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Ramanujan’s constant

» ¢™V163 is transcendental, but...

P> Approximately

mV163 ~ 262,537,412, 640, 768, 743.999999999993...

It's decimal part is 7 x 1013 away from the nearest integer.

» Why is this? This can be explained by
modular forms + number theory.
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SL3(Z) and its action on H

Definitions: SLy(Z)

» Let H denote the complex upper half-plane. So
H:={zeC |im(z) > 0}.

» Define the special linear group SLy(Z) as
a b
SLy(Z) := { [c d] € Matoxo(Z) | ad — bec = 1} .

b

> For v := [i d

] € SLa(Z), let v act on H

a b z__az+b
c d T cz+d

» One can check that - z € H, and that this is indeed a group
action.
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SL3(Z) and its action on H

EIES

For z € H;
> T:= Lo € SLy(Z) and i + 1; translation
=10 1 5 a 0 1| 2772 : translation.
0 -1 0 -1 1
| 2 0= S S
S: [O 1 ] € SLy(Z) and [1 0 ] z =; double
inversion.

» Fact: T and S generate SLy(Z).
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Modular forms

Definitions: modular forms

» A modular form of weight k is a function f : H — C such
that

» f(z) is analytic on H;
> f(z)is “somewhat" SLy(Z)-invariant:

Yoy 1= [i Z} € SLy(Z) and Vz € H,

f(y-z)=(cz+ d)*f(2);

» f(z) is bounded as im (z) — oc.
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Modular forms

Fourier expansions

» Easy check: if f(z) is a modular form, then one has for any
z € H that

f(T-z)=(cz+d)f(z) = f(2),

ie.,
f(z+1) =f(2).
We deduce that f(z) is periodic.

» Since f(z) is periodic + analytic on H, by complex analysis it
may be written as

[o¢]
2) = anq", q:=e&"",
n=0

This is called the Fourier expansion of f(z).
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Modular forms

Arithmetic in a modular form

» An Eisenstein series of weight k is the function
Gy : H — C defined by

1
Gi(z) :== Z CErIR

(e,d)€Z2~{(0,0)}

» With a bit of work, one can show that Gk (z) converges
absolutely, and is in fact a modular form.

» For even k > 4, Gk(z) has the Fourier series expansion
i)k S
s Y o)

" n=1

where (k) :=>"72, % and ox—1(n) == 3 4, dk=t
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Modular forms

The j-invariant

» Define new modular forms
g2(z) :=60Ga(z), g3(z) := 160Ge(z).

» Next, define the discriminant function

A(2) := go(z2)® — 27g3(2)%

A is a weight 12 modular form which is nonzero on H.

» Finally, define the modular j-function to be
8(2)
Az)
J(2) is not a modular form: it is not analytic at oo, since j(z)
has a g-expansion of the form

Jj(z) :=1728

1
J(z) = = + something analytic at oco.
q
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Modular forms

The j-invariant

> A better look at the Fourier expansion is

1
j(z) = p + 744 + 1968844 + 21493760g° + 8642299704°
+ 202458562564* + 3332026406004° + . . .

» Miraculously, it can be shown that all g-coefficients of j(z)
are integers.
P Also interesting is that j is sometimes an algebraic integer:

(i) = 1728,j (24=2) =0, (14T =
—52515 — 85995145,
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Modular forms

163

Wrapping up €™

» So why is e™V103 almost an integer?

> First, we note that complex multiplication tells us
j <1+\/2—163> c 7.

> Recall g := e2™%; so setting 7 := v =163 \/2_163’ we find that

q(T) — e7ri(1+\/—163)
_ e7ri . eﬂ'\/ﬁ
= (cos(r) + isin(rr)) - e 7V163
= _e V163,

Thus g = —e V103 ~ _3.809 x 10718, which is pretty small.
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Modular forms

163

Wrapping up €™

» In particular, because g ~ —3.809 x 1078 and j(7) expands
as

1
j(r) = p + 744 + 196884q + 21493760g° + 8642299704° + . . .

Thus, the only dominating term is % ~ —3.809 x 108, which
is large in magnitude.

» Therefore, because j(7) is also an integer, we may conclude
that (l] ~ j(7) — 744 is also an integer.

» Thus so is e™V103 = |g71].
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