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Our plan for these slides:

1. See some examples of Galois representations in nature.

2. Define a Galois representation.

3. Define what it means for a Galois representation to be unramified.

4. End with a hallmark theorem in the theory of elliptic curves.
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Some conventions:

I K is a number field;

I K is a fixed algebraic closure of K ;

I GK := Gal(K/K ) is the absolute Galois group of K .
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First steps: roots of unity

I GK acts on the roots of unity µ := µ(K ), e.g. the elements of finite
multiplicative order:

µ = {ζ ∈ K : ∃n ∈ Z+ ζn = 1}.

I For σ ∈ GK , the group action is via

σ : ζ 7→ σ(ζ).

I This restricts to an action on the n’th roots of unity
µn := {ζ ∈ K : ζn = 1}:

ζn = 1⇒ (σζ)n = 1.

Tyler Genao Foray Into Galois Representations



I Q: Which elements of σ ∈ GK act trivially on µn?

I A: Those which fix a primitive n’th root of unity: e.g., σ(ζ) = ζ for
all ζ ∈ µn.

I We see that such σ are precisely those in Gal(K/K (ζn)) where
K (ζn) is the n-cyclotomic field, and ζn is a(ny) primitive n’th root of
unity.

I Conclusion: GK acts on µn, and cuts out the Galois extension
K (ζn)/K .
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Second steps: torsion points on elliptic curves

I An elliptic curve over a field K is the set of solutions to an
equation of the form

E : y2 = x3 + Ax + B

where ∆E := −16(4A3 + 27B2) 6= 0.

I The set of E (K ) of all algebraic points, along with the “point at
infinity” O, forms a group under a “geometric group law”:
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Figure: Group law on an elliptic curve.
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I One can consider the subgroup of torsion points of E :

E [tors] := {P ∈ E : ∃n ∈ Z+ nP = O}.

I GK acts on E [tors]: for σ ∈ GK and P := (x , y) ∈ E ,

σ(P) := (σ(x), σ(y)).

I “Addition is rational”:

n(σ(P)) = σ(nP).

So GK sends n-torsion to n-torsion.
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I Focus our attention on the n-torsion points:

E [n] := {P ∈ E : nP = O}.

I The fixed field of this action is the n-division field

K (E [n]) := K ({P}P∈E [n]) = K ({x , y : (x , y) ∈ E [n]}).

I Conclusion: GK acts on E [n], and cuts out the Galois extension
K (E [n])/K .
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Summary

I So GK acts on torsion subgroups of various groups, and cuts out
important fields like cyclotomic fields and division fields.

I Fixed fields such as Q(ζn) and K (E [n]) satisfy interesting properties.

I Kronecker-Weber: every finite abelian extension of Q is contained
in some Q(ζn).

I Néron-Ogg-Shafarevich: an elliptic curve has good reduction at a
prime p ⊆ K iff

ρ : Gal(K (E [n])/K ) ↪→ Aut(Z/nZ)(E [n])

is unramified at p.
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Galois representations: definitions

I A group action is a homomorphism from a group G to the
symmetric group on a set X :

ρ : G → Sym(X ).

I A group representation is a group homomorphism from a group G
to the space of automorphisms of a k-linear vector space V :

ρ : G → Autk(V ).

I A Galois representation is a continuous homomorphism from a
Galois group Gal(L/K ) to the space of automorphisms of a
finite-dimensional vector space V over a normed field F :

ρ : Gal(L/K )→ AutF (V ).
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Warning! Number theory ahead.

Tyler Genao Foray Into Galois Representations



Algebraic number theory I

I Let L/K be a finite Galois extension of number fields.

I A prime p of the ring of integers OK of K factorizes in OL has

pOL =

(
r∏

i=1

Pi

)e

.

We call the number e the ramification index of p in L.

I We call the degree f := [OL/Pi : OK/p] the inertial degree of p in
OK .

Tyler Genao Foray Into Galois Representations



I e and f show up in a related concept:

I Fix a prime P ⊆ OL above p.

I Then FP := OL/P is both a finite field and an extension of
Fp := OK/p.

I If σ ∈ Gal(L/K ) is so that σ(P) = P, then σ induces an
automorphism σ̃ : FP → FP fixing Fp:

σ̃(α + P) := σ(α) + P.

I Call σ̃ the reduction of σ mod P.

Tyler Genao Foray Into Galois Representations



I Let DP be the decomposition group

DP := {σ ∈ Gal(L/K ) : σ(P) = P}.

I We have a homomorphism by pointwise reduction:

red : DP → Gal(FP/Fp).

I The inertia group is the kernel of reduction:

IP := {σ ∈ DP : σ̃ = 1FP
}.

I It is a fact that reduction is surjective. Therefore,

DP/IP ∼= Gal(FP/Fp).

I The sizes |DP| = ef and |IP| = e.
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I Call p ⊆ K is unramified if e = 1.

I If p is unramified, then IP is trivial and thus

red : DP
∼−→ Gal(FP/Fp).

I In particular, DP is cyclic and generated by the Frobenius element[
L/K

P

]
:= red−1(Frobp) ∈ Gal(FP/Fp),

where
Frobp : α 7→ α#Fp

is the Frobenius automorphism.

I Fact: the images ρ
([

L/K
P

])
topologically generate ρ(GF ).

I If ρ(GF ) is finite, we can drop topologically.
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Ramification in Galois representations

I Consider a Galois representation

ρ : GK → AutF (V )

which has finite image.

I Then our action cuts out the fixed field Kρ. Our representation then
becomes

ρ : Gal(Kρ/K ) ↪→ AutF (V ).

I So we are reduced to studying finite Galois representations.
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I Let p ⊆ K be a prime.

I Say our representation

ρ : Gal(Kρ/K ) ↪→ AutF (V ) (1)

is unramified at p if its restriction to the inertia group is trivial:

ρ(IP) = {I}.

I If Kρ is unramified at p, then so is (1).

I Thus, our Galois representation is ramified at only finitely many
primes.
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Mod n Galois representations, revisited

I Let us return to the Galois representation on the n-torsion of an
elliptic curve E/K :

ρ : Gal(K (E [n])/K ) ↪→ Aut(Z/nZ)(E [n]).

I The following theorem relates good reduction of E at a prime to
ramification of its Galois representations:
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Theorem (Néron-Ogg-Shavarevich).
For a prime p ⊆ K, E has good reduction at p if and only if every mod n
Galois representation E [n] with p - n is unramified at p.
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