize” the example above into our next descent
theorem. Let us assume as before that we have an F-rational isogeny ¢: E — E’, say
of degree n. Assume that ¢ is cyclic. In fact, let us further assume that E[¢] C E(F)

and E'[¢] C E'(F), so that E[¢] and E'[¢] are trivial Gp-modules. Now, tells us
we have an embedding
0g: E'(F)/¢(E(F)) = Homg(Gr, E[¢]).

We also have by Hilbert’s Theorem 90 an isomorphism 0z : F*/(F*)" = Homgz(GF, E[¢]).
In a similar fashion to [Sil09, Proposition VIII.1.5], one can show that this induces an
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isomorphism 0g: F(S,n) = HY(GF, u,; S). Finally, from E[¢] C F(F) one can check
that HY(Gp, E[#]) € HY(GF, in; S), which shows that we can identify S®)(E, F) C
F(S,n) under §,'. We can put these two pieces of information together and attempt

to compute E'(F)/¢(E(F)) using (28).

The simplest case is where n = 2, which is equivalent to E and E’ having an F-
rational point of order two; say these points are T and 71", respectively. Changing
coordinates if necessary, we can assume that we have E : y* = 23 + ax? + bz with
T = (0,0); we can also assume that E’ : y? = 2° — 2ax? + (a* — 4b)x and T" = (0,0),

and , )
h—
¢(x7y> = (%7%) )

see Example |3.4.5

In the situation above, we have us = {41}, and the isomorphism dp: F(S,2) =
HY(GF, p2; S) is given by quadratic characters: that is, we have dp(d)(0) = xa(0),
where yq: Gp — {£1} is defined by o(v/d) := xa(c) - v/d (this can be checked directly,
noting that oz is the usual connecting homomorphism). As we did in Example
we can then define a 1-cocyle in H'(Gr, E(Q)) from y, by

— O ifx(o)=1
G — F , o =
& Gr @ & {T if x(o) = —1.
We showed in Example that the corresponding homogeneous space for &; is
Cy:dw? = d* — 2adz* + (a® — 4b)z*.

We conclude from the identification S (E, F) C F(S,2) and Remark [10.4.4] that we
can effectively compute S®)(E, F) by checking for each d € F(S,2) and v € S whether
Cq(F,) = 0; those d € F(S,2) for which Cy(F,) # 0 for some v € S will correspond to
a nontrivial element §p(d) = xq € S(E, F).

The example above is referred to as descent via two-isogeny. We cast it here as a
theorem.

Theorem 10.4.3. [Sil09, Proposition X.4.9] Let E/p and E;F be elliptic curves defined
by

E:y*=2%+ az® + bx and By =2 — 2a2” + (a® — 4b)x.
Let ¢: E — E' be defined by

oz, y) = (

Then ¢ is a cyclic 2-isogeny with ker ¢ = {0, (0,0)}. Let
Si= eI IR |2, [ bor B | (a2 —4b)} U T,
For each d € F*, let Cq/p be the homogeneous space for E/p defined by
Cy: dw? = d* — 2adz* + (a® — 4b)2*.

2 =),

x?’ x?
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Then there is a short exact sequence
0 — E'(F)/¢(E(F)) % F(5,2) — WO(E, F)[g].

Here, we have

((z,y)) ==, i(0) =1, 5((0,0)) := a* — 4b,

and F(S,2) = WC(E, F)[¢] via d— [Cqp].

The ¢-Selmer group is

SW(E F)={de F(S,2):Yv e S,Cy(F,) # 0}.
Finally, the map
V. Cqg— E, P(z,w) = (%,—i—?)
has the property that if P € Cq(F'), then
S(Y(P))=d (mod (F*)?).

For a new example of complete 2-descent, see [Sil09, Example X.4.10]. This is already
more content than was covered from this section in my class — however, there is one
more thing we will discuss. The obstruction to effectively computing the Mordell-
Weil group of an elliptic curve with the techniques in this chapter is the potential
nontriviality of its Shafarevich-Tate group. However, if III( £, F') is finite, then one can
use “relative Selmer groups” to find generators for E(F)/nE(F) for suitably chosen
n € Z*. However, it is unknown whether II(E, F) is always finite — Theorem
only says that the ¢-torsion subgroup of III( £, F') is finite. This leads us to the following
conjecture, which is only known for certain families of elliptic curves.

Conjecture 10.4.4. Let E/p be an elliptic curve. Then III(E, F) is finite.
Fin.
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APPENDIX A. A BRIEF REVIEW OF LocAL FIELDS

In this appendix, we quickly cover a few definitions and results on local fields which
will serve as necessary background for Chapter 7. For a more comprehensive set of
notes, see e.g. Clark’s [ClaANT2].
For a field K, a wvaluation on K is a map v: K — R U {oo} with the following
properties:
1. v(zy) = v(z) + v(y) for all z,y € K;
2. v(x +y) > min{v(z),v(y)} for all z,y € K;
3. v(x) = oo if and only if x = 0.

For a valuation v: K — R U {oo}, the subset

R, :={x € K :v(z) > 0}
is a local ring in K, with maximal ideal
M, :={z € K :v(z) > 0}.

Say v is a discrete valuation if its image is Z U {oo}. In this case, R, is a discrete
valuation ring.
Given a field K, an absolute value, or norm, on K, is amap |- |: K — Rx( with the
following properties:
1. |zy| = |z| - |y| for all z,y € K;;
2. |z +y| <|z|+|y| for all z,y € K (triangle inequality);
3. |x| = 0 if and only if = = 0.
Say |-| is non-Archimedean if for all z,y € K one has |z+y| < max{|z|, |y|}. Otherwise,
say it is Archimedean. In general, we call (K, |- |) a normed field.
Given a normed field (K| - |), the subset

R|.| = {SL’ c K |x] < 1}
is a local ring in K, with maximal ideal
M ={r e K :|z| <1}

Observe that a normed field (K, |- |) inherits a metric space topology from | - |. The
completion of K with respect to |- | is denoted by K. Let us recall the construction of
the completion of a metric space (X, d). A sequence {z,}°, C X is called Cauchy if
for all € > 0, there exists N € Z™* such that for any m,n > N, one has d(x,,,x,) < €.
Two Cauchy sequences {z,}°,,{y,}2, C X are said to be equivalent if

li = 0.

A, (7, yn) = 0
Then the completion of X with respect to d, written as X , is the quotient space of
Cauchy sequences of X under this equivalence. The completion X admits the following
metric: for all A, B € X, writing x = [{z,}%,] and y = [{y,}2,] one has

~

d(z,y) := lim d(an, yn).
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We have a natural embedding ¢: X — X , and ¢(X) is dense in X under the metric
of the completion; furthermore, d = d on «(X). If (X,d) = (K,]| - |) is a normed field,

then the norm extension of | - | to K can be defined as || := limy, o0 |20

For each prime p € Z*, we let Q, denote the completion of Q with respect to the
p-adic norm | - |,: Q@ — Rso. Recall that the p-adic valuation v,: Q — Z U {oo} is
defined on integers n € Z by the relation pv»(™ || m; this extends to a map on Q in a
natural way. In turn, this induces a norm map |- |,: Q — Rx¢ via

||y = |y, := pr.

Since v,: Q — Z U {oo} is a discrete valuation which extends to Q,, there exists a
discrete valuation ring Z, C Q, for v,, called the p-adic integers. More generally, for
a number field F' and a nonzero prime ideal B C F', we let Fiy denote the ‘B-adic
completion of F with respect to the -adic norm | - |y, and Opg its discrete valuation
ring. The field Q,, and more generally Fi, is an example of a non-Archimedean local
field.

Given a field K and two absolute values |- |, |- |2 on K, we say that |- |; and |- |, are
equivalent if there exists r € Ryg with |- [o = |-|]. We then write |- |; ~ |+ |2. There is
a classification of absolute values on a number field, due to Ostrowski.

Theorem (Ostrowski’s Theorem). Up to equivalence, the only nontrivial absolute val-
ues on Q are:

1. the p-adic norms | - |, (non-Archimedean);
2. the restriction of the usual absolute value | - |: C — R (Archimedean).

More generally, for a number field F, up to equivalence any nontrivial absolute absolute
value on F' 1s either:

1. aPB-adic norm | - | for some nonzero prime ideal *B C F' (non-Archimedean);
2. the restriction of the usual absolute value |- |: C — R to an embedding of F
into C. Such a norm has the form |o(-)| where o: F — C (Archimedean).

From here on out, any local field (K,v) we consider will be perfect, as well as its
residue field k& := R/m. If L/K is a finite extension, then L is also a complete local
field, by a unique valuation w extending v (so w|x = v) via

w(z) = % 0(Npyr(2)),

where n := [L : K]. In terms of norms, this is equivalent to

|2l := [Ney (@)™
see also [ClaANT2, Theorems 1.43, 1.46]. Note, however, that the valuation w above
is not necessarily normalized, i.e., we might not have w(L) = Z U {c0}.

Let (L,w)/(K,v) be a finite extension of complete local fields, with normalized dis-
crete valuations. Let S be the associated discrete valuation ring of L, with uniformizer
I1, and let ¢ := S/II be the residue field of L. Then the ramification index of L/K
is the ramification index of 7 in S; this is well-defined since S has only one prime up
to associates, namely II. One can show that e(L/K) = [w(L) : w(K)] = w(r). From
R C S and II | 7, we also have an extension of residue fields ¢/k; the inertial degree
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of L/K is then f(L/K) :=[(: k]. We see that an extension L/K is unramified if and
only if [L: K] = [(: k].

To make things more concrete: if F' is a number field, then for each nonzero prime
ideal B C F', we have a complete local field Fyy with a discrete valuation vy: F —
Z U {oo} given by ideal divisibility by . If L/Fy is a finite extension, then L = Mgy
where M/F is some finite extension with [Myq : Fy| = [M : F], and Q C M is
some prime ideal which divides B in M. One also has e(Mg|Fy) = e(Q|P) and
[(Mal F) = (QI%).

Finally, we use K™ to denote the maximal unramified extension of K, which is
the compositum of all unramified extensions of K. By Exercise [A.0.5] we have an
isomorphism Gal(K™/K) = G}, via reduction of automorphisms o: L = Ltod: { =/,
where L/K is unramified (and hence Galois). This fits into a short exact sequence

1 Gal(K/K™) = G 25 G, — 1.

The Galois group I, := Gal(K/K™) is called the inertia group of K.

Exercise A.0.1. Let K be a field.

a. Show that if | - |: K — Rs( is a non-Archimedean absolute value, then | - |
induces a valuation v,: K — R>( via

o (@) = {—111 |z| if x # 0,

00 ifz=0.

b. Show that if v: K — RU{oco} is a valuation, then we have an induced absolute
value |- |,: K — Z U {oco} via

||, =

270 if 2 £ 0,
0 if x =0.

c. Prove that an absolute value |- |: K — R is non-Archimedean if and only if
|Z - 1k| is bounded.

d. Deduce that if v: K — Z U {co} is a discrete valuation, then |- |, is non-
Archimedean.

Exercise A.0.2.

a. Prove directly that v,: Q — Z U {oo} is a discrete valuation.

b. More generally, show that every nonzero prime ideal 8 C K induces a discrete
valuation vy: K — Z U {oo}.

c. Show that Q, # Q.

Exercise A.0.3.
a. Show that for any real number ¢ > 1, the p-adic norm | - [,: Q — R satisfies

| z]p ~ e,

b. Let K be a field. Show that two nontrivial absolute values | - |1, |- |2 on K are
equivalent if and only if they induce the same topology on K.

Exercise A.0.4. Prove Hensel’s Lemma on lifting roots:
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Theorem (Hensel’'s Lemma). Let K be a complete non-Archimedean field with valua-
tion ring R, maximal ideal M and residue field k := R/M. Let f € R|[t] be a polynomial,
and let f € k[t] be its reduction modulo M. If a € k is a simple root of f (i.e., f(a) =0
and T (a) #0), then there exists o € R with o = a (mod M) and f(a) = 0.

Exercise A.0.5. This exercise proves the following result on unramified extensions of
local fields.

Theorem. Given a perfect non-Archimedean local field (K,v) with discrete valuation
ring R, uniformizer m and perfect residue field k := R/m, there is a correspondence
between the category of unramified extensions of K and the category of algebraic exten-
sions of k.

Let L/K be a finite extension; then L is also a non-Archimedean local field, say with
discrete valuation w extending v, a discrete valuation ring S for w, a uniformizer IT and

residue field ¢ := S/II.

a. Use Hensel’s Lemma to prove there exists an unramified subextension K C L' C
L with residue field ¢ = £. Deduce that a finite unramified extension of K is
completely determined by its residue field.

b. Show that for each n € Z*, there is a unique unramified extension of K with
degree n.

c. Conclude that the theorem holds.

d. (Optional) Prove that an unramified extension L/K is always Galois. Then give
an explicit isomorphism

Gal(K™ /K) & Gy.
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