ONE-DIMENSIONAL NOETHERIAN DOMAINS AND THEIR CLASS
NUMBERS

TYLER GENAO

1. INTRODUCTION

These notes will follow Neukirch’s treatment [Neu99] of the class number formula for
an order in a number field. The only commutative algebra results that we assume are
from [AM69], and will be cited accordingly.

The goal of these notes are to answer the following question: given an order in a
number field K, is its Picard group finite? And if so, is there an easy way to compute
it? Given a number field K and its ring of integers O, recall that its class group is

{nonzero fractional ideals of O}

ClOK) = {nonzero principal fractional ideals of Ok}
Equivalently, C1(Of) is the group of invertible ideals modulo principal invertible ideals.
A central part of basic algebraic number theory is to show that the class group of K
is finite; that is, up to K-scalars there are only finitely many nonzero ideals of O.
When one gets further into algebraic number theory, special subrings O C Ok start
to appear as endomorphism rings of elliptic curves. Specifically, an elliptic curve F
defined over a field k£ will always have a group law, e.g. see chapter 3 of [Sil09]. When
the characteristic of k is zero, its ring of endomorphisms — that is, the ring of algebraic
maps from FE to itself which fix the point at infinity — is isomorphic either to Z or to a
ring “strictly larger” than Z. In the latter case, its endomorphism ring must be some
order O in an imaginary quadratic number field K.

Orders in imaginary quadratic fields are relatively simple: for such a field K, let us

write K = Q(v—d) = Q(wk), where d € Z~ is squarefree and

. %‘7 if —d=1 (mod 4)
BT v=d it —d=2,3 (mod 4).

Then its ring of integers Ok is monogenic, with O = Z[wk|. An order O of K will
always be of the form O = Z[fwk]|, where f = [Ok : O] is the additive index of O in
Ok. Conversely, for any integer f > 0 the ring Z[fwg| will always be an order in K,
and its index in Ok is f. The more general definition of an order O in an arbitary
degree n number field K is a rank n Z-submodule of K with 1 € O and a Q-basis for
K. For a study of imaginary quadratic orders, see e.g. [Cox13].

Unlike its ring of integers Ok, the ring O may have nonzero ideals which are not
invertible; we thus adjust the definition of its Picard group Pic(O) to only consider

nonzero invertible fractional ideals of O. As we will prove in the course of these notes,
1
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Pic(O) will be finite, just as Pic(Ox) = Cl(Ok) is; in fact, its class number will be
divisible by the class number hy = #Cl(Ok).

The main result we are working towards is the beginning of a “class number formula”
for an order O; it is Theorem 12.12 [Neu99]. In the following, the conductor ideal f is
defined as the largest ideal of both O and Og; for now, we consider it the special ideal
of O where any ideal of O coprime to f must be invertible in O. Certainly f € f, and
in this way it measures the difference between O and O.

Theorem (A class number formula for orders). Let K be a number field, and let Ok

denote the mazimal order of K (the ring of integers of K). Let O be an order in K,

and let § be the conductor of O in Ok. Then ho = #Pic(O) is finite, and one has
hi  #(Ok/§)"

[0k : 0] #(O/f)

where hy := #CI(Ok) is the class number of K. Furthermore, one has hi | ho.

ho =

There are proofs for the class number formula for imaginary quadratic orders which
are simpler, see Theorem 7.24 [Cox13]. Our proof will consider a more general class
of one-dimensional Noetherian domains, generalizing orders. We will be showing the
existence of an exact sequence which, in the number field context, gives rise to our
order class number formula. The reason for following this approach is two-fold: First,
the general case may have relevance outside the number field case to other fields of
interest to number theorists, e.g. function fields. Second, while more technical there is
a certain pleasantness to a purely commutative-algebraic proof of something as specific
as the class number formula is to number fields; in making less assumptions on the
rings of interest, it somehow elucidates the structure of the class groups. It also puts
commutative algebra to good use toward number theory.

2. A COMMUTATIVE ALGEBRAIC NUMBER-THEORETIC APPROACH TO THE CLASS
NUMBER FORMULA

Let A be a domain with quotient field K. Recall that a fractional ideal of A is
an A-submodule M of K with aM C A for some nonzero a € A, ie., aM is an
integral A-ideal for some a # 0 € A. Just as ideals generalize integers, fractional ideals
generalize fractions of integers; fractional ideals of A are simply A-submodules of K
with a denominator.

For a fractional A-ideal M, let us define the ideal quotient of M, or its colon ideal,
to be the A-module

(A: M)k :={a € K | aM C A}.

The ideal quotient is the collection of “denominators” for M in K.

If M is a nonzero fractional ideal, then so is (A : M)g: it is easy to see that (A : M)k
is an A-submodule of K. To check that (A : M)k is fractional, let us say aM C A for
some nonzero a € A. Let us fix some nonzero m € M then it follows that am € A and
am(A : M) C A: to argue the latter part, note that if we let a € (A : M), then we
must have ama = aaom € aaM C aA C A.
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Recall that a K-fractional ideal M is invertible if there is another K-fractional ideal
N with M N = A; we then write M ~! := N. In the event that M is invertible, it can be
checked that M—! = (A : M), so that the inverse ideal of M is the unique inverse of M.
Since M (A : M)k is always an integral ideal, showing that M is invertible is equivalent
to showing that 1 € M (A : M)g. In general, one has the following implications for an
A-submodule of K:

principal = invertible = finitely generated over A = fractional.

It is well-known that a domain A is Dedekind precisely when all nonzero ideals are
invertible, e.g. Theorem 9.8 [AMG9]. In this case, if we let I(A) denote the set of all
nonzero fractional ideals of A, then I(A) is a group; and if P(A) denotes the subgroup
of principal A-submodules of K, then the class group of A, or the Picard group, is
defined as the quotient group

Pic(A) := I(A)/P(A).

Suppose we want to define a similar class group for an arbitrary integral domain. In
such cases, P(A) is still a group under multiplication, but I(A) need not be. If we re-
set I(A) to be the group of invertible ideals of A, then I(A) is certainly a group. This
construction seems rather contrived, doesn’t it? Is there a more useful characterization
for invertible ideals? For Noetherian domains, there is: we will show that a fractional
ideal is invertible if and only if is it locally principal at each prime ideal.

Proposition 1. Let A be a Noetherian domain. Then a nonzero fractional ideal M
of A is invertible if and only if its localization M, is principal for every nonzero prime
pC A

Proof. For the forward direction, we suppose that M is an invertible fractional A-ideal.
Then (A : M)k must be its inverse, so that we have M (A : M) = A. This is equivalent
to having 1 € M(A : M)k, so we may write

n
1= E m;o;
i=1

for some m; € M and some «; € (A: M)g.

Let p be a nonzero prime ideal of A. Since 1 ¢ p and since each m;q; is in A, we
cannot have all m;q; also lie in p; in particular, for some j we must have m;a; € A\ p,
so that mja; is a unit in A,.

We claim that M A, = m;A,: it is clear that m;A, € M A,. For the other direction,
we let © € M. Since a; € (A: M), it follows that za; € A. From this, we see that

MO 1
x:x#:mj- Ty - € mjA,.
mjce; m;Qy

We conclude that M is principally generated at each localization.

For the other direction, let us suppose that M A, is a principal fractional ideal at
every nonzero prime p. Since M # 0, for each p we may write M A, = a,A, for some
nonzero a, € A; it is clear that a, € M. For the sake of contradiction, suppose M were
not invertible: it follows then that M (A : M) is a proper ideal of A, hence M (A : M)k
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is contained in some maximal ideal m. By assumption, we may write M Ay = anAn
for some a, # 0 € A. On the other hand, Since A is Noetherian, we know that M is
finitely generated over A, so we may write M = Amy + ...+ Am,, for some m; € M.
It follows then that for each i we have m; € anAn, and so we can write m; = % for
some a; € A and some s; € A~ m. If we set s := s;---5,, then for each 7 we find that
sm; € anA. This tells us that sa'm; € A for each i, which implies that sa'M C A.
By definition of the inverse ideal, we get that sa;! € (A : M)x. We deduce then
s =say'an € (A: M)gM C m, so that s € m — a contradiction since each s; € m and
m is prime. Therefore, we must have that M (A : M), = A if M A, is principal at every
nonzero prime ideal p, which concludes our proof. O

To recap, we let I(A) denote the group of invertible fractional ideals of A and P(A)
the group of nonzero principal fractional ideals of A. We then define the class group of
A to be the quotient

Pic(A) := I(A)/P(A).

Similarly, we refer to the cardinality of Pic(A) as the class number of A, written h4.
Then Proposition 1 tells us the following: I(A) consists of the nonzero fractional ideals
which are locally principal, whereas P(A) consists of the nonzero fractional ideals which
are globally principal. Additionally, Proposition 1 along with the fact that there exist
Noetherian domains with nontrivial class group (e.g. A := Z[v/5]), shows us that “being
principal” is not a local property for fractional ideals.

Let K be a number field with ring of integers O . Basic number theory /commutative
algebra shows us that Oy is a Dedekind domain, and has an integral basis of length
[K : QJ; the latter fact is due to K/Q being a finite and separable field extension. As it
turns out, there are many more interesting subrings of K which have an integral basis
of length [K : Q], but are not necessarily Dedekind domains. Such rings O are called
orders of K; in this case, O is referred to as the maximal order, for obvious reasons.

Thanks to an order having an integral basis of length [K : Q], orders are Noetherian
of Krull dimension one — almost Dedekind domains, except they need not be integrally
closed. And if perchance an order is integrally closed, then it must be the maximal
order. The prototypical example of a nonmaximal order is O := Z[V/5]: it is properly

contained in Z [H‘/g] , the latter of which is known to be the ring of integers of Q (\/3)

2
We can easily check that O is not integrally closed: 1+2\/5 is an algebraic integer (it is

a root of monic 22 — x — 1 € Z[x]) and lies in its fraction field Q(v/5), but %5 is not
in O since % ¢ O.

In the rest of these notes, p will always denote a prime ideal of A. Before we begin
the harder proofs, we will need a few lemmas.

Lemma 2. For a domain A, one has
(4 =A
pCA

Proof. The inclusion D is clear since A is naturally embedded into each A, by the map
a +— ¢, as per their embeddings into K.
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For the other direction, suppose z € A, for each p C A. Since x € K, we may write
x = % for some a,s € A. Consider the set

I:={ceAlcacsA};

I is the set of elements ¢ € A whose product cx is an element of A. Our goal is to show
that 1 € I, so that s “divides” a and thus x € A.

I is certainly nonzero since s € I, and it is easy to check that [ is an ideal. To show
that I = A, let m be an arbitrary maximal ideal; we will show that I € m. Since
xr € An, we may write xr = ‘SL—: for some ay, Sq € A with s, € A~ m. Then from
a a

= === we get

S Sm
ASym = Say € SA,
which implies s, € I. Therefore, s, € I is an element with s, ¢ m; this shows us

that no maximal ideal of A can contain I, thereby forcing I = A. We conclude that
x € A O

The following is another lemma, which will rely on some basic commutative algebra
results.

Lemma 3. If A is a one-dimensional Noetherian domain then any nonzero ideal of A
18 contained in only finitely many maximal ideals.

Proof. Let I be a nonzero ideal of A. Since A is Noetherian, so is its quotient A/I,
cf. Prop. 6.6 [AM69]. Furthermore, the prime ideals of A/I correspond to the prime
ideals of A which contain I, under the natural map p — p/I. In particular, a prime
ideal of A/I is also maximal, so we conclude that A/ is a < 1-dimensional Noetherian
ring. If A/I has dimension one, then this forces 0/I to be prime in A/, whence I = 0,
an impossibility. We deduce that A/ is a zero-dimensional Noetherian ring, which is
equivalent to being Artinian (cf. Theorem 8.5 [AM69]). The result then follows from
Artinian rings containing only finitely many maximal ideals. O

Let us recall the Chinese remainder theorem for rings.

Theorem (Global CRT). Let A be a ring, and let {I;}7_, be a set of ideals of A which
are pairwise comazimal: that is, for any 1 < j < k <n we have I; + I, = A. Then we
have a natural isomorphism

A/ (ﬁ Ij> ~ éA/Ij.

The following Theorem is a generalization of the Chinese remainder theorem for one-
dimensional Noetherian domains. It will serve very useful in the following work, and is
novel in its own right — so we prove it here.

Theorem (Local CRT). Let A be a one-dimensional Noetherian domain, and let [ C A
be a nonzero ideal. Then we have

AT = P AJIA, = P A,/IA,.
p

p21
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Proof. By Lemma 3, only finitely many prime ideals contain I, so we see that

P A,/14, = P A/ 1A,

p21

We claim that
(1) I=(IA,nA

poI

The inclusion C is clear. For the other, we let = € ﬂp IA, N A. Then the set of
“I-denominators” for x

J:={a€A|axel}

is an ideal of A. In fact, J is not contained in any maximal ideal: the argument for this
is identical to that in Lemma 2. In particular, we find that 1 € J, whence x € I.

Next, we will show that for two distinct primes p and q, A, N A and A, N A are
comaximal; we will then apply the global CRT to such ideals. We claim the following:
if p O I then p is the only prime ideal which contains /A, N A. First, we observe
that I A, # 0 implies I A, contains a power of pA,: this is true since A, is Noetherian,
hence I A, contains a power of its radical (cf. Proposition 7.14 [AM69]); then A, being
one-dimensional implies its only nonzero prime is pA,.

Write p"A, C IA, for some n > 0. Now, let us suppose that q is another prime
ideal which contains A, N A. By the above, it follows that p”A, N A C q. Since p" is
p-primary (cf. Proposition 4.2 [AMG69]) it follows that p™A, N A = p™ (cf. Proposition
4.8.ii [AM69]), hence p™ C q. It follows that (p™) C r(q), and hence

pCyq,

which must be equality. We conclude that for any two distinct nonzero primes p, q of
A, the sum A, N A+ IA; N A is not contained in any maximal ideal, which implies
that TA, N A, 1A; N A are comaximal.

Next, we claim that for any ideals I and p 2 I we have

2) AJ(IA, N A) 22 A,/ TA,.

To see this, we consider the natural homomorphism A — A,/IA,. It is clear that its
kernel is equal to IA, N A, so what’s left to show is its surjectivity.

Since A is Noetherian, by Proposition 7.14 [AM69] we have that some power of its
radical r(I)" C I. Furthermore, by Lemma 3 I is contained in only finitely many
distinct maximal ideals p, qs,...,q,. Since the radical of I is the intersection of these
prime ideals, it follows that it is also their product, and so

r("=p"[Jar 1.
i=2
This implies that the natural map

A/ (p" H q; Ap) = Ay /1A,
=2
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is surjective. Since the composition of surjective maps is surjective, to show that
AJ(TA, N A) — A, /TA, is onto it suffices to show that the natural map

A= A/ [ ar Ay
i=1
is onto. In fact, since the g; are maximal, each must meet A ~\ p; in particular, we
deduce that p" [[/_, q7* A, = p"A,. Therefore, must show that the natural map
(3) A— Ay /p" A,
is surjective. We will do better: we claim that

Afp" = Ap[p" A,

To see this, we first note that localization distributes over quotients— that is to say, we
have

(A/p")p = Ap/p" A,
Next, we note that A/p™ is a local ring, as its only maximal ideal is p 4+ p™. Then, one
can show that the natural map A/p™ — (A/p™), induces an isomorphism by noting
that elements A \ p have invertible cosets mod p” — morally, “fractionalizing” elements

of A~ p does not change the ring since these were already units, From this, surjectivity
in (3) follows. We thus conclude that (2) holds, i.e.,

AJ(TA, N A) = A /TA,.

Applying the global CRT to the ideals 1A, N A for which p O I and using Equations
(1) and (2), we conclude the local CRT

AT = P A/IA,.

poI

O

The following proposition will characterize the group of invertible ideals I(A) on A;
recall that invertible ideals are locally principal. This proposition will break 7(A) up
into local pieces. Recall that for a ring R, we let P(R) be the group of nonzero principal
ideals of R.

Proposition 4. For a one-dimensional Noetherian domain A one has

I(A) = P P(4,).

pcA

Proof. Consider an invertible ideal M. By Lemma 1, M, is principal for each prime
ideal p, so that M, € P(A,). Since M is a fractional ideal, aM is an integral ideal
for some nonzero a € A. By Lemma 3, both aM and a are contained in finitely many
prime ideals of A. In particular, for all but finitely many prime ideals p, both a is a
unit in A, and aM A, = A,, so that M A, = A, for all but finitely many primes. We
conclude that the map ¢ : I(A) — €D, P(4,) given by

(M) := (My)pca
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does have the right codomain. It is also clear that this map is a homomorphism of
groups; we will show that ¢ is an isomorphism.

To check for injectivity: if ¢(M) = (14,)p, then M A, = A, for each prime p. In
particular, since already M C M A, for each p, we deduce that

M C ()4,
p
which by Lemma 2 implies that M C A. This means that M is an integral ideal of A.
If M is not equal to A, then M is contained in some maximal ideal m, which would
imply that M A, C mA, C A,, which contradicts M A, = A, for all p. This forces
M = A, whence we conclude that ¢ is injective.

To prove surjectivity, we must show that for any tuple (apA,), in P, P(A,) there is
an invertible fractional ideal M for which M A, = a,A, for all p. It suffices to show
surjectivity on the generators of €, P(A,); to this end, we fix a prime p and consider
a tuple (aqAq)q for which aq = 1 for all p # q. Let us set

M = m aqgAq.
q
We observe that

M = ayAy 0[] Ay = (apAy N Ay) N [ Ag = a4, N (ApmﬂAq> :
a7p qa7p qa7p
Thus, by Lemma 2 we deduce that

this tells us that M is an integral ideal of A. Furthermore, one has that

(extension of contraction of extension is simply extension; cf. Proposition 1.17.ii
[AMG69]).

What’s left to show is that M A, = A, for any q # p. First, we note that the only
prime ideal which may contain a,A, N A is p itself, just as our proof of the local CRT
shows; and so since M = a,A, N A as seen in (4), this implies that p” C M for some
n > 0. For any prime q, by definition of M we have M A, C A,. If MA; C Ay, then
we must have MA; C qA,, and hence p" C qA; N A. This then implies that p" C q
(Prop. 7.14 [AMG69]), which forces p = ¢. In particular, every prime q distinct from p
must have that M A, = A;. From this, we deduce that M is locally principal — hence
invertible (cf. Lemma 1) — and maps onto (aqA4q)q by ¢. O

Let A be a one-dimensional Noetherian domain with fraction field K, and let B be
the integral closure of A in K; observe that B is a Dedekind domain. Let us make the
additional assumption that B is finitely generated as an A-module. For example, for a
number field K one has the ring of integers Ok is finitely generated over Z, and thus
over any order O of K. Define the conductor ideal of A to be

={beB|bBCA}={ac A|aB C A}.
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It is clear that f is both an ideal of A and an ideal of B: if x € §, then for any element
y€ Aory € B, we have zy - b=z - (yb) € A for any b € B since yb € B.

For a nonzero prime p C A, we call p regular if A, is integrally closed. Observe that
in such cases A, is a discrete valuation ring, cf. Proposition 9.2 [AM69].

For two ideals I and J in a ring, let us write J | I to mean I C J. The following
proposition characterizes all primes in A which are regular.

Lemma 5. Let A be a one-dimensional Noetherian domain with fraction field K; let
B be the integral closure of A in K. Assume B is finitely generated as an A-module.
Let p C A be a nonzero prime. Then p is reqular if and only if p 1 §. For such p, we
have that pB is prime and A, = Byp.

Proof. First, suppose that p is regular. Since B is integral over A and A C A,, we
have that B is also integral over A,, which implies B C A, since A, is integrally closed.
Since B is finitely generated over A, we may thus write
B=AZ 4 A2 4 44
S1 S9 Sn
for some a; € A and s; € A~ p. It follows that the product s := sys5 - - - s, is an element
of A~ p with sB C A, which tells us s € f \ p, so that p 1 f.
Conversely, suppose that p 1 f; let us fix x € f~ p. It follows that xtB C A and
x € AN p, hence we have the inclusions

1
T

Since pA, is a prime ideal, its pullback pA, N A is prime; and since p is a maximal
ideal and p C pA, N A, we deduce that p = pA,NA. We note that the pullback pA, N B

is also prime in B, so we may localize at it. We claim that
(5) Ay = Byaynp

as subrings of K. The inclusion C follows from A~ p C B \ pA, N B. For the other
direction, we let y € Bpa,ng. Then we may write y = b for some b € B and some
s € B~ pA N B. Since x € f\ p, it follows that xb € A and zs € A~ p — for example,
to see s € A~ p we note that if xs € p, then xs € pA,; since s € pA,, it follows
that s=!' € A, and thus s € pA, implies © € pA,, so that x € pA, N A = p, an
impossibility. Therefore, it follows that g = i—g € A,. We conclude that Equation (5)
holds; in particular, since Bya,np is integrally closed, so is Ay, whence we conclude that
p is regular. This proves the first part of the statement.

Let p # 0 C A be a regular prime. We wish to show that pB = pA, N B. Observe
that pA, N B is the only prime in B lying above p: if Q is another prime of B with
p = ANKQ, then it follows that A, C By, and hence

pA,NB C QBN B =49,

so by maximality of pA, N B we have pA, N B = Q. Therefore, since B is Dedekind
and pA, N B is the only prime which divides pB, we get that

pB = (pA, N B)"
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for some n > 1. Since p is regular we see that B C A,, which implies

from which we deduce that n = 1. In particular, we conclude that pB = pA, N B; from
this, it also follows that pB is prime, and our final conclusion A, = B,p follows from
(5). O

In the following, for a prime p of A and a ring B over A, we let B, := (A~ p)~'B be
the “fractionalization” of B as an A-module. The following remark will be referenced
in the upcoming proofs.

Remark. Let A be a one-dimensional Noetherian domain with fraction field K, and
let B denote the integral closure of A in K; assume B is finitely generated over A.
First, for a domain R we will let R denote its integral closure in its fraction field. For
any prime p C A the integral closure of A, is checked to be

Ay = (ANp)tA=(A~p)'A=B,
(e.g. Proposition 5.6 [AM69]). Since A, is a one-dimensional Noetherian domain,

it follows that A, = B, is an integrally closed 1-D Noetherian domain, hence B is
Dedekind (compare to Theorem 9.3 [AM69]). Furthermore, B, has only finitely many
prime ideals: if J is a prime ideal of B,, then we may write J = (A \ p)~*Q for some
prime ideal Q C B with Q € BN (A~ p) = (B~ A)Up (cf. Proposition 3.11.iv)
[AM69]). Since J N A, is prime, by A, being a local ring we must have J N A, = pA,:
to see this, note that either J N A, = pA, or J N A, = 0. If the latter holds, then by
Proposition 5.6 [AM69] one has that B,/J is integral over A,/J N A, = A,, which is
impossible since B,/J is a field (cf. Proposition 5.7 [AM69]). We conclude that any
prime ideal of B, must lie above pA,. In particular, since B, has only finitely many
prime ideals lying over any prime of A, (e.g. Exercise 9.3 of [Mat86]) we deduce that
B, is a Dedekind domain with finitely many prime ideals.!

In the following, for a ring R we let R* denote its unit group.

Proposition 6. Let A be a one-dimensional Noetherian domain with fraction field K,
and let B denote the integral closure of A in K. Suppose B be finitely generated over

A. Then we have
P By /A = (B/H) /(AP
p

Proof. By the local CRT, we know that
(6) Al = ED A /iA

pCA
Local CRT on f as a B-ideal also shows us that

B/j = €P Ba/fBa.

OCB

LOne can also check that this forces B, to be a PID.
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Partitioning prime ideals of B by which primes in A they lie above, one has

(2) B/f = DD Ba/iBa.

P Qop

Let us fix a prime p of A. From our Remark on page 10, we have that the integral
closure B, of A, has finitely many prime ideals, and they are of the form QB, where
9 is a prime of B which lies above p. Thus, applying the local CRT to B, gives us

B,/fB, = @) (B,)a/(iBs)a-

Q2p

Since A~ p C B\ 1Q, it follows that (B,)q = Bg and (fB,)q = fBq, hence by the
above isomorphism we have that

(b) B,/fB, = €P Ba/fBa.

02p

Combining Equations (a) and (b) shows us that
(7) B/ =D B,/iB;.
P

Noting that the unit group of a product of rings is the product of the unit groups of
the rings, we combine Equations (6) and (7) to conclude that

(8) (B/1)*/(A/D)* = ED(By/1By)* /(A /T Ap)".

P
The final part of this proof is showing that for all p C A we have

(9) (Bp/TBp)" [ (Ap/FAp)" = B A}
Before we continue, we note that fA, = {B5,.

Fix p. Suppose p | f, i.e., suppose f C p. It is easy to check that if u is a unit in B,
then u + fA, is a unit in B,/fA,: if not, then u would be contained in fA,, but then
from fA, C pA, we would have u contained in pA,, which is impossible since pA, is
contained in all prime ideals of B,. Thus, we may consider the homomorphism

2 BpX = (Bp/§Ap)" [(Ap/FAp)", u— (u+FAp)(Ap/FAp) "

We claim that this map is surjective. We note that the prime ideals of B, /fA, = B, /{B,
correspond to the prime ideals of B, that contain §B,. Since all prime ideals of B, are
of the form QB, with Q C B where Q N A = p, and since f C p, we actually have that
the prime ideals of B,/fB, are in 1-1 correspondence with the prime ideals of B,. In
particular, if u 4 fA, is a unit in B,/fA, then one has that u + fA, is not contained in
any maximal ideal of B, /fA,, all of which are of the form QB,/fA, where QB, is one
of the finitely many prime ideals of B,. This tells us that u is not contained in any
maximal ideal of B,, and hence u is a unit in B,. We conclude that ¢ is surjective.

Next, we need to show that kerp = Ay. We first show that Ay C kerp. Observe
that if u is a unit in Ay, then its coset u+fA, is a unit in A,/fA,: to see this, it suffices
to check that u is nonzero in this quotient, but this follows from § C p.
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Now we claim that kerp C A. Observe that if for u € B, we have

(u+ FAp) (Ap/FAp) " = (1 +FAp)(Ap/TAp) " € (Bp/FAp) "/ (Ap/TAp) ™,

then it follows that u + fA, € (A,/fAy)*, so for some z € A, we have ux — 1 € fA,.
Then multiplying by u™! gives us that z —u™' € u='fA, C Ay, and thus u~' € A,. This
forces u € Ay, and therefore u € Ay, We conclude that ker p = A}, whence Equation
(9) holds.

Next, we suppose that p { f. Then by Lemma 5 we have A, = Byp, so from B, C B,p
we get A, = B,. In such a case, both sides of Equation (9) are trivial. O

As usual, let us assume that A is a one-dimensional Noetherian domain with fraction
field K. Let B denote the integral closure of A in K, and assume that B is a finitely
generated A-module. The following proposition contains the most important result
necessary to prove the class number formula for a nonmaximal order.

Proposition 7. The following sequence is exact:
1A - B* — GBBPX/APX — Pic(A) — Pic(B) — 1.
p

In particular, we have a short exact sequence
1— A" — B* — (B/f)*/(A/f)* — Pic(A) — Pic(B) = 1
where §:={x € K : bB C A} is the largest ideal of both A and B

Proof. For any prime p C A, by our Remark on page 10 the integral closure B, of A,
is a PID, hence I(B,) = P(By). This and Proposition 4 tells us that for each prime p
we have

(10) P(B,)= D P(By)).

JCBy | J prime

Each prime J C By is of the form J = (A \ p)~'Q for some prime ideal Q C B that
doesn’t meet B \ (A ~\ p); it follows that Q C (B ~ A) U p. Furthermore, since Q
lies above pA, we also have QB, N A, = pA,. Since pA, lies above p, we deduce that
QB,NA=p.

Since p = QN A, we can check that (By)ap, = Bg as subrings of K; morally, inverting
elements of B which are in A but not in p and then inverting the remaining elements
not in 9, is the same as inverting the elements not in Q. Therefore, by Equation (10)
we have

(11) P(B,)= D  P(Ba).

QCB | QNA=p
Making the rearrangement

Prsy=p E PBa),

QcB pCA QCB | QnA=p
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we conclude from Equation (11) and Proposition 4 that
(12) I(B) = (P P(B,).
pCA

Next, we turn our attention to comparing Pic(A) to Pic(B). First, we note that
we have natural pushforward maps from I(A) to I(B), P(A) to P(B), and Pic(A) to
Pic(B) by M — MB, A+ zB and M P(A) — MBP(B), respectively. This yields
the following commutative diagram with exact rows:

1 —— P(A) —— I(A) —— Pic(4) —— 1

| ! |

1 —— P(B) —— I(B) —— Pic(B) —— 1

By Proposition 4 and Equation (12), this implies the following commutative diagram
with exact rows:

1 — P(A) — EBP P(A,) —— Pic(4) — 1

1 — P(B) — @, P(B,) — Pic(B) —— 1

Now, we observe that for any integral domain R with fraction field K" we have P(R)
K*/R*. Thus, we produce the diagram

] — K*/A* —— K*/AY —— Pic(A) —— 1
p b

| g 8
1 — K*/B* — P, K*/B — Pic(B) —— 1
We apply the well-known snake lemma to this diagram and furnish an exact sequence

1 — ker a — ker f — kery — coker o« — coker § — coker v — 1,

Since « is the map defined by uA* — uB*, « has kernel equal to B*/A*; further-

more, « is surjective, whence coker v = 1. 3 is defined by sending (u,A), to (upBy),,

and is clearly surjective; it is also clear that ker § = @p By /ApX Therefore, our exact
sequence becomes

1—- B*/A* — G}B;/AwX — kery — 1 — 1 — coker v — 1.
p
We note that this portion

1 — B*JA* — P B JA]
b
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of the exact sequence is equivalent to
X X X X
1-A*—B %@BP/AF,
p
and so we procure the exact sequence

1—- A" — B~* —>€BBPX/APX — kery — 1.
P

Next, we check that 7 : Pic(A) — Pic(B) is onto. This follows from our commutative
diagram
1 —— K*/A* —— @, K* /Ay —— Pic(4) —— 1
[ & b
1 — K*/B* —— @, K*/B — Pic(B) —— 1
In particular, since both the map 5 and the map from @p K*/B) to Pic(B) are

surjective, commutativity of the diagram shows us that v must be surjective, too.
Therefore, since 7 : Pic(A) — Pic(B) induces a short exact sequence

1 — kery — Pic(A) — Pic(B) — 1,
we modify our exact sequence to conclude that
1A= B — QBB;/ApX — Pic(A) — Pic(B) — 1.
p
The final part is proven by applying Proposition 6 to this exact sequence. O

Remark. Before proving the main theorem, we will need to know a fact about finite
cardinality in a sequence. Let us consider an exact sequence of groups:

1 > (G fl/GQ fz\Gg f3/G4 > 1.
If the index [Go : G4] is finite, then so is imfy = G5/Gy; and if Gy is finite, then from
G/ ker f3 = G4 we may conclude that Gj is finite.

We may now prove the main theorem, the class number formula for orders.

Theorem (Class number formula for orders). Let K be a number field, and let Ok
denote the maximal order of K. Let O be an order in K, and let f be the conductor of

O. Then both [Of : O*] and he := #Pic(O) are finite, and one has
hik  #(Ok/)"
0% - 0°] #(O/f)"
where hy := #C1(Ok) is the class number of K. Furthermore, one has hy|ho.

ho =

Proof. By Proposition 7, one has the exact sequence

(13) 1= 0x/O0" = (O /§)*/(O/f)* — Pic(O) — Cl(Ok) — 1.

Since O /O™ injects into finite (O /§)* /(O/f)*, we find that [O) : O] is finite. Then
by the previous Remark, Pic(O) is necessarily a finite group; and the formula for ho is
computed using the exact sequence. The claim that hy | he follows from surjectivity of
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the pushforward Pic(O) — Cl(Of), which was demonstrated in the proof of Proposition
7. O

Remark. A general fact from abstract algebra is that if M and N are finitely generated
Z modules of equal rank and N C M, then the index [M : N] is finite. Since any order
O has a Z-basis, it follows that any nonzero ideal I of O also has its own Z-basis, and
both have the same rank. In particular, we find that #|OQ/I| < oco; thus, we have shown
that both Ok /f and O/f have finite cardinality. It is a standard result from algebraic
number theory that O is finitely generated of rank ry + ro — 1, where 7 is the number
of real embeddings of K into C and ry the number of pairs of complex embeddings.
Therefore, our exact sequence shows that the index [Of : O] is finite, so that O* is
also finitely generated of rank r; +r, — 1. Finally, another classical result that the class
group Cl(Ok) of a number field is always finite. With these facts, the class number
formula for an order readily follows, as we have shown.
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